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ITouck paBHOBecusI B ABYXCTAAUINHON MOIEIN TPAHCIIOPTHBIX IOTOKOB CBOAUTCS K PELISHUIO CIIeLallb-
HOM HENTaAKOM 3aJa4M BBITYKJIOM ONTUMM3AMY C ABYMS TPYIIIIaMU Pa3HBIX NepeMeHHbIX. JJ1s ynciaeH-
HOTO pelIeHUs TaHHOM 3a0a4y B CTaThe MPEII0KEHO UCIIOIb30BaTh YCKOPEHHbI OJIOUHO-MTOKOMIIOHEHT -
HbIii MeTon HectepoBa—CTuxa co crielMaIbHbIM BEIOOPOM BEPOSITHOCTEH OJIOKOB Ha KaxXXJI0M UTepalnu
(omHoro u3 AByX). TeopeTUuecKre OLIEHKH CIOXHOCTH TAKOTO ITOAX01a MOTYT 3aMETHO YIy4IlIaTh OLIEHKHU
HUCHOJIb3yeMbIX paHee MmoaxonoB. OgHako B 00lleM Cilyyae He rapaHTUPYIOT 0oJiee ObICTPOM CXOOMMOCTH.
B crarbe nipoBeaeHbI YMCICHHbBIE SKCIIEPUMEHTHI C TIPEII0XKEHHBIMU aJITOPUTMAMU.

DOI: 10.31857/S0132347423060055, EDN: GHHXBJ

1. BBEAEHHUE

MHorocTtaauitHast MOIeIb TPAHCIIOPTHBIX MOTO-
KOB SIBJISIETCSI OCHOBOI JTIOOOTO COBPEMEHHOTO Make-
Ta TPAHCIIOPTHOTO MOJEIMPOBAHUS KPYITHBIX Mera-
noaucos [1, 2]. B ocHoBe Takux (MHOTOCTaOUAHBIX)
MoeJieli jexar 3aJauyMd BbIMYKJIOW ONTUMM3AIU
(610KM), TMOCemoBaTeIbHOE pelleHue (IIPOTOHKA)
KOTOPBIX (ITO IMKJITY) MPUOIMKAET K NICKOMOMY paB-
HOBeCHOMY pacnpenencHuio [1—3]. AnbTepHaTUB-
HBII ITyTh — ITOIIPOOOBATh HAMTHU TaKylO OOIIyIO 3a-
a4y BBINYKJIOW ONTUMM3AIIMU, pElIeHUEe KOTOPO
JaBajio ObI ICKOMOE paBHOBecue [3]. AJIbTepHATUB-
HBII MyTh, MO-BUAMMOMY, BII€pBbI€ ObLT MPENIOXKEH B
1976 romy C.I1. DBaHc [4]. A B COBpeMEHHOM BapyaHTe
o0ocHoBaH B paborax A.B. I'acnukoBa u }O.E. Hecre-
poBa ¢ coaBTOpaMi [5, 6].
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CoBpeMeHHbIC YNCIICHHbIE METOIBI PEIICHUS 3a-
Ay BBIMYKJIOM ONTUMM3aLMU, BOZHUKAIOLIEN MpU
aJlbTepHATUBHOM MOAXOJe 0a3upyloTCsl Ha codeTa-
HUSIX YCKOPEHHOIO YHUBeEpcajlbHOro Meroaa Hecrepo-
Ba (110 TpyIIIe IEPEMEHHBIX, OTBEYAIOIINX 3aTpaTaM Ha
pebpax/moporax) u Metoaa 6aiaHCUpOBKU bparmaHa—
IlleneitxoBcKOro 10 Marpuile KOPPECHOHICHIIMIA.
DTOT MOAXOI BIIOJIHE YCIIEITHO paboTaeT Ha IIPaKTUKe
[7, 8]. OmHako, MeTod COBEPIIEHHO KOHTPUHTYUTHUBEH
(“He pm3uyeH”) 110 cBoel cyTu. B peanbHOIl Ku3HM B
MEIJICHHOM BPEMEHU MEHSIETCSI MaTpUlia KOPPECIIOH-
JIEHIII, a B OBICTPOM BPEeMEHMU IO 3TU U3MEHEHUSsI
MOACTPaNBaIOTC 3aTpaThl Ha pebpax [6]. B uucieH-
HOM METO/I€ BCE IIPOUCXOIUT POBHO HA0OOPOT.

B Hacrosieii craTtbe IpemIoxXeH “OU3NYHBIIN"
YHCJIEHHBIM METO/, pELIeHUs TOM Xe caMOoii 3a1a4u, B
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KoTOpoM OJIoK OGamancupoBku bparmana—Illeneii-
XOBCKOTI'O 3aMEHsIeTCsl OJI0OKOM YCKOPEHHOIO MeTona
HecrepoBa. TouHee roBopsi, IJjisl pellleHUs 3aaadyu
MpeiaraeTcsl UCIojib30BaTh CHELUAIBHYIO BEPCUIO
YCKOPEHHOTO 0OJI0YHO-TOKOMIIOHEHTHOTO METOJa
HecrepoBa—Ctuxa [9] co cneuuaibHbIM CIOCOOOM

BbIOOPA BEPOATHOCTEN GI0KOB (OIHOTO U3 IBYX).!

OTMeTUM, YTO UCXOMHAsl 3a/1a4a BbITYKJIOI ONTH-
MU3aLK He SIBIISIETCS INIAAKOM, II03TOMY, IIpeaBapy-
TEeJIBbHO MOTpedyeTcs MO0 ee CIIaguTh, T.€. paccMaT-
pUBaTh, TaK Ha3bIBa€Mble, CTOXaCTUUECKHE PABHOBE-
cusi B 6J10Ke paBHOBECHOTO pacIipeaeieHs IIOTOKOB
o nyTsMm [10], 1m0 ncnoib30BaTh YHUBEPCATbHBIN
BapuaHT metona HecrepoBa—Crtuxa [11], koTOpbIi
caM HacTpauBaeTCs Ha INIAAKOCTh 3a4a4yH.

2. I[BYXCTA,Z[I/II;IHAHUMOI[EJ'H) M min min
SAJAYA BBITTYKIION OIITUMU3BALINN

JaHHBII pa3nesl He SBISIETCI OPUTMHAILHBIM BO
MHOTOM 06a3upyeTcsl Ha CyIIeCTBYIOIIEH InTeparype,
B YaCTHOCTH, Ha [7, 12].

OcHoBHbIE ompenesieHuss U 0003HAYeHusA. bynem
paccMaTpuBaTh 3aMKHYTYIO TPAHCIIOPTHYIO CUCTEMY,
omnucbiBaeMyto rpacdom G = (V, E), rne V — MHOXe-
ctBo BepinH (|[V|=n), a E — MHOXecTBO pebep
(|E| = m). O6o3Hnauum pebpa Tpacda yepe3 ec E.
TpancmoptHbIii Tpad G cUNTAETCS U3BECTHBIM.

Yactp BepiinH O C V' (origin) SABASIIOTCS UCTOY-
HUKaMM KOPPECITOHACHIIMIA, a 4aCTh CTOKAMHU KOp-
pecnonaeHuii D C V (destination). TouHee roBops,
BBOJUTCSI MHOXXECTBO nap (MCTOYHUK, CTOK) KOppe-
cnoHaeHnuii OD c V ® V. Camu KOppecIoHIeH-

1K OyeM 0003HavaTh yepes dy, e (i, j) € OD. Kak

npasuio |OD| < n’ [5]. He orpaHnunBast oGIIHOCTH,

OyIeM najiee CYUTaTh, UYTO Z( = 1. MHoxe-

o dy
i,j)OD

ctBo nmap OD cuurtaeTrcss u3BecTHbIM. KoppecroH-
JIIEHIIMU — He U3BeCTHBI! OTHAKO U3BECTHBHI (3aaHbI)
XapaKTEPUCTUKU NCTOYHHNKOB N1 CTOKOB KOPPECITOH-

aeHuuii. To ecTb U3BECTHBI BEAUYUHBI {;};c05 (W)} e p
dody=1, Y dy=w, (1)

Ji.)EOD ixi.))EOD
3amMeTuM, 4YTO zieoli = Zjeij =1. YcnoBue (8)

6y;[eM TAKXE IJId KPaTKOCTU 3allMCbiBaTb B BUIOC
de (,w).

O603HauuM uepe3 T,(f,) — yHkumio 3arpar (Ha-
IIpUMep, BPEMEHHBIX) Ha Mpoe3[ 1o pedpy (y4acTKy
IIOPOTH) e, ECIIV TTOTOK aBTOMOOMJIE Ha 9TOM y4JacT-

1 OtMmeTuM, uTO XOTs1 cTaThsl HecrepoBa—Ctuxa Bbinuia B 2017
rofy, BIIEPBbIE 3TOT METOJ ObLI JOJIOKEH UMM Ha KOH(bepeH-
nuu, nocesiieHHoit 80-netuio b.T. IMonsika B mae 2015 rona.
D10 BaxXHO B KOHTekcTe npuopurera Hecreposa—Cruxa, mno-
CKOJIBKY MOYTH B TO € BpeMsi, HO YyTh IO3Xe IOSBUIMCH
o6nuskue padorsl [11, 13].
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ke f,. Oynkunu T,(f,) cuuTaroTCd 3adaHHBIMU, Ha-
npuMep, TaKuM obpasoM: [3, 14, 15]

1

W) =T 1+K[§J“ , @)

e

rae 7, — BpeMsl IPOXOXKIeHUsI pebpa e, KOraa y4acTOK
CBOOOIHBII (OIpedessieTcsl pa3pelleHHOl CKOpo-
CTBIO Ha JAHHOM YYacCTKe), a f, — MPOIYCKHasl CIIoco6-
HOCTB pedpa e (oIpenestsieTcsl IIOJIOCHOCTHIO: [ITPOITyCK-
Has ciocoOHOCTh| < [umcio nonoc] * [2000 aBT/4ac] u
XapaKTepCTUKaMM TiepeKpecTkoB). Cuuraercsi, 4To
ST XapaKTEepUCTUKU WU3BecTHBI [16]. Ilapametp
w = 0.25 — BPR-byHkuuu [15], HO gomyckaercst u
W — 0+ — Monenb cTabWJIbHOM IUHAMUKH [3, 5, 14,
17, 18]. IMTapameTp Kk > 0 Takke cuMTaeTCs 3aJaH-
HEIM.

ITone3Ho Takxke BBECTH ¢, — (BpDEMEHHBIE) 3aTpa-
ThI Ha IPOXOXIeHUs pedpa e. ComtacHO BHIIICHAIIN -

caHHoMYy 7, = T,(f,). Ilo atuMm 3arparam ¢ = {t,},.»
MOXHO OIIPENEJIMTh 3aTparTbl Ha MEPEMELIECHUE W3
WCTOYHUKA i B CTOK j I10 KpaTyainieMy ImyTu:

Ty(t) = minT,(1) := ) 5,1, (3)
ey ecE
rae p — IyTh (0e3 caMoIiepeceyeHnii — IIMKJIOB) Ha
rpade (Habop pedep), B; — MHOXKECTBO BCEBO3MOX-
HBIX ITyTeit Ha Tpade, CTapTYIONINX U3 UICTOUHUKA [ 1
3aKaHYMBAIOILMXCs B CTOKe j, O,, = 1, ecim pebpo e
NPUHAIEXKUT MyTU p U J,, = 0 — MHAaYe.

Hanee Takxke OyaeT Moie3eH BEKTOP X = {X,},.p —
BEKTOp pacIipenesieH!s] TOTOKOB IT0 MyTsaM, Tue P
= P,. 3ametuM, 4yTOo f, = Z S,,x, WIH

U(i,j)eOD u ’ Je p PP
MatpudHoM Busie f = Ox, rae © = |8,/ £ pe -

o=}

DHTPONHUIAHAA MOJE]Ib PacuyeTa MaTpUIbI Koppe-
CIIOHEHIIUIA.

Ilon sHTpomnuitHO MomeNblo pacyeTa MaTPULIbI
KoppecnioHaeHIUN d(T) NmoHUMAaeTcsl ONMUCAHHBIA
nanee (cM. 3agauy (4)) crmoco6 BBIYUCIIEHUST Habopa
KOPPECTIOHICHINM {d;;}; /op MO U3BECTHOI MaTpu-

tie 3atpar {7(1)}; jcop- DTOT CMOCOO 3aKITIOYALTCS B
pelieHur 3aJa4u SHTPONMUINHO-TUHEWHOIO Tpo-
rpammupoBanus (BJIIT), KoTopylo MOXHO IIOHHU-
MaTh, KaK 3HTPOIMIHO-PETYISIPU30BaHHYIO TpaHC-
MTOPTHYIO 32134y

i,j)eOD

D AT +v Y, d;lnd,, 4)
~

seiin )
cltwydz0 (i, )e0D

e napameTp y > 0 currtaercsi u3BecTHbIM [3, 14, 19, 20].
OTHOCHTEITBHO BBIOOpA 3TOTO ITapaMeTpa, cM. [3, 5].
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Mojen paBHOBECHOIO pacnpeae/ieHIs] TPAHCIOPT-
HbIX IOTOKOB I10 ITYTAM.

Martpuiia koppecnoHneHumi {d;}; ,.op MOPOXK-
Jnaet (BooOuIe roBOpsi, HEOAHO3HAYHO) HEKUIl BEeK-
TOp pacrnpeneyeHus TOTOKOB o nyTsM x. HeogHo-
3HAYHOCTb 3aKJII0YaeTcsd B TOM, UYTO OajaHCOBBbIE
OrpaHUYEHUS, KOTOPbIE BO3HUKAIOT Ha X € X (d):

x20: Y(j)e 0D — Y x,=d,

pe Pf/

KakK IMpaBUJIO, HE OTIPEALISIIOT BEKTOP X OMHO3HAYHO.
BexTop X, B CBOIO ouepeb, TOpoxXaaeT BEKTOP MOTO-
KOB Ha pebpax, f = Ox, KOTOphIit, B CBOIO OUepe/b,
MOPOXIAaeT BEKTOp (BPEMEHHBIX) 3aTpaT Ha pebdpax
tf) = {r.(f.)}.cr- Ha ocHOBe mocnenHero BeKTopa
yKe MOXXHO paccuuTaTh MaTpUILy 3aTpaT Ha KpaTJyaii-
wnx nytsax 7'(¢) = {T;(1)}; jeop- COOCTBEHHO, MOnIETb
PaBHOBECHOTO pacIpeaeaeHs IIOTOKOB 3TO (hopMa-
mm3auus npunyuna Hawa—Bapopona o ToM, 4TO B
PaBHOBECUU KaXIbIii BOAUTEIb BhIOMpAET IJisi ceOsl
KpaTyaiiiuii nyTs [3, 14, 15]. Ipyrumu caioBaMu, ec-
JIV TS 3aJaHHOU KoppectioHaeHuwmu (i, j) € OD wus-
BECTHO, UTO (yca08ue KOMNAUMEHMAPHOCHL)

X, >0, pEF

0 T;(t) = rlgiPnZSepte = ZSep-te.
U ecE

ecE

rue

3amaya moMcKa paBHOBECHSI CBOOUTCS, TAKMM O0pa-
30M, K MOUCKY TaKoTo BeKTopa x € X(d), KOTOPBIA
Obl mopoxaan takue 3arpatbl 1 := T(¢(f(x))), uTO
BBITIOJTHSIETCS YCJIOBUE KOMIJIMMEHTApHOCTU. B Ha-
MMMCAaHHOM BBIIIE BUAEC UCKATh PABHOBECHEI BEKTOP
x € X(d) npencrasisieTcs CJI0XHOM 3aga4yeid, CBOIs-
1IeHcs K pelleHUI0 CUCTEMbl HEJIMHEWHBIX ypaBHE-
Huii. OmHaKo, B JTaHHOM cjlydyae (paccMaTpuBaeTcCs
MOTeHIIMAaJIbHAsI UTpa 3arpy3KHM) MOXHO CBECTHU I1O-
VICK PaBHOBECHS K PEIIEHUIO 3a0a4M BBIIYKJION OIT-
TUMU3ALAN

fe
min I 1,(2)dz. 5
(f,x):f=®x;xeX(d);0 (2) ®)

PemieHue 3amaum qaet MOIeIb BBIYUCICHHS BEKTOPa
MOTOKa Ha pebpax Mpu 3afaHHON MaTpulle Koppe-
cnonaeHuuit f(d) [3, 5, 14, 15].

OTtMeTuM, 4TO TOHOOHO (4) MOXHO HMCKaTh He
paBHOBecuss Hamra—Bapapomna, a croxactuyeckue
paBHOBecHsI. DTO TIPMBOAUT K ITOMOJHUTEIEHOMY
SHTponuiiHOMY ciaraemomy B (5) [3, 5, 10, 14]

fe
o 2] ST D D gin, ) (6)

(i,/)eOD pe F;

XoTs B JaHHOI cTaThe IIAHUPYETCsT BCe-TaKu pabo-
TaTh ¢ paBHOBecusiMu Haura—Bapapona, peryasipu-
30BaHHas 3amada (6) HaM MOHAIOOWTCS, IJISI TOTO,

4TOOBI CIJIAIUTHh UTOTOBYIO 3aa4yy BBIIYKJION ONTH-
MU3ALUU, OTBEYAIOLIYIO ABYXCTaAUMHON MOAEIIN.

B panbHeilinieM HaM TTOHAmoOOUTCS (OBOWCTBEH-
Has1) mepedopMynupoBka 3amad (5), (6). Bsemem

Je
(BBITYyKJIBIE) GYHKUNM G,(f,) = j 1.(2)dz, 1 0603Ha-
0

YUM COTpPSDKEHHBIE K HUM (DyHKIUU Yepe3 G (z,) =
= max ., {ft — 0,(f,)}. Hampumep, mna BPR-
bynxunn (2) 63(,) = const@) - £, - (7, — 7)™, npu
t, > 1, u const(w) — 1 mpu u — 0 + [5]. Toraa (nera-
Jiu cM. B [3, 5])

min ZG _
(fx):f =Ox;xe X (dye (/)

z max {/fef. = O (1)} =

ec Et,edomoy

(
min Zfete} - ch(te) =

= max
t,edomay, ((f:x)./=Ox;xe X(d)oTF oy

ecE
= max Y 4T~ Y 6H,).

teedomcsj,eeE (i,/)e0D ecE

min
(f,x):f=Ox;xe X(d)
7)

3nech domG o3HauaeT 06J1acThb onpeneaeHus hyHK-
MU Gi(2,).

IIpuMeuaTenabHO, 4TO 3aga4da (5) UMeeT caMOCTO-
SATEJbHBIM M BIIOJIHE coAepKaTelbHblil BbIBOI [17].
A UMEHHO, C OIHOH CTOpOHHI, f, = T,(f,) W f, =

-1
=T, (te)=dic’j(tg) (YpaBHEHHE COCTOSHUSI TpaHC-
MOPTHOTO TTOTOKA: YeM OOJIbIIIe TTOTOK IO pedpy, TeEM
OoJibllle BpeMEeHU TPeOyeTcsl Ha IMPOXOXASHUE ped-
pa), ¢ apyroii croponsl npuHuun Hamra—Bapapona
(ycnoBue KOMIUIMMEHTAPHOCTH), IO CYTH O3HA4YaeT,

crenyioee f e az(i j)eODd,-jT}j(t), rme d oO3Hayaer

cyonuddepernuunan. Ocraaoch 3aMeTUTh, YTO ITPUH-
nun Mepma (B cydonuddepeHnnanbHoi popMe) st
3amauu (7) KaK pa3 M COOTBETCTBYET IBYM BBIIIKCAH-
HBIM COOTHOLLICHUSIM.

AHAJIOTUYHO MOXHO TIOCTPOUTH JBONCTBEHHYIO
3ajga4y U K 3agade (6) (cM. Takxke (11))

max Y 4T~ D ok, ®)

t,edomo;,ec E(i, j)eOD ecE

rie 777(1‘) = —HIn [ZPGB/ exp (#Jj .

Teopema 1. Dynxyus T,;’(t) umeem KOHCMAHMY

Jlunwuya epaduerma 6 2-nopme pasuyio H; /v, 20e H; —
HUCA0 pebep 6 camom OnurHoM nymu us Py.

Kpome mozo, 0 < T)(t) — Ty(¢) < VIn P
Zlokazamenvcmeo. IlepBoe yTBEpXKIeHUE CIIedyeT

n3 [10]. Bropoe u3 [21].

[MPOTPAMMUPOBAHUE Ne 6 2023
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JByxcrammitnag mopenb. CTaHOApTHBIA CHOCOO
TOKMCKa pAaBHOBECU B MHOTOCTAIMMHBIX TPAHCIIOPT -
HBIX MOJENsIX TIpearnojaraeT Iocaea0BaTeIbHYIO
IIPOrOHKY (OTpeIInBaHKE) ABYX OJIOKOB (IBYX 3amav)
(4) u (5). U3 peureHust (4) HaxoouM 3aBUCUMOCTb
d(T), a u3 peuieHus1 (5) HaxooUM 3aBUCUMOCTH
T((f(x(d)))). HenonBuxHasi TOYKa TaKOil MPOroH-
KU U OyneT MCKOMBbIM paBHOBecueM. Ha mpaktuke
MMEHHO Takasl Npoueaypa OOBIYHO U Peanusyercs
[1—3]. OmHako, 4TOOHI Takasl Mpolieaypa CXOIMIach
Ha MpaKTUKe 4aCTO HEOOXOAMMO JOCTATOUYHO YIa4HO
BBIOpaTh TOYKY cTapTa. boijiee HaleXHBIM YUCIIeH-
HBI CITOCOO MOMCKA paBHOBECHUS B ABYXCTAAUMHOMN
MOJIEJIU 3aKJII0YaeTCs B TOM, YTOOBI IOCMOTPETh Ha
3agaun (4) u (5) (TouyHee, aydylle UCIIOJIb30BaTh
IBOIICTBEHHOE mpeacTtaBieHue (7)), U IOIBITAThCSI
OOBEAMHUTDH 3TU ABE 3aJauyv ONTUMU3ALIMU B OAHY
CEIUIOBYIO 3a/lauy, YYMUThIBasi UX CTPYKTYphbl (3IeCh
IJIsT KpaTKOCTU COOTBETCTBYIOIIE KOMITO3UTHBIE
yjieHbl B (pyHKIIMOHANaX 3anad (4) u (7) obuin 000-
3HAYEHBI g U 4, Hy a 00111as YyacTh (3aBUCSIIAS OT Te-
peMeHHbIX d U t) obo3HaueHa yepe3 G ):

minG(d, T(1) + g(d),

max G(d,T(t)) — h(z).
tedomo*
CoBMmecTHOE PCIICHUE OTUX ABYX 3aJa4 MO>XKHO HallTn
13 pClICHUA Ce,E[JIOBOP‘I (BLIHYKJIO—BOTHYTOﬁ) 3agadyun

min max G(d,T(t)) + g(d) — h(r),
de(l,w)tedomc*
KOTOPYIO, B CBOIO Oo4Yepelb, MOXHO Mepernucarh Kak
(teopema ¢pon Heitmana—Cuona—KaxkyraHm)

max minG(d,T(?)) + g(d) — h(z).

tedomo*de(l,w)
N yxe njst mocyienHeit cemoBoii 3aga4yu MOXHO MO-
CTPOUTH IBOIICTBEHHYIO IIO YaCTU IIEPEMEHHBIX d.
B pesynbraTe mosrygaercs 3amada (BOTHYTOIT) OITTH-
MM3alU ¢ IByMsl OJI0KaMy MEepeMEeHHBIX: ¢ U GJI0K
JIBOMCTBEHHBIX MNEPEMEHHBIX I d (MHOXUTEIU
Jlarpanxa k orpaHuvyeHusiM d € ([,w)). HeicTBu-
TeJIbHO, BO3HUKAIOIIYIO CEAIOBYIO 3a1a4y

min max d.T.(t —Zc*t +
de(l,w);dzOtedomc*(’,j)EOD v lj() = e(e)
+y Y. dylnd,
(i,/)e0D

MOXKHO II€penucarb B BUIC

max min z d;T, (1) +

tedomoc* . =1 d>0 ;4
de (I’W)’Z<f,/)son d;=1:d20 G 20D

+y Y. dylnd, - k().

(i,j)OD ecE

BcnioMorarenbHy0 3amaqy MUHUMU3ALIUA MOXKXHO
NpeacTaBUTh Yepe3 IBOMCTBEHHYIO K HEM:
IMTPOTPAMMMWPOBAHUE

Ne 6 2023

D, e
tedomo* (i, 7e0D

AW

Xp(—Tg(t) +A; + Hjjj +
Y

+ (L) + (w,1) = D k() =

ecE
Z exXp

[—T,-,-(t) A u,D O
(i,))e0D v

max —yln(

tedomo™

= — min yln[
A

— (LA = (w,l) + D k(1)

ecE
O06paTtnM BHUMaHMe, 9TO JOoOaBISHHOE IT0 d OrpaHu-
YyeHue Z d; =1 TaBTOJOTWYHO, ITOCKOJBKY
G.j)eon Y

cnenyetr us d € (I,w). Tem He MeHee, ynoOHee ero 10-
0aBUTb, YTOOBI IIPU B3SITUM Min moJiydyajgach paBHO-
MepHO Iankas pyHKuus (Tuia softmax), a He cymMmma
SKCIIOHEHT, UMeIoIlasi HEOrpaHUYEHHbIE KOHCTAHTHI
miaakocty [3]. MHoXuTem A ¥ L SIBJISIFOTCSI TBOWA-
CTBEHHBbIMU MHOXUTEISIMU (MHOXUTEIsIMU JlarpaH-
Ka) K orpaHnyeHusiM d € (/,w) (cMm. (1)), KoTopbie 3a-
HOCATCS B QYHKIIMOHAT (OTpaHUYECHUS Z(i j)eoodff =1;

d > 0 He 3aHOCATCS B (DYHKIIMOHAI). 3aMETUM, UTO
(t,\,u) — pemenue 3amaun (9), 70’
A+ (Chy.or G o+ (Cys..,C)') — Taxoke Gymer
pelleHueM 3amadu, T.e. pelneHue 3amgadu (9) He

enrHCTBeHHOoe [3]. 3ameTuM Takxke, 4TO, 3Hasd (A, L),
MOXHO IOCUYUTATh MaTpUILy KOppecroHAeHIU [3]:

p(_];j(t) + A+ H/}
Y

z exp [_Tkl(t) + A + M/j'
(kHheoD Y

3anmuchiBasi B 0OpaTHOM IIOPSIAKE IIETIOUKY pa-
BeHCTB (7), mojry4aeM, 4To IIpsiMasi 3a1a4a JJisl TBOM -
CTBeHHOI 3amauu (9) mMeeT BUI

cCm

dy(h, ) = (10)

i P ,d = Ge e +
(f,x):fgg)lxr;!cex(d), { (f ) ; (f )
de(l,w),d>0 (11)
+v z d; lndij}.
(i,/)€0D

st perieHUs1 (IBOMCTBEHHOM) 3a1a41 BBIITYKJIOM
ONMTUMU3aLUU (HO, BOOOIIIE TOBOPSI, HETJIAAKOM, TTO-
CKONBKY GyHKIMU T;(f) — HEIIANKUE) MOXHO HC-
MOJIb30BaTh CyOrpagdeHTHbIe METOAbl. A UMEHHO,
cyorpagueHT (1ajee obo3HayaeM (cymnep-)cyorpanu-
€HT TaKVM Xe CUMBOJIOM, KaK U IpaIgueHT V) 1ielie-
Boro ¢yHKIMOHaJIa 1O ¢ (CTOSIETro TMoJ MUHUMY-
MoM) (9) MOXHO mocuuTaTh Mo popmyJie JeMbsHO-
Ba—/laHckuHa (cM., Hampumep, [3]):

2 3ech C), 1 C; — IPOU3BOJIBHBIC YNCIIA.
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r1e, Kak 1 paHee, T, — oopaTHast PyHKUHUS K T,.

3. YUCJIEHHBIE METO/Ibl PEIHEHUWA
3AJAYU ITONMCKA PABHOBECHA
B IBYXCTAANMHOW MOIEJIN

[Mepenumrem 3agavy (9) (yOpaB 3HaK MUHYC) B He-
MHOTI0 00Jiee KOMITAKTHOM BUE

min
tedoma*; (A1)

D(t, A1) =

= softmax, ({~7;(1) + &, + 1} (13)

(i,f>eOD) N

— (LA = (W, + Zc;"(re)},

ecE

rne yepe3 D(t,A,|1) Mbl 0003HAYMIU TBONCTBEHHYIO
(YHKIIMIO CO 3HAKOM MUHYC.

HaHHas 3amaya UMEET SIPKO BbIpaXXEHHYIO OJ10Y-
HYIO min min CTpyKTypy. B yacTHoCTH, 3aga4a

minD(, A, L) =: D(t) (14)
[ )

o 6JI0Ky TepeMeHHbIX (A, 1) MOXKeT ObITh TOBOJIBHO
3(¢PEeKTUBHO pellleHa METOAOM aIbTePHUPOBAHHBIX
HanpasiaeHuil [22] (6amaHcupoBka bparmana—Ille-
JeiixoBckoro—CHHXOpHA) UJIM €T0 YCKOPEHHBIM Ba-
praHnToM [23] ¢ DOCTaTOYHO BBICOKOM TOUYHOCTBLIO
[24]. IIpu 3TOM IO ¢ 3ama4ya HemIaaKasi U ee mpeaia-
raercsi pemarb (cMm., Hampumep, [8]) yHUBepcaab-
HBIM YCKOpeHHBIM MeTonoM HecrtepoBsa [25, 26], ko-
TOpBIM caM HACTpamBaeTCsl Ha DIAJAKOCTb 3aladu.
I1pu TakoM ITOaXOAE YUCIIO UTePaALIUiA OTIPEAeIISIeTCS,
10 CYyTH, TOJILKO IJIaIKOCThIO (JIMIIImmeBocThO) 3a-
Jaun (13). A cTOMMOCTb UTEpalMU OIIPENeIISIeTCST CO-
m1acHO (12) CIIOXHOCTBIO METOIA aIbTEPHUPOBAHHBIX
HaIIpaBJICHUI (C Y9€TOM BO3MOXKHOCTEM TEIIOrO CTap-
Ta MeTona) M (Mapajie/ibHbIM!) BbIUMCIIEHUEM (C TI0-
Moo anroputMa JeiikeTpol min bennmana—®op-
na) cyorpagueHTa 1o 7. Takoit momxon 3¢ (PeKTUBEH,
€CJIM CJOXHOCTb METOla aJlbTEpHUPOBAHHBIX Ha-
MIpaBJICHUI MEHBIIE CJIOKHOCTU BBIYMCIICHUSI CyO-
rpagueHTa 110 ¢ [3]. OmHako Takoil METOM, KakK yxKe
OTMeYasj0Ch BO BBEACHUM, KOHTPUHTYUTUBEH, TO-
CKOJILKY HE COOTBETCTBYET pPEaJIbHOMY IIPOLECCY
¢opMHUpOBaHUS PAaBHOBECHUS B ABYXCTaIUITHON MO-
Ienu “B xkusHu” [6].

AJBTEpHAaTUBHBIM CIIOCOOOM pellieHus 3aaadu (13)
SIBJISIETCST MBOMCTBeHHOe crtaxkuBaHue (o FO.E. He-
creposy  [21])  dyukumit T, - T =
=—softmax7({—Tp(t)}pe,3_l_) — cM. teopemy 1. Mrtaxk,
pPaccMOTPUM 3a71avy

Iedof%ici,{;l(hu)SOftmaXy({_7;/7(’) + A + Wik jeon) —
(15)
= (LA = (W, 1) + D k(1)
ecF
Teopema 2. Peuwienue soinyiaoti 3adauu (15) ¢ mou-
Hocmulo €/2 no @yHKyuu Oyoem peuieHueMm BbiNYKAOU
3adauu (9) ¢ mounocmuio € no hyHkyuu, ecau

€

max In |E-j|'
(0,))e by

7<

bonee moeo, nepeoe caacaemoe (softmax) uenesoii
dynkyuu 6 (15) umeem koncmanmy Jlunwuya 6 2-Hop-

me no t pasuyio NH (H = max, jeoptl;) 4 KoHcman-
my Jlunwuya epaduenma 6 2-Hopme N0 t DPAGHYIO
H/min{y,y} = H/¥. pu 5mo no (\,\) anarocuurvie
KOHCcmanmbl Oy0ym pasHul, cOomeemcmeentHo, 2 u 1/Y.

Hokazamenvcmeo. TlepBoe yTBepXKIeHUE CieayeT
U3 TEOpEMBI U CBOICTBAa (YHKIIMK softmax — KOH-
craHTa Jlunmuinmmna B co-HOpME paBHa 1, CM. TaKke
pasznen 2.2.7 [3]. Bropoe yTBep:xKIeHUE CICAyEeT U3
3ameuanus 1.4.4 [3] u [21, 23].

TeopeMa 2 Jac€T MHCTPYMCHT IJIAA UCITOJIb30OBaHUA

YCKOPEHHOTO KOMIIO3UTHOIO®  GJIOYHO-ITIOKOMIIO-
HeHTHOro Metona [9, 11, 13] ¢ nByms Ojokamu (f u
(A, L)) v Tpemst 610kamu (¢, A 1 ). CTporo roBo-
psI, METONBI, IPUBEICHHEIEC BO BCEX TpeX paboTax, He
SIBJISIIOTCST KOMITO3UTHBIMU. OOHAKO HYy>KHOE 0000-
IIeH1E TTOy4aeTCsI CTaHIapTHBIM o6pa3om [26]. OT-
METHM, 4TO Y BCEX METOIOB M3 IIEPEUNCICHHBIX CTATEH
€CTh TMIIeprapaMeTp, KOTOPhIiA pa3yMHO BHIOMpPATh Ta-
KM 00pa3oM, 4TOObl BEPOSITHOCTUA BbIOOpa COOTBET-
CTBYIOIIMX OJIOKOB ObLIM MPOIOPLMOHAILHBLI OTBeYa-
FOILIM 3TUM 0J10KaM KOHCTaHTaM JIuImmia rpagieH-
Ta 1edeBoM (QYHKIMM TI0 TIpyIme IepeMEHHBIX,
BXOOIIMX B 0J10K. Takoii crmoco® BbIOOpa BEPOSITHO-
CTeM IIPUBOAUT K ITOJTHOMY PaCIIEIICHIIO OPaKYIbHBIX
CJIOXKHOCTeM 1o 6;10kaMm [27]. B TeopeTnueckoM mniaHe
3TO MOXET IIPUBECTU K CYIIECTBEHHOMY COKpallle-
HHUIO 00beMa BBIYMCICHHMN IO CPaBHEHUIO C KOH-

TPUHTYUTHUBHBIM l'[OZ[XO,Z[OM.4

3 Komnosutom OyayT Bce ciaraemseie B (15) kpoMe mepBoOro He-
TPUBUAJTILHOTO cllaraeMoro — softmax. JIjist psima KOHKPETHBIX
dbyHkmit 63 (z,) (B TOM 4ncie, mopoxaeHHoi BPR-byHKImsI-
MM 3aTpaT) KOMIIO3UTHOCTb BaXXHa, IIOTOMY YTO G (f,) MOXET
MMETb HEOTPaHUUEHHYIO KOHCTaHTY JIMIIINIIA TPOU3BOIHOM.

4 TyT CIOXXHO TOBOPUTH TOYHO, ITOTOMY YTO CIOXKHOCTb YHUBEP-
CaJIBHOTO YCKOPEHHOTO METOIa BapbUPYeTCsl OT CXOAWMOCTU
OOBIYHOTO YCKOPEHHOI0 METO/a B MIAJKOM ciiyyae (ONTUMMU-
CTUYHBINM CLIEHAPUIi) 1O CKOPOCTU CXOIUMOCTHU CyOrpaauveHT-
HOTo MeToJa B HEIIaJIKOM cilyyae (MeCCUMUCTUYHBIN CLieHa-
puit) [26]. B wacTHOCTM, IIpM MECCUMUCTUYHOM CLIEHApUU

N -2
YYCJIO BIYUCTeHUI V T[/(t) NPONOPLIMOHAJIBHO ~€ ~, B TO Bpe-
MsI KaK B HOBOM TOAXOJI€ aHAJIOTUYHBIX MO CJI0KHOCTH BBIYMC-

JIEHMI VT,.;7 (t) moTpeGyeTcst ~max, e B, 1n|P,»j|£_1, e € — Xe-
JaeMas 110 (PyHKLMU TOYHOCTh PELIEHUS 3a1a4N.
IMTPOTPAMMMWPOBAHUE
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HenocratkoM HOBOTO momxona SIBISIETCS] BO3HUK-
HOBEHUE JIONOJIHUTENBHOTO (hakTopa max,; . p In|P;| B
> ij

OLIEHKE CJIOKHOCTU YMCJIa BbI30OBOB OpakyJia VT,-](t).
Jns cereii TMima MaHX3TTEHCKUX 3TOT MHOXUTEIb
MOXKeT OBITh MOpSIIKA KOPHS M3 4ymciia pebep rpada
TPAHCHOPTHOM CETH, YTO MOKET HUBEJIUPOBATH BBI-
HUTPBIII OT BOBMOXKHO nqueﬁ 3aBUCHUMOCTHU OLICHKU

CJIOKHOCTH OT €. TakoKke BBIYMCIIEHNE VT,;{(I) XOTS 1
COMOCTaBUMO B TEOPUMU IO CIOXKHOCTU CO CIIOXHO-
CTBIO BBIUKCIIEHNS V T;(¢) [10], HO TpeOyeT BO MHOTOM
CaMOCTOSITEJIbHOW peain3alliu, T.€. TYT CJIOXKHEE BOC-
MOJIb30BaThCSl TOTOBBIMU MakeTamu [3]. 3aTo, Kak He-
CJIOKHO TIPOBEPUTb, HOBBIW IMOAXOA OyleT COOTBET-
CTBOBATh peaIbHOM XPOHOJIOTUU COOBITHI, TO €CTh Oy-
Jet “OusnyHbIM” (“UHTYUTUBHO” 0O0Jiee TIOHSITHBIM).

[NepeuncieHHbIE HETOCTATKA MOTYT OBITH YCTpa-
HEHBI, eciu, ciaenys [11], pemars UCXOMHYIO 3amady
(15) yHUBepCaJbHBIM YCKOPEHHBIM OJIOYHO-TIOKOM-
MMOHEHTHBIM MeTonoM. CTporo roBopsi, TeOpeTHUYe-
CKOTO OOOCHOBaHMUSI TAKOTO METOAA Ha JaHHBII MO-
MEHT He U3BECTHO, OHAKO IO aHaJIOTUM C YHUBEP-
caJlbHBIM YCKOPEHHEIM MeTonoM HecTepoBa MOXHO
HamucaTh U COOTBETCTBYIOIIYIO OJOYHO-TIOKOMITO-
HeHTHy1o0 Bepcuio [9, 11, 13]. [TonyuyeHHBIii B pe3yib-
TaTe METOH OCTaeTcsl “(pU3MYHBLIM”’, HO HacJIedyeT
Xopollee CBOMCTBO agalNTUBHOM HACTPOMKU Ha Ma-
paMeTpbl NIAAKOCTH OT “He(U3NUIHOTO” METO/A.

B 3axmoueHue 3Toro pasaena OTMETUM, YTO BCe IIe-
peUYrCIEHHBIC TIOIXObI IO CBOE CTPYKTYpE SIBJISTIOTCS
MPSIMO-ABOMCTBEHHBIMU. DTO O3HAYAET, YTO CYIIECTBY-
eT 3(PPEKTUBHBIIA CITOCOO BBIYMCIIEHUS d U f 110 TeHe-
PUPYEMBbIM ITOC/IENOBATEIBHOCTSIM TOYEK 7, A, L [3, 8].

ITonpoOHee 0 pacCMOTPEHHBIX METOAAX U UX pa-
0oTe Ha MpakTuUKe OymeT HalMcaHO B CJedylolleM
pasmerne.

4. OCHOBHBIE AJITOPUTMBbI
N CPABHUTEJIBbHbBIN AHAJTNU3 X PABOTbI

I[J'IH IIPpOBCOCHMA CPABHUTCIBbHOIO aHAJIM3a OB
PacCMOTPEHbI N HMMINUIEMCHTUPOBAHBI HECKOJIBKO
Pa3JIMYHBIX AJITOPUTMOB OIITUMM3AlIUN, A UMECHHO:

e USTM [28] — yCKOpeHHBIII MeTOI MOa0OHBIX
TPEYroJIbHUKOB;

e USTM + Sinkhorn(6amancuposka bparmana—
IIeneiixoBckoro—CHMHXOpHA, OIMCAaHHAsI BBIIIIE)
[29] — yckopeHHBI MeToA MOAOOHBIX TPEYTOJIbHU-
KoB Wis dyHkuuu D(f) (14) u oTpeliuBaHUe 3a1a4uu
Mo A ¥ L ¢ TOMOIIIbIo anroputMa CUHXOPHA;

e ACRCD* [30] — yckOpeHHBIH, afalITUBHBIN 110~
KOMITOHEHTHBI METOJ ONTUMU3ALIUU.

Crout oTMEeTUTH, 4TO, Kitaccmueckuii USTM, xoTs
paHee 1 He TIPUMEHSUICS B TAKOM BUJIE MIJIST TIOMCKA PaB-
HOBECUIi B TPAHCIIOPTHOM CETU, BBUY CBOEI €CTECTBEH-
HOCTH OBLI B3SIT MMEHHO B Ka4ecTBe “OeitaaiiHa”.

Anecopumm USTM

ITPOTPAMMMWPOBAHHE

Ne 6 2023

JIuctunr anropurma USTM (Universal Method of
Similar Triangles) aj1st MUHUMU3ALIMU TPOU3BOJIbHOMN
BBINYKJION, HEMpepbIBHOI 1Mo Jlunmuiy ¢pyHkiuu @
npusencH B Anropurme 1. [1pu aToM MbI UCITONTB30-
BaJIV CJICAYIOIINE O003HAUYEHUS

1
00 =l - 5,

O () = O () +
+ 0 [ OO + (VOO 1 -

)

Aaroput™m 1. YHUBepcaJIbHBIN METOJ, TTOAOOHBIX Tpe-
YTOJIbBHUKOB

Input: L, > 0, craproBast Touka °, TO4HOCTB € > 0
1’ :=t0,A0:=0,k:=0

2: repeat

3 L, =L/2

4:  while true do

5 K+l

6: Y= Oyt + A"
A

7o W= argming ()

8 £ oy "+ At
Ak+1

9: i (D(tk+l)Sq)(yk+l)+<vq)(yk+l),tk+l _yk+1>+

el et _ pp Qe g ghen
2 2Ak+1

10: break

11: else

12: L., =21,

13: end if

14:  end shile

15: k=k+1

16: until Kpurepuiit ocraHOBKU He BBIIIOJTHEH

B sT0i1 ctatbe anroputmMom USTM oGo3HadaeTcs
Asroput™ 1, mpuMeHeHHbIH K byHKuuu D(¢, A, ).
I'panuent dyukuuu D(f,A, L) TIO TIEPEMEHHOM # BbI-
yuciisieTcs 1mo popmydie (12), rpagueHT 110 nepeMeH-
HBIM A, |l BBIYUCIISIETCS] HATIPSIMYIO.

Anecopumm USTM-Sinkhorn

Anropntmom USTM-Sinkhorn MBI Ha3pIBaeM AJ-
roput™ 1, mpumeHeHHbI! K dyHKuu D(t). OCHOB-
Hoe orimune USTM-Sinkhorn oT Kjiaccmyeckoro
USTM — ucnonb3oBanue Anroputma 2 (CuHxopHa)
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JUTSL pellieHusT 3a1a4u 1o A u W. [panueHT dhyHKImmn
D(¢) mpu 3TOM cumuTaeTcsl Tak e no dopmysne (12),
KylJa B KauecTBe A M |l TOICTAaBISIIOTCS 3HAYEHUSI,
HaigeHHbIe “CHUHXOpHOM”.

Anroput™m 2. Anroputm CUHXOpHA

1A =0,u":=0

2: k=0

3: repeat

4: if K mod 2 = 0 then

5: A = argmin D(1,&, 1)
g

6: W=

7: else

8 A=t

9 u"i= DE,ME)

10: end if

11: k:==k+1

12: until Kputepuii octraHOBKY HE BBITIOJTHEH

OnHa wutepauus airoputMa CUHXOpHA HMeEeT
apupMeTHUECKYI0 CIIOXHOCTb, MPUMEPHO PaBHYIO
apu(pMeTUUeCKO CIOXHOCTU BBIYMCICHUSI Tpaau-
€HTOB JBOUCTBEHHOM (DYHKIIMU TTO A U L.

Aneopumm ACRCD*

OnuineM BapuaHT YCKOPEHHOTO MOKOMITOHEHT-
Horo Metoaa (Accelerated by Coupling Randomized

Coordinate Descent — ACRCD) Ha 6a3e crieniajib-
HOTO KaIUIMHIa MOKOMIIOHEHTHBIX BapuaHToB I1I'M

(Grad) u M3C (Mirr) (x, = ¥, = Zy), cM. Asiroputm 3.
Omnpenennm

Grad;(x) = Projyom, [x - LLV,-f (X)j,

L

1

Mirr,(§) = Projgoms {Zi - L&z} >

i=1

rne Projy(x) — eBKIumoBa MpoeKiirst BEKTopa x Ha
MHOXecTBO O, V., — rpamueHt 1o i-My OJ0Ky Tepe-
MEHHBIX (KOMIIOHEHT), [, — KoHcTaHTa Jlunmuua
rpaguenTa V,;f(x), n — KonuuecTBO OJIOKOB Iepe-
MeHHBIX. B Hammem ciryyae n = 2, 610KaMU TIepeMeH -
HBIX SIBJISTIOTCS £ U (A, L).

B ACRCD* koJin4yecTBO BBIYUCIECHUI TpagueH-
TOB MO KaXA0MYy OJTOKY 0OpaTHO MPOMOPIMOHAIEHO
DIAAKOCTU (PYHKIIMU MO 3TOMY OJIOKY MEPEMEHHBIX.
Tak kak dyHkumst D(t,A,|l) Heraakasi o 6J0Ky Te-
PEeMEHHBIX ¢ W miaakas 1o (A,[), Tpu NpaBUIbHOMN
VHULMAIU3aUUM KOHCTaHT [, meTon OyIeT neyiaTh

6OoJIbIlle BEIYUCIICHUM TPATUEHTOB TI0 £, YeM 1O A, Ll
(cMm Pasgen 5), 4TO IPOTUBOIIOJNIOKHO MOBEIEHUIO
anroput™Ma USTM + Sinkhorn, 1 B To XXe BpeMs co-
[JIACYETCS C MEXaHM3MOM YCTAHOBJICHUSI PpABHOBECHS
B pEaJIbHOM XXW3HU: MOTOKM Ha MyTsaX f (M BpeMeHa
Mpoe3aa t) MEHSIOTCS Yallle, YeM KOPPECITOHASHIIUN
d (v “mpuBIIeKaTeIbHOCTU” PAiOHOB A, ).

Anaroputm 3. ACRCD*

Input: t€ [0,1], > 0, L, > 0,i € [1,..,n], cTapTOBas
TOUKa X' .
L0 0 0._ 0
Ly =x,z =x.
o=\ g
285:=>"1
3: repeat
4: 1, := _2_
k+2
500 X = Tz H (=T
6: BriOparts i, ., € [1,..,n] c BeposITHOCTBIO
P(li = i) = L*/S
T Yep = Grad, (x41)
k+2
8: Oy - = F
9: Zgy = Mirr, (akHSVsz(ka))
10: until Kputepuit ocTaHOBKM HE BHITIOJIHEH

YucieHHbIe IKCNIEPUMEHTbDI

st cpaBHeHUsT 3((PEeKTUBHOCTU Ha TpPaKTUKE,
MepeyrcaeHHbIe AITOPUTMbI IPUMEHSUIMCH K 3afaye
MoKcKa paBHOBECUSl NBYXCTaAWMHON Monenau Ha
TPaHCTIOPTHBIX CETSIX TOponioB Anaheim u Sioux-Falls
[16]. [TapameTp Yy sHTponuitHO# Monenu (dhopmyrna
(4) m mocyemytoniye) ObLI IPUHAT paBHBIM 10, 94TO IO
MOPSIIKY COOTBETCTBYET TUITMYHO UCTIOb3YEMbIM Ha
MpaKTUKe 3HAYEHUSIM (3TO BaxKHO, TOTOMY UYTO CKO-
pPOCTb CXOAMMOCTH asiropuTMa CHMHXOpHA CUJIBHO 3a-
BUCHT OT BEJIMUMHEBI 3TOro nmapamerpa). Hanmpumep, B
TaKOM cJlydyae dHTpOMNUitHAsi MoJe/ib SKBUBAJICHTHA
IrpaBUTALIMOHHOM MO pacueTa MaTpUIlbl KOppe-

COHIeHIMIA ¢ dyHKuuer Tarorenust exp(—0.17})
[31], ecnm 3aTpaThl HA MeXXpalfOHHBIE TIEpeMEIICHUS
T} BbIDaXEHbI B MUHYTAX.

DJISI OLCHKHN CXOOJMMOCTH aJITOPUTMOB NCITIOJIb30-
BaJiaChb ciacayroniad METpHUKa:

G vt | 1
VD, h, ) I\ n*

7\'*

rae ( w| OIITUMaJIbHbIC 3HAYCHUSA 7\, n H C MUHU-
uw

MaJibHOII HOpMOI1 (B 3KCIIEpMMEHTaX HMCIIOJIb30Ba-

-1
+ max{gap(z, A, u),O}j , (16)

[MPOTPAMMUPOBAHUE Ne 6 2023



Ob YCKOPEHHDLIX [TOKOMITOHEHTHbBIX METOAAX

OpaKynbHbIEe BEI30BBI
10*

103

102

10!

10°

43

—¢— ACRCD* - BbI30BHI V),
=~ ACRCD* — BbI130BHI V,
—@— USTM - BbI30BHI V,
—+— USTM + Sinkhorn — BbI30BHI V;
USTM + Sinkhorn — BbI30BBL V,

102

10?
MeTtpuxka (16)

10° 10!

Puc. 1. CpaBHenue anroputmoB (TpaHcnopTHas 3amada, rpad “Anaheim”).

JIUCh 3HAYCHMSI A U |, TIOJTy4eHHbIC Ha MOCJIeTHeR
uTepamumn), a gap — 3a30p IBOMCTBEHHOCTHU — OMpe-
JIensieTcsl Kak pa3HOCTb 3HadeHMid mpsimoit (11) m
nBoiicTBeHHOI (13) byHKIIMIA:

gap(t, A, W) = P(f,d) + D{t, L, ).

Takast MeTprKa MO3BOJISIET YUeCTh 00a MpU3HaKa
HEONTUMAaJbHOCTU pElIeHUSs: HapyllleHUe OrpaHu-
YeHU U pa3sHUILy MeXIy 3HaYeHUeM (yHKIIMU B Te-
KyIlleit TOUKe U ee ONTUMAaIbHBIM 3HAYeHUEM, KOTO-
past OLICHUBAETCSI CBEPXY 3a30POM JBOMCTBEHHOCTH.

k

BBeneHnue mMaciTabUpyroero MHOXUTEIIS 2 u* y
cJIaracMoro, paBHOIO HOPM€E HEeBSI3KU 110 OrpaHnuye-
HUSIM, TIO3BOJISIET CPAaBHUBATh MEXIy COO0I HEBSI3KU
10 3HAaYEeHMIO (PYHKIIMH U IO HAPYIICHUIO OrpaHnyde-
. OOOCHOBaHNEM TaKOTro BBIOOpAa MHOKHUTEIS
SABJISIETCS TTPSIMOABOMCTBEHHBIN aHAJIN3 METOa rpa-
JIWEHTHOTO cITycka, cM (4.13) B [32].

PesynbTaThl 3KCIIeprMEeHTOB IIPUBEACHBI Ha puC. 1, 2,
TaKK€ JTOCTYINEeH KOJI BBIYUCIUTEIbHBIX 3KCIIEPU-
MeHTOB [33].

ITo puc. 1 BunHo, yto anroput™ USTM + Sink-
horn moka3zajl HAWIy4IlInii pe3yabTaT, XOTsSI eMy Tpe-
OyIOTCSI MOIIOJIHUTEIbHBIE WUTEpAllMM, a aJrOpUTM
ACRCD*, xoTp u 0061amaeT HYyXHOI “(pU3NMIHO-
CTBIO”, HO Jake He TTOKa3hIBaeT ceOs JIydllre “Oeii3a-
Ha”. TecT B JTaHHOM cJIydae TIPOBOIWICS HAa KPYITHOM
rpade “Anaheim”, o1 JONOJHUTENBHONM MPOBEPKU
pe3yJIbTaTOB MbI MIPOBEJIM €IlIe ONUH TecT (puc. 2) Ha

IMTPOTPAMMMWPOBAHUE

Ne 6 2023

MajieHbKoOM Tpade “Sioux-Falls”. Pe3ynbTaThl 0XU-
JTaeMO TIOATBEPIUIIUC.

Hommanposanue anroputMa USTM + Sinkhorn
MBI CBsA3bIBA€M C TEM, YTO B pE3yJIbTaTC MUHMUMMU3A-

uuu D(t,\, 1) TIO TIEPEMEHHBIM A, Ll TToJTy4aercsi 60-

nee miankast dyHkuuss D(t, A1) (o6liee CBONUCTBO
min min 3aga4). Oka3ajgoch, YTO B TPAHCIIOPTHOM 3a-
Jaye MOJIOXKUTENIbHBIN 3(h@EKT OT CriaaxkuBaHUS C
JINXBOM OKYIIaeT AOIOJHUTEIbHbIC 3aTpaThl HA OTpE-
IIMBaHUE TON3a1a49M 1O A, Ll anroputMoM CHUHXOP-
Ha, XOTSI 3TOT pe3yJbTaT HeNlb3sl ObLIO TpeacKasaTh
6e3 IIpOoBEAeHUS BEIYMCINTEIBHBIX 3KCIIEPUMEHTOB.

5. MPMJIOKEHME. O PACIHEIUVIEHNN
OPAKYJIbHBIX CJIO)KHOCTEN AJ14
HEIJIAOKO-TTIAIKHNX BBITTYKJIBIX 3AIAY
CO CTPYKTYPOM min min

IToGOYHBIM TPOAYKTOM MCCIIEIOBAHUIA, MTPOBE-
JIIEHHBIX B JAHHOI pabdoTe, SIBISIETCS HOBBIM CITOCOO

pelIeHus 3a0a4 BEITYKJION ONTUMU3ALMKA BUAA® (1)1
HaDISIMHOCTU U3JIOKEHWE U TOYHOCTH CCHIJTOK Ha JI-

5 BaxHO 3aMeTHTb, UTO BBIMYKJIOCTb 32141 TOHUMAETCs B 1aH-
HOI1 cTaTbhe KakK BBITYKJIOCTb IO COBOKYITHOCTH BCEX NTEPEMEH-
HBIX, @ HE TIPOCTO KaK BBITYKJIOCTb OTAeJIbHO 1o 6j0Kam. [1o-
CJIEIHETO MOXET OBbITb HEAJOCTATOYHO UISI TOTO, YTOOBI UCXO-
Has 3a7a4ya OblTa BBITTYKJION, M K HEW MOXXHO OBLJIO IPUMEHSITh
00CyX/J1aeMble YUCJIEHHbIE METOAbl. XOPOIIO M3BECTHBIMU
npyuMepaMy TaKUX 3aa4M (BBIMYKJIBIX IO OJIOKaM, HO HE BbI-
MYKJIBIX B LIEJIOM) SIBJISIIOTCS 3aa4, BO3HUKAIOLIME B PEKOMEH-
JaTeJIbHBIX CUCTeMax, Harpumep, matrix factorization.
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OpakyJabHbIE BBI3OBBI

10
10°F
10%
101 F —o— ACRCD* - Bp130BBI V),

o —m— ACRCD* — BBI30BHI V,

—o— USTM - BbI30BHI V;
0 —+— USTM + Sinkhorn — BbI30BbI V,

107 —+— USTM + Sinkhorn — BbI30BBI V;,_,

102 107! 10° 10! 102

MeTtpuxka (16)

Puc. 2. CpaBHeHue aaroputmoB (TpaHcnopTHas 3amada, rpad “Sioux-Falls”).

OpaKkyJIbHbIC BBI3OBbI

104

103}

102}

10 £

100

—o— ACRCD* — BbI130BH V f(X, ¥)
—#— ACRCD* - BbI30BbI V , f(x, y)
—o— USTM — Bb130BbI VAX, )

10! 102 103 10* 10°
Mertpuka (19)

Puc. 3. CpaBHeHMe aJITOPUTMOB Ha 3aaue MUHUMU3auu GpyHkmu (18).

[MTPOTPAMMMUWPOBAHUE
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TepaTypy pPacCMOTPUM 3agadyy 0e3 OrpaHMYeHU U
KOMITO3UTHBIX YWIEHOB)

min min f(x,y). (17)
X y

Ecmu dyHkius f obnagaet JIMIIIMIIEBBIM IpagieHTOM

V..f 1o x c koHcTaHToOI L, B 2-HOpMe 1 JIMmniunieBbiM

rpagMeHToM V , f 10 y ¢ KOHCTaHToii L, B 2-HOpME, TO

MOXHO peluTh 3amady (17) ¢ (oxxumaeMoit) TOYHO-

2

L
CTBIO € Mo (pyHKLIMHU 3a O X
€

BbIUMCIICHUH V  f

LR’
uo0 Y
€

. 2
BhluMcenuit V f, rne R° — paccrosi-

HUE OT TOYKM CTapTa OO pelleHus B 2-Hopme [27].
B wactHOCTH, OOUH U3 CITOCOOOB ITOJTyYeHUST JAHHO-
ro pe3yiabTara — 3TO HCIIOJB30BaHUE YCKOPESHHBIX
OJIOYHO-TTOKOMITOHEHTHBIX METOIOB JIMHEWKM [9, 11,
13], B KOTOpHBIX ITPU BEIOOPE MapaMeTpa MeToAa paB-
HBIM 1/2 oXumaeMoe 4MCIO UTepalurii OymeT paB-

(L + LR

HATBCS O o , @ BEPOSTHOCTU BbIOGOpA
€
6J0Ka X UM y OyIyT PaBHATBLCS, COOTBETCTBEHHO,
L1/2 L1/2
s U 2 1/2.OTKy,E[aI/IHOJ'Iy‘{aeTCHHpI/IBC—
[ S Sy 5]

JIEHHBII BBIIIE PE3YJIbTAT O PacIleIUICHUN OPaKyJIb-
HBIX CJIOKHOCTEM 1o 6;10KaM. HecltoxkHO TIpoBepuUTh,
YTO TaHHBIE OLIEHKU YK€ HEBO3MOXHO JAJIbIIIE YIIyd-
Tk [27].

ECJ'II/I, CKaxXem, 110 6)'[0Ky TIIEPEMEHHDBIX X Y HAaC €CTb

TOJIBKO JIMTIIMIIEBOCTh ¢ KOHCTaHTOW M, B 2-HOpMeE,

TO UCIIOJB3YsI CTaHAAPTHBIN rpueM [25] (cM. Takcke [11]

10 YaCTH aianTalMy K 0JIOYHO-TTOKOMIIOHEHTHBIM Me-

ToAaM) TIOTPY>KeHUST HETIaAKOM 3amaur B KJIacC IIai-
M2

KHUX 33[a4 3a cueT Bbioopa L, = 2—§ U yCJIOBUsI Ha J:

2
NS =¢/2, tne N, ~ LR
€

— YUCJO BBIYUCICHUN

2 p2

V.f , monyyaem, uro N, ~ —5

, UYTO TaKKE COOT-

BETCTBYET HMKHUM olleHKaMm [34]. OTMeTuM, 4to B
[11] BeinucaHo Gonee rpyboe ycnosue (N, + N y)8 =

= g/2, KOTOpPOE, Ha CAMOM JieJie, MOXXHO TTeperucaThb
TaK, KaK 3TO OBIJIO CIeIaHO B JAaHHOM paboTe BHILIE.

Takum o6pa3om, ecnu B 3amayde (17) BeITyKJIas 1ie-
JeBas GyHkuuMs f(x, y) HemIagkas Io x, HO IaaKast
Mo y ¢ opakyjoMm V. _f, KOTOPBIi CUIBHO JellIeBlie,
4eM opakys1 V , f, To OmMcaHHOe pacuIeTIEHUE Opa-

. -2 .
KYJIBHBIX CJIOXHOCTEi: ~¢& ~ BbIYMCICHMIA V., f U

ITPOTPAMMUPOBAHUE Ne 6 2023

—1/2 o
~¢™? BprumceHNi V,f, naer 3aMeTHOE YCKOpEHME

10 CPABHEHUIO CO CTAHIAPTHBIM MTOIXOI0M, KJIaCCU-
buIMpyoIMM 3a1ady Kak HeNIaaKyio U TPEOYIOIINM

-2 o
~ & BpruncieHud V fu 'V, f.

K coxaneHnro, Ha pacCCMOTPEHHOM B TaHHOI cTa-
The 3aJade IOMCKa paBHOBECHUs B IBYXCTamIMITHOI
TPAHCIIOPTHOM MOIETHW ONMUCAHHBIN 3¢ deKT pac-
MIETUICHUS He TIPOSBIISACTCS B TIOJTHOM Mepe, TTOTOMY

YTO HE BEPHO MpEATooXeHue: “opakyn V  f, cuiib-
HO J€eIIeBIe, 94eM OpaKkyi1 V /7. B HaieM ciydae mo-
JlydaeTcs pOBHO Hao60poT. OgHAKO, CUTyaLlsl MO-

KET IOMEHSIThCSI, €CJIU 1Sl BbIUUCTAeHUS V , f MOXHO
addexkTuBHO (3PdheKTUBHEE, YeM ISl BEIYMCICHUS

Vyf) ucnonab3oBath GPU/CPU napannenusanuio.

OmnucaHHBIN BBIIIE MOAXOM ¢ M3HAYAIbHO 3adaH-
HBIMU L, ¥ L, MOXXHO CTPOTO TEOPETHIECKH 0OOCHO-
BaTh. IIpoOjeMbl HAaYMHAIOTCS IIpU OOOCHOBAaHUU
amanTUBHEIX (YHUBEPCAJIbHBIX) BEPCUM TaHHOTO
IoaXoAa, B KOTOPBIX MO OJIOKY X METOMI MOJDKEH caM
HAcTpamBaThCs HA TEKYIIWM YpOBEHb IIAOKOCTU 1Ie-
JIeBOI (DYHKIIM I10 3TOMY OJIOKY ITlepeMeHHBIX. Bo3-
HUKHOBEHHE NpoOJIieMbl OOYCIOBJICHO 3aBUCHMO-
CTBIO BEPOSITHOCTEI BhIOOpa OJIOKOB OT agalTUBHO
MEHSTIOLIMXCsI apameTpoB L, u L. [1pu oToM uHTE-
PECHO 3aMETUTh, YTO TpobIeMa CBsI3aHa UMEHHO C
BbIOpAHHBIM KJIACCOM YCKOPEHHBIX OJIOYHO-TTOKOM-
TMMOHEHTHBIX METOJIOB, 00ECIIeYUBAIOIIUX pacllerie-
HUE OpaKyJIbHBIX CJIIOXXHOCTEU. ST 1pyrux MOKOM-
TMIOHEHTHBIX METONIOB aJalTHBHAs HacTpoiika Ha
KOHCTaHTHI JIuniuna rpagreHTa no 6JijokaMm BIOJIHE
Bo3MoOxkHa [35]. B maHHoi1 paboTe, paccMaTpuBaIUCh
pa3IuYHbIE TPAKTUYECKUE CITIOCOOBI PEIICHUSI OTME-
YeHHOM TeopeTUu4ecKoit mpoodiaembl. B mepcrnekTune
WHTEPECHO OBIJIO ObI MTOMPOOOBATH MOJYYUTh 30eCh U
TEOPEeTUUYECKOE OOOCHOBAaHUU ITOJHOLIEHHOW BO3-
MOXKHOCTHM HCITOJIb30BAHUSI KOHCTPYKIIMM YHMBEP-
CaJIbHBIX METO/IOB.

JonoaHuTebHO, 1151 AEMOHCTpAU 3 HEKTUB-
HOCTHM ITOKOMITOHEHTHOTO METOJA Ha OIMMCAaHHOM
KJIacce 3amad Oblla BBelIeHAa TeCToBas 3agadya MUHU-
MU3alIUU GYHKIIAU

Aka—bk +

f(6y)=7In| Y exp
k=1 Y (18)
1 X
+-(xy)B| |,
2 y

210
rae B e R — CUMMETPpHUYHAas IMOJOXUTECIbHO ITOJIY-

omnpeneneHHas MaTpuua, 4, — k-ii crondel MaTpULibl

10x100
Ae R .
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10
BribopoM pasMepHOCTh NepeMeHHBIX x € R,

200
ye R JOoCcTUraaachb pasHuiia CI102KHOCTH BbIYMCJIC-
HMA TPAaAUCHTOB ITO pa3HbIM OoKkaM TIICPCMCHHDBIX.

3amaya pemiajach IpU JOCTaTOYHO MaJIEHHKOM
-3
Y=10" ¥ HeOOJBLIOM MAaKCUMaJIbHOM COOCTBEH-

HOM 4uciie MaTpuisl B, A, (B) = 107", a Bce cunry-
JISIpPHBIE YMCJIa MaTpULbl A ObUIA paBHEI HYI0. B Ta-
KOM CiIyJyae, o IIepeMeHHOI x 3amada MeHee IJIajl-
Kasi, TO €CTh UMeET OOJBIIYI0 KOHCTAaHTY Jlumimia
rpanuenTa (L, = Ayou(B) +1/Y, L, = Ao (B)). B TO
Ke BpeMsl, U3-3a CyILIECTBEHHOIO pa3jinyus B pa3Mep-
HOCTU MEPEMEHHBIX X U y, BBIUMCIIEHWE TPaUeHTa o
X TpeOyeT HaMHOT'O MEHBIIIe apu(pMETHIIECKHIX OIlepa-
muit. B atoM cinygae mpumeHeane ACRCD* mo3BosisteT
“pacmienTh”’ OpaKyJIbHBIE CIIOKHOCTH, JiejTast MeHbIIIe
BBIYMCJICHUI TpagreHTa 110 “IoporomMy”’, HO IJIAAKOMY
0JIOKY MepeMEHHbIX y TIpY pellleHUU B 1IeJIOM “He-

mIaakoii” 3amadyu (II0 COBOKYIHOCTHY MIEPEMEHHBIX).

Hnsa cpaBHEeHUs 3aITyCKaJIuCh OMMCAHHBIE BBIIIIC
anroputMbl ACRCD* [30] m USTM [28]. B kauectBe
METPHKU, OIIEHUBAOIIE KaueCTBO TTPHOIIKEHHOTO
pelIeHusI, UCTIONIh30Bajlach 0OpaTHass HoOpMa Tpaan-
eHTa:

(\ZZES0 e

I'padbuku cxomumocTu M300paxkeHbl Ha puc. 2.
Hnss ACRCD* npuBeneHbl 3HaY€HUSI METPUKHU B 3a-
BUCUMOCTU OT KOJIMYECTBA OOpAILEHUN K KaXXIOMY
U3 OPaKyJIOB JIJISI BU3yaIu3alluy pacllellJIeHUsT opa-
KYJBbHOM CIOXHOCTU. CXOAUMOCTH 1O HOPpME Tpaau-
€HTa CYIIeCTBEHHO HEMOHOTOHHAasl, MO3TOMY ISl
ynoOCcTBa BU3yaIu3allMd TPaeTOPUM CXOIUMOCTHU
ACRCD* 0OblIM CIIa’keHbl: TOYKU, M300pakeHHbIE
Ha rpaduKe, COOTBETCTBYIOT 3HAUEHUSIM METPUKHU,
yCpemHEeHHBIM Mo cocefHUM 30 uTepanusm.

Pe3ynbTaThl 3KCNIEpUMEHTOB MOKA3aJIu YTO METOT
a(ddeKTUBeH Ha TaHHOM 3a/1a4e — JOCTUYb OJHOTO U
TOI'O K€ 3HAYCHUA METPUKHN MOXKXHO 3a 3HAYUTEIIBHO
MEHbIIIee KOJIUYECTBO obpallleHuid K “moporomy”
opakyJry. DTo 03Ha4yaeT YTO C TOMOII[bIO TAHHOTO Me-
ToAa JUISI OIMMCAHHBIX 3aJay JOCTUraeTcss oobliee
YCKOpEHHeE Mo BpeMeHU paboThl aJIrOpUTMA.

(19)

6. 3BAKITFOYEHUWE

B nanHoi1 paboTe paccMaTtpuBaeTcs 3aJa4ya Mouc-
Ka paBHOBECUs] B JBYXCTaIUWHOW MOIENU TpaHC-
MMOPTHHIX OTOKOB. 3a7aya MONCKa PaBHOBECHS CBO-
IUTCS K 3ama4e BBIIYKJIONH MUHUMMI3AIIUHA CO CTPYK-
Typoii min min, roe nejaeBas (GyHKUUsS oOiamaet
CYIIIECTBEHHO pPa3HBIMM CBOMCTBAMM IIO Pa3HBIM
rpyniiaM nepeMeHHBIX. TeopeTu4ecKoe MCCiaeaoBa-
HHE TT0Ka3aJI0, 9To Hanooee 3(hPEeKTUBHBIC METOIbI

pellIeHrs 3am1a4 TaKOro TUIIAa CO CTPYKTYpPOii (B TOM
4KCJIe HOBBIE, IIPEIJIOXKEHHBIEC B JTaHHOI CTaThe) MO-
T'YT CYIIECTBEHHO YIydimiaTbh 3(p@PEeKTUBHOCTb CTaH-
JapTHBIX (YHUBEPCAJIbHbBIX) YCKOPEHHBIX MPOLEIYD.
OnHako TMIPUMEHUTEBHO K 3a7aye MouckKa paBHOBE-
CUI B ABYXCTAAUMHON MOJEIN, U3-3a TOrO, YTO Opa-
KyJI 10 HETJIaAKOMYy 0JI0KY MepeMeHHBIX CUJIBHO 10~
poXe opakyia 1o IagKoMy OJIOKY, TTOJIy4aeTcsl, YTO
3(deKT OT pacuIeIUIeHNsS. OpaKyIbHbIX CIOXHOCTEM
MPOSIBISIETCS. HEe TaK SIpPKO, KaK IMOTEHIIUAJIbHO MOT
OBl IIPOSIBIISITBCS B IIEJIOM Ha paccMaTpuBaeMOM
KJ1acce min min 3agad. IToaToMy KITIO9eBYIO pPOJIb UT-
paloT UMEHHO YHCJIeHHBbIE 3KCIIEPUMEHTHI, KOTOPbhIE
nokaszanu, 4To anroput™ ACRCD*, XoTk 1 sBisieTcs
“u3nyHBIM” B KOHTEKCTE TPAHCIIOPTHOM 3amaywu,
ogHaKo paboraer xyxe, yeM oObluHBIE USTM mu
USTM-Sinkhorn! TlpuHunuaibHass BO3MOXHOCTb
YMEHBIIIEHWSI BpEMEHM BBIYMCJICHUI MPU pPeIIeHUN
MIaAKO-HEIIagKUX 3amad IIPOJAEeMOHCTpUpOBaHa Ha
CUHTETUYECKOM IIpUMEpE.
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On Accelerated Coordinate Descent Methods for Searching Equilibria
in Two-Stage Transportation Equilibrium Traffic Flow Distribution Model
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The search for equilibrium in a two-stage traffic flow model reduces to the solution of a special nonsmooth
convex optimization problem with two groups of different variables. For numerical solution of this problem,
the paper proposes to use the accelerated block-coordinate Nesterov-Stich method with a special choice of
block probabilities at each iteration. Theoretical estimates of the complexity of this approach can markedly
improve the estimates of previously used approaches. However, in the general case they do not guarantee fast-
er convergence. Numerical experiments with the proposed algorithms are carried out in the paper.
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