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IMpemnoxena acdekTUBHO MpoBepsieMast HUKHSISI TpaHULIA IS paHTa pa3peXXeHHO BITOJTHE HEPa3IOXKU-
MO KBaIpaTHOI MaTPHUIIbI, COIEepXKaIIleii 110 ABa HEHYJIEBBIX JIEMEHTA B KaXI0M CTPOKE U KaXKIIOM CTOJI0-
1e. PaHr Takoit MaTpu1Ibl paBeH MOPSIAKY WM OTIn4aetcs Ha equHully. [loctpoeHbl 6a31Chl cielaaibHOTO
BUIA B MPOCTPAHCTBax KBaApaTUUHbIX (OpM OT (GPUKCUPOBAHHOTO Yucia epeMeHHbIX. CyliecTBOBaHUE
TaKux 0a31COB MO3BOJINIJIO HAM 0OOCHOBATh 3BPUCTUUYECKUIA aJITOPUTM IIJIsI pellIeHUsI 3a]a41 pacIiio3HaBa-
HUS, IPOXOJIUT JI1 faHHOE ahHUHHOE MOANPOCTPAHCTBO Yepe3 BEPLIMHY MHOTOMEPHOTO €IMHUYHOTO KY-
0a. B xymaieM ciiygyae 3TOT aIrOpUTM MOXKET BEPHYTb YBEIOMJIEHUE O HEOTIPEACICHHOCTH Pe3YJIbTaTa Bbi-
YUCJIEHUSI, HO JJIs OOIIEro MoAMpOCTPaHCTBA JOCTATOYHO Masjoii pa3MEpPHOCTHM KOPPEKTHO OTBEpraer
BXO[l. AJITOPUTM pean30BaH Ha si3biKe Python. B xone TectupoBaHus 1o1ydeHbl OLIEHKW BpEMEHU pabOThI

3TOU peanu3aluu aIrOpyuTMa.
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1. BBEAEHUE

Python — coBpeMeHHbIi1 SI3bIK MpOrpaMMUpPOBa-
HUS OO0IIero Ha3HAYeHMUsl, BBILIEAIUNM B MOCIETHUE
roJibl Ha MEPBOE MECTO B PA3IMYHbBIX PEUTHUHTAX MO-
MYJISIPHOCTU U OCOOEHHO BOCTpEOOBaHHBIN B Hayu-
HBIX npwioxkeHusx. CuibHBIMU cTopoHamMu Python
CUUTAIOTCS JIETKOCTh HAYaJIbHOTO OCBOEHMS, OBICT-
pora rpoliiecca pa3paboTKU, JaKOHUYHOCTb U Y1000~
YHUTaeMOCTb TEKCTOB IporpamMM. B kauecTBe OCHOBHOTO
HeJIoCTaTKa OOBIYHO HAa3bIBA€TCSl OTHOCUTEIBLHO HU3-
Kasl MpOU3BOAUTEIbHOCTh MPOrpaMM, OOYCIOBJICH-
Hasgs B OCHOBHOM WHTEPNPETUPYEMON MpPUPOIOi
s13bIKa U AWUHAaMUYEeCKOi Tunusaiueit. OqHaKko 3TOT
HEI0CTaTOK BO MHOTOM KOMITEHCUPYETCsl AOCTYITHO-
CThbIO OOJIBIIOTO pazHOOOpa3usi OUOINOTEK, NPEao-
crasisommx Python-pa3padoTuynkam goctyn K 3@-
(EeKTUBHBIM peaanu3alusIM pa3IMYHbIX aJITOPUTMOB,
a TakXXe BO3MOXHOCTBIO MOAKJIIOYEHUSI COOCTBEH-
HBIX TPOrPaMMHBIX MOMYJIei, HATTMCAHHBIX HA KOM-
MAJIMPYEMBIX sI3bIKax [1]. B koHTeKcTe Hallleid 3a1a-
4K ynoOHOM 0coOeHHOCThI0 Python siBasieTcst BCTpo-
eHHass B $3bIK TOAJepXKa paboThl C LIEJABIMU
YUCJIaMU HEOTPaHUYEHHOU OUTOBOM JUTMHBI, a TAKXKE
C pallMOHAILHBIMU YMCIIAMU.

Panrn X n MaTpulbl HaJd ITOJEM MOXHO BbIYMC-
JINTb, UCITOJIb3YyA IMOJMHOMUAJIBHOEC YUCIIO ITPOIIEC-

COPOB U BbIMIOJIHUB Ha KaXJIOM U3 HUX JIUIIb 0(log§n)
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onepauuii Hag 3TUM TojieM [2, 3]. DddekTuBHOE
pacnapajjieluBaHue BO3MOXHO HE TOJIbKO JUJISI BbI-
YUCJIEHWS paHTa, HO TaKXKe 1Sl BBIYMCIEHUs o0par-
HOM Marpulibl, LDU -pa3ioxeHus1 KBaIpaTHONH Mar-
pULIBI U pas3sioXeHUsT XOJIeIKOTO CUMMETPUYHOM TOo-
JIOXKUTEJIBHO oIpenesieHHoi MaTpulisl [4, 5]. C npyroit
CTOPOHBI, CJIOXHOCTH BBIYMCIEHUS paHTra [6] u Xa-
PaKTEepUCTUUECKOTO MHOTrowieHa [7—9] 6im3ka K
CJIOXXHOCTU MaTPUYHOIO YMHOXeHUs. st uupKy-
JISTHTOB U3BECTHHI JIETKO MPOBEPSIEMbIE YCITOBUSI HE-
BeipoxaeHHocTu [10]. Teopermueckmii uHTEpec
npeacTaBaseT 3agada NpoOBEPKU JUHEHHOI He3aBU-
CUMOCTHU CUCTEMbBI MHOTOWJIEHOB OT HECKOJIBKUX TTe-
peMeHHbIXx. MHOTAa Takue MHOTOUYJIEHbI MOTYT ObITh
3aJ]laHbl KOPOTKMMU BbIpAXEHUSIMU WU apudMeTu-
YEeCKHMMU CXeMaMU, XOTsI MaTpULbl KO3(PHULIMEHTOB
TaKMX MHOTOUYJIEHOB MMEIOT Oosblioit pasmep. [lo-
3TOMY BaXKHbI JIETKO MPOBEPSEMbIE OLIEHKU paHra
MaTpullbl. OOBIYHO BBIYMCIICHUS BBITTOJTHSIIOTCS Ha
MoJieM palluOHAJIbHbIX YMCEJ, HO CUMBOJIbHbIE BbI-
YUCJIEHWSI MOXHO MPOBOAWUTH U HaJ MOJSIMU aireo-
panueckux yucen [11, 12].

Touku neTepMUHAHTATBHOTO MHOTOOOpa3us Co-
OTBETCTBYIOT (C TOUHOCTbIO 10 YMHOXEHUS Ha HEHY-
JIEBOE Y1CJI0) MaTpuliaM (MKCMPOBAaHHOIO pa3Mepa,
paHT KOTOPBIX OTpaHUYeH cBepXxy. JleTepMrUHaHTaIb-
HO€ MHOToOOpa3ue MOXET UMEThb OUYe€Hb OOJIbIIYIO
crenensb [13, 14]. TToaTomMy Hanm anredpandecku 3a-
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MKHYTBIM TI0JIEM HeJIb3sI TPOBEPUTh 3HAUCHME paHTa
MaTpPUILIbI TTOCPEACTBOM HEBETBSIICHCSI TTPOTPaMMBI
Heb6osbioro pasMmepa. C apyroii CTOpOHbI, Ha 3TUX
MHOTOOOpa3msIx JeXaT JIMHEeWHBbIe TMOMIIPOCTpaH-
CTBa, YTO MHOTIA MOXKHO HCIIOJIb30BaTh JUIST OLICHKH
paHra [15].

HMcnoab3yst OlieHKU paHTa, Mbl PAaCCMOTPUM 3B-
PUCTUYECKHI aITOPUTM IPOBEPKU MHIIMICHTHOCTHU
MTAHHOTO TTOAITPOCTPAHCTBA U KAKOW-TTMOO BEPIITMHBI
eIMHUYHOro Kyba. Takasi mpoBepKa 3KBUBaJICHTHA
noucky (0, 1)-pemeHus 1j1s1 CUCTeMbl YpaBHEHUI

X, =1
X; =L i(XgsesXg)y  J> S
x; € {0,1}, i>0,

rie yepes / ; 0003HaYeHbI TMHEWHbIE (HOPMBI [16].

XOTS YK€ U3BECTHBI 3BPUCTUYECKUE AJITTOPUTMBbI
JUTST pelIeHUs] 3TOW 3amadyu MpU JOMOTHUTEIbHBIX
orpaHuueHusix [17—19], mpuHSITO cyuTaTh, YTO 3TA
3ajaya TpyAHas U BBIYMCIIEHUS B XyALIEM Cilydae.
IToaToMy aKTyaJIbHO CO3TaHNE HOBBIX AITOPUTMOB, Y
KOTOPBIX BBIUMCIIUTENIbHASI CJIOXHOCTb B CpeaHeM
OorpaHMyeHa MHOTOWIEHOM OT [UIMHBI BXOJa TIpU
JIPYTUX OrpaHUYEHUSIX.

ToBopst 0 3amayax pacro3HaBaHMsI, MbI MIPENTO-
JlaraeM TpM BapuaHTa OTBETa: BXOH MOXET ObITh He
TOJIBKO MPUHST WM OTBEPTHYT, HO TAKXKE BO3MOXHO
SIBHOE YBEIOMJICHME O HEOIIPENeJIEHHOCTH BhIOOpA.
I1pu 5TOM OTBeT HOJIKEH OBITH MOJIY4YeH 32 KOHEUHOE
BpeMsI M 0e3 OIMMOOK, a MPHW BBIOJHEHUM JIETKO
MpOBEePSIEMOr0 YCJIOBUSI YBEIOMJICHE O Heolpeae-
JIECHHOCTHM MOXET ObITh BbIIAHO JUIIb Ha MaJIOl noJie
BXOJIOB CpeIr BCeX BXOHOB HaHHOM IMHHI [20, 21].
ITpu orieHKe anredpandecKoit CIOKHOCTU JOCTAaTOU-
HO TpeboBaTh, UTOOBI YBEIOMJIEHUE O HEOTIpeIeJIeH-
HOCTHU BbIJIaBAJIOCh HA MHOXECTBE BXOJ0B, Ha KOTO-
pBIX OOpalaeTcs B HyJib HEKOTOPbIif MHOTOYJIEH, OT-
JINYHBIA OT TOXIECTBEHHO HyJeBoro [16, 22].

B pasgene 2 mpencrtaBiaeHBI TEOPETUYECKUE pe-
3ynbTaThl. B pasmene 3 omucaHa peanru3anys ajiro-
putMa Ha s3eike Python. B pa3zperne 4 maHo KpaTkoe
3aKJII0YCHUE.

2. TEOPETUYECKWE PE3VIJIbTATHI

Onementamu (0, 1)-MaTpULIBI CAYKAT JUIIb HYJIN
vy eguHULbL. TTogMaTpulieil Ha3bIBaeTCsl MaTpHULIaA,
MOIy4YeHHasl yIaJIeHeM HEKOTOPBIX CTPOK U CTOJIO-
11oB. MaTpuiia pa3mepa # X n Ha3bIBaeTCsl BITOJIHE
HEPa3JIOXKMMOM, KOTrAa B HEM HET HYJIE€BOM MmoaMar-
puLIBI pa3mepa s X (1 — §) HU TSI KAKOTO S.

PaccMoTpuM KBagpaTHbIE MATPULIBI, UMEIOLIVE B
KaXIOM CTPOKE M KaxXKIOM CTOJIOLIE IO IBa HEeHYyJe-
BbIx 3jieMeHTa. Ecim takoro tuna (0, 1)-marpuna
BIIOJIHE HEpas3JIoXMMasi, TO €€ NepMaHEHT paBeH
noByM [23]. B aTOM cirydae 3HaueHME OIIPEaeTATEIIS
MPUHAIIEKUT MHOXECTBY {—2,0,2}. OueBUIHO, BbI-

poxneHa Jro6as takas (0, 1)-marpuiia Hag IIojaeM xa-
paktepucTuku aBa. [IpyuMepoM BBIPOXKAESHHOM Mart-
PUIIBI HaJ IIPOU3BOJILHBIM ITOJIEM CITYXKUT 2 X 2 MaT-
pHlia paHTa OOWH, KaXIbIil 3JIeMEHT KOTOpOil paBeH
equHuie. Jpyrum nmpumepoM ciykut (0, 1)-mupky-
JISTHT

1100
0110
0011
1001

DTa MaTpuIila TOXe BBIPOXKIEHHAasI, HO ee paHT paBeH
TpeM. XapaKTepUCTUIECKIIT MHOTOYJICH 3TOM Mar-

pULBI paBeH x' —4x’ + 6x* — 4x. Mub1 nanum HuUX-
HIOIO OIIEHKY paHTa TaKMX MaTpHII.

Teopema 1. /lana enoane Hepaznoxcumas nxn
mampuya A, ede 8 Kaxcooil cmpoke u Kaxcoom cmoabye
POBHO no 06a HeHynesblx anemenma. Pane mampuypt A
oepanuuen chuzy: rank(A) = n—1.

Lokazameavcmeo. YCioBUe TIOJHON HEPasIoXKU-
MOCTH He HapyllaeTcs IpH IePeCTaHOBKE CTPOK WJIN
crononoB. IloaTomMy 06e3 orpaHUYEeHUS OOIIHOCTH
moJjlaraeM, 4TO Ha IJIAaBHOW IMAaroHaJii MaTpulbl A
BCE 2JIeMeHTHhI HeHyIeBble. Tornma matpuna A paBHA
CYMME IBYX HEBBIPOXIEHHBIX MaTpull A = D + CP,
rae ooe Mmatpulibl C 1 D quaroHajabHbIe M HEBBIPOXK-
JIIEeHHbIC, a yepe3 P obo3HaYeHa MaTpulla IepecTa-
HOBKM C HYJISIMU Ha IJIaBHOM auaroHaan. ITockoibKy
MaTpula A BIIOJIHE Hepas3ioxuMasi, iepecTaHoBKa P
COCTOUT U3 OMHOTO LIUKJIA JJINHBI A.

s mo60it MaTpULIbl IEpeCTaHOBKU ( MaTpulia

QAQi1 TojJydyaeTcss U3 MaTpullbl A COIJIaCOBaAaHHOM
MepecTaHOBKOM CTPOK U CTOJOLOB. [1pu 3TOM 3I1€e-
MEHTHI Ha TJIABHOI TMAaroHalIn OCTal0TC Ha IIaBHOI
guaroHanu. ITosTomMy JJ1si HEKOTOPO MaTpuUIbl Ie-

pectanoBku Q B Matpuuie QA Q_1 OTJIMYHBI OT HYIH
2JIEMEHTHI Ha IJIaBHOW AMAaroHajivu, HeMOCPEACTBEH-
HO HaJ IJTAaBHOU AWAroHasbio U €Ile ONWH JIEMEHT B
TMEPBOM CTOJIOE U TTocieHeli cTpoke. Takas MaTpu-

na QAQi1 nMeeT BUI (st n > 6)

**0---000
0**...000
00 000
000--**0
000---0=*=*
*00---00*

IIe CUMBOJIOM * OTMEUEeHbl HEHYJIEBbIE SJIEMEHTHI
MaTpulibl. [T0OCKOJIBKY TTpH MepeCcTaHOBKE CTPOK WU
CTOJIOLIOB paHT MaTPUILBI HE MEHSIETCSI, paHT MaTpy-

bl QA Q_l COBMAnaeT C paHroM MaTpulibl A. s 3a-

[MPOTPAMMUPOBAHUE Ne5 2023
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BEPIIEHUST TOKA3aTeIbCTBA TEOPEMBI ITOCTATOYHO
HalTU HEBBIPOXIEHHYIO (1 —1) X (n—1) mogMaTpu-

1y B B marpuie QAQ_I. Bribepem monmarpuity B,
yoaads U3 MaTpuibl A MEpBYIO CTPOKY U IEPBBIA
croyibell. DTa MaTpulla BepxHeTpeyrojbHas. Kax-
NI BJIEMEHT Ha IJIaBHOM AMaroHaau MaTpulilbl B oT-
JiuyeH ot HyJid. [ToaTomy matpulia B HEBBIPOXIEH-
Hasl. O

B teopeme 1 ycinoBue MosHON HEPa3IOXKUMOCTHU
BaxkHo. Hanmpumep, mist 4eTHOTO # Y OJI0YHO-AMAaro-
HaJIbHOW MaTpHUIbl pa3Mepa n X 1, Ha AMaroHaau Ko-
TOPOW CTOSIT 2 X 2 BJIOKU MO YeThIpe EAUHUIIBI B KaX-
JIOM, PaHT paBeH n/2.

Hamee MBI paccMaTpUBaeM ITOJIST XapaKTePUCTUKH
HyJIb. PaccMoTpuM 3amayy 00 MHIMASHTHOCTU JTaH-
Horo a(p¢UHHOro MOANPOCTPAHCTBA U KAKON-JIMOO
BEPILIMHBI n-MepHOro Kyba. MeToa coCTOUT B TO-
MBITKE TMOCTPOUTH aNTreOpanvdecKyro THIIepIOBepX-
HOCTb MaJIOil CTETIeHU, TTPOXOSIIYIO Yepe3 KaK Iyt
BEPIINHY Ky0a, HO He IepeceKarolyio faHHoe adpduH-
HOE€ TIOMITPOCTPAHCTBO. BhraucinTenbHast CIOXKHOCTD
3TOT0 MeTo/a 3aBUCHUT OT CTENeHU TUIEPIOBEPXHOCTH.
C mpyroii CTOpPOHBI, 3TOT MeTon 3(P(MEKTUBEH JIMIIb
MpH YCJIOBUM, YTO pa3MepHOCTh ap(PUHHOIO MOAIIPO-
CTpaHCTBa J0CTaToyHO Maja. IlycTb 3TO mommpo-
CTPaAHCTBO OMNpeAessIeTCs CUCTEMON U3 m JTMHENHBIX
ypaBHeHM . PazaMepHOCTb TMHEIHOTO IIPOCTPaHCTBA

¢opM cTeneHu d OT NEPEMEHHBIX X, ..., X,, PABHA O1-

HOMHAITBHOMY KO3(DPUIINECHTY IToaTomMy

d

paccMarpuBaeMblil MeTon 3¢ GEKTUBEH B CPEIHEM,
KOTIa YUCJIO YpaBHEHWU YHOBJIETBOPSIET HEpaBeH-

cTBy TUNAa M = n —+/d(d — 1)n — o(n), Tae uepes d 00o-
3HauyeHa CTereHb UCKOMOI TUIIePIIOBEPXHOCTU. MBI
OrpaHUYMMCS ciiydaeM d = 2, KOraa ruIeprnoBepxHO-
CThIO CITYKUT KBaapuka [16].

ITyctb n-MepHbIi KyO BJIOXEH B IPOEKTHMBHOE
MPOCTPAHCTBO, a OTHOPOJHBIE KOOPIUHATHI BEPIIH
npuHagiexaT MHoXecTBy {0,1}, HO HU OIHA U3 BEp-
IIUH Kyba He JIeKUT Ha OECKOHEUHO yIaJeHHOM T'u-
nepruiockocTu x, = 0. M3BectHO [24], yTO KBagpu-
Ka, MpOXoAsIIasi Yepe3 Kaxaylo BEPIIMHY 3TOrO Ky-
0a, ornpenesisieTcs KBaapaTUIHo ¢hopMoii TUIa

Mx (x = Xp) + - + A%, (x, — Xp).

Ecam moanmpocTpaHCTBO 3aaHO CHCTEMOIl ypaBHe-
HU x; = { (Xp,...,X,_,), TAE n—m < j < n, TO Cy-
LIECTBOBAaHUE KBAAPWKH, MPOXOMSLIEH uepe3 Kax-
IyI0 BepLIMHY Kyba U nepecekarolleil 3To MOoAnpo-
CTPAHCTBO JIMIIb Ha 0ECKOHEYHOCTH, 9KBUBAJIEHTHO
Pa3pelIMMOCTH ypPaBHEHUS

DAL =X =%,

Jj=n—-m+1

n-m
Z}"kxk (6 = X) +
=i
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OTHOCHTEBHO MEPEMEHHBIX A, ..., A,,. B CBOIO oue-
penb, 3Ta 3agaya SKBUBAJIEHTHA Pa3peIllIMMOCTU CH-
CTeMBbI JIMHEWHBIX ypaBHeHU. [To Teopeme Kpone-
kepa—Kamenu, 3Tta mpoBepKa CBOOUTCS K CpaBHE-
HUIO paHroB ABYX warpuil. Auroput™ 1 He
obecrneuynBaeT IMOJMHOMUABHYIO BHIYUCIUTEIbHYIO
CJIOXXHOCTB B XyaireM ciaydae. Ho mHorga oH ropasmo
a¢ddeKkTnBHEE ITOTHOTO TTIepebopa BepIITH Kyoa.

B asniroputme 1 miepBbie 7 — m CTOJOIIOB MaTPUILIBI
A Bcerma copep:Kar I10 IBa HEHYJIeBBIX 3jieMeHTa 1 1
—1. B cTonbue ¢ HOMeEpoOM j > n — m 3J1EMEHTbI paB-
HBI MHOTOYJICHAaM BTOPOIi CTEIIEHU OT KO3 DULIMEH-
TOB JIMHEHHON OpMBI £ ;.

Anaroputm 1. IIpoBepka cyliecTBOBaHUSI BEPIIUHBI
Ky0a, MHIIUJICHTHOM JaHHOMY HOAIIPOCTPAHCTBY.

Input: uenwie ynucna 0 < m < n U TUHENWHBIE POPMBI
Li(Xgsees Xyop), THE R —mM < j < 1.

1: DnemeHTaMu MaTpuUllbl A ciiyXaT Ko3(hhULIMEHTbI
GOopMBI

2 M = xp),

Jj=n—-m+1

n—m
zxkxk (X = X) +
=

rIe CTPOKM MAaTpulibl A COOTBETCTBYIOT MOHOMAaM
BTOPO#l CTENEeHU OT MEPEMEHHBIX Xy, ..., X,_,, &
CTOJIOIBI — TIEPEMEHHBIM A, ..., A,,;

2: PacmmmpenHast MaTpulia B TojlydaeTcs U3 MaTpy-
ubl A nobaBjieHUEM CTONOLIA, B KOTOPOM €AMHHULIA

o 2
CTOUT B CTPOKE, COOTBCTCTBYIOILLICU MOHOMY X,, a
OCTaJIbHBIC 3JIEMCHTLI 3TOTO CTOJ'I6L[a PaBHBbI HYJIIO,

3:if rank(A) = rank(B) then Bxon oTBepraercs
4: else yBemomMiIeHHE O HEOTIPEICIICHHOCTH.

PaccmoTrpuM mpuMep, COOTBETCTBYIOIIMIA TIpsi-
Mol Ha mockocTu. Ilyctb n = 2, m = 1, n1uHeiiHas
dbopma 7, = x, + x,. [loryyaeM ypaBHeHUe

2 2 2
_}h]xoxl + 7\,])61 + 7\,2X0X] + 7\42X1 = xo.

2
31eck TpM MOHOMA OT NMEPEMEHHBIX X, U X;. DTO X,

2
Xox; 1 x; . CooTBeTCTBYIOLIAsI MAaTpULla A COOEPKUT
JIBa CTOJIOLIA ¥ TPU CTPOKU:

00
-11
11

PaCIHI/IpeHHaH MaTpula paBHa

001
-110|.
110

A=

B:
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3nech rank(A4) = 2 u rank(B) = 3. IloaTomy ucKo-

MbIe A, U A, He cymecTByIoT. OTBeT asiroputma 1 co-
CTOUT B YBEAOMJICHUY O HEOTIPEIeICHHOCTH.

PaccMoTpum npyroii npumMep, COOTBETCTBYIOIIAIA
npssMoi B TipocTtpaHcTBe. [lycth n =3, m = 2, nu-
HelHble popmel ¢, = 2x, + x; U {5 = 3x,. [lomydaem

ypaBHeHUE A(—XoX, + X1) + Ay(2x) + 3xpx, + X)) +
As(=3xpx; + 9xl2 ) = xg . 31ech CHOBa TPU MOHOMA OT

2 2
MIEPEMEHHBIX X, U X;. DTO X;, Xyx; 4 x; . Ho MaTpuia
A CONEPXWT TPU CTOJIOLA U TPU CTPOKMU:

020
A=|-13-1]|.
119
PacmmmpenHast MmaTpuiia paBHa
0201
B=|-13-30|.
1190

Marpuna A HeBBIpOXASHHAs, paHTu MaTpull A u B
COBITaAaloT. AJITOpUTM 1 OoTBepraeT BXO.

Crenyo1iasi TeopeMa 00ecrneyrBaeT J10CTaTOYHOe
YCIIOBUE TUTIA M = 1 — /21 — o(n), TIpH KOTOPOM aJI-
roput™ 1 oTBepraetr OOJbIIYIO 10JII0 BXOIOB IpPU
¢uKCHUpPOBaHHBIX 3HAUYCHUSIX # 1 m. JloKa3aTeJIbCTBO
OCHOBAHO Ha MOCTpOeHMUH O6a3uca CreluabHOTO BU-
Jla B IPOCTPAHCTBE KBaIpaTUUHbIX (hOpM.

Teopema 2. /lanbl nonoxcumensHole yeavie Hucaa n u
m<n, 049 KOMOPbIX BbINOAHEHO HEPAGEHCMEO
2n=2(n—m+1)(n—m+ 2). as noumu kaxcdoeo Ha-
bopa uz m auneinvix gopm L (Xo,...,X,_,), 20e
n—m< j<n, Haildymcs 3HaueHus Kodgguyuenmos
Al eees Ny, 015 KOMOPBIX 8bINOAHEHO PABEHCMEBO KBAO-
PAMUUHbIX PopMm

k=1 Jj=n—m+l1

Ecau ons nexomopoeo € > 0 koagpguyuenmot auHeliHbix
¢opm [ ; Hesagucumo u pasHoMepHo pacnpedeneHvi Ha

muoxcecmee u3 | 2n/e | uucen, mo éeposmmocmo omeym-
CMBUs UCKOMbIX 3HAUEHUU A, , ..., \,, He npesbluiaem € .

Jokazamenvcmeo. PaccmorpuM maTpunly A U3 ai-
roputMa 1. ITo ycimoBuio Teopembl, B MaTpuiie A 4mc-
JocTpoK 7 = (n—m+1)(n — m + 2)/2 He IpeBbILLIAeT
yuciia CToJIOOB #. B 3TOM cilyyae mOCTaTOYHBIM
YCJIOBUEM CYIIECTBOBAHUSI UCKOMBIX A, ..., A, CIIy-
KUT paBeHCTBO rank(A4) = r. Kaxnplii 37ieMEeHT MaT-
pullbl A paBeH TUOO0 KOHCTaHTE, JIMOO MHOTOUYJIEHY
BTOPOiI1 CTEIIEHU OT KO3(MOUIMEHTOB JIMHEMHBIX
dopwm / ;. CienoBartebHO, MUHOD MOPSIIKA 7 MaTPH-
bl A paBeH MHOTOWIECHY OT KO3(P(PUIIMEHTOB JIN-

HEWHBIX (HOPM / ;, CTENIEHb KOTOPOTO HE TIPEBbILIAeT
2r.
I[To nemme IlIBapua—3ummens [25], ecim 3TOT

MHOTOYJICH HE paB€H HYJIIO TOXKIACCTBEHHO, TO BEPO-
ATHOCTDb O6paH_IeHI/I$I B HYyJIb H€ IPECBbLIIIACT

2r/|_2n/8-| <e.

OcTajnocs 1mokasaTh, UTO 11 HEKOTOpOro Habopa
bopMm £ ; yriioBoit MUHOD TIOPSI/IKA  MATPULBI A OT-
JInyeH oT Hys. [Ipy 3ToM 10CTaTOUHO pacCMOTPETh
Habop dhopM, Ko3hDPUIIMEHTHI KOTOPBIX HE 00s3a-
TeJIbHO MPUHAJIEXaT YKa3aHHOMY B YCJIOBUM MHO-
xectBy. [lonoxum ¢,_,,,, = xo+x, wal <k <n—m.
O6o3HauuM 4yepe3 f(i,k) HOMep mapbl WHIEKCOB
1<i < k £ n—m, npyHUMaloI1ii 3HaYeHus oT 1 10
(n—m)(n—m—1)/2. Tonoxum (; = x; +x, g
Jj=2m—-—m)+ f(@i, k). llpn j = r nomaraem (, =2x,.

Hnsa napekcoB 1 < i < k < n— m MOHOMY X;X; CO-
OTBETCTBYET CTPOKA, [I€ OTJIMYEH OT HYJIS JIMLLIb 3JIe-
MEHT B cTosioue j = 2(n — m) + f(i,k). DTOT 271eMEHT
paseH a8yM. C Ipyroii CTOpoHBI, B CTOJI0LAX C HOME-
pamu 1 £ j < n— m 10 ABa HEHYJIEBBIX JIEMEHTA: —1
B CTPOKE, COOTBETCTBYIOLIE MOHOMY X,X;, U 1 B

. 2
CTPOKE, COOTBETCTBYIOLIEH MOHOMY X . [lepectaBum

CTPOKHU B MaTpuULIC A B COOTBETCTBUHU C TAKUM ImopsAa-

2

2 2
KOM MOHOMOB: X(X|5 <oy XoXp_ms Xi > X35 vy Xjppm> MO-

. o 2
HOMBIL X;x;, Wid 1 <i <k <n—m 1 nocueqHuin x;.
YrnoBasi nooMaTpulia MOPsIAKA # IPUMET BULL

-7 * 0
I 1 *0
0 021'0)
0002

roe yepe3 / oOoO3HadYeHa egWMHWYHAS MaTpulla I10-
psioka n — m, depes3 /' — emuHUYIHAsI MaTpULIa IIOPSIA-
Ka(n—m)(n—m—1)/2, auepe3 0 — HyJiIeBasi MATpU-
1a. OTa moaMaTpulia HEBBIPOXIEHHAs, TMTOCKOJBKY
3JIEMEHTapHbIE IIpeoOpa30BaHUsI CTPOK HAIOT Tpe-
YIOJIbHYIO MAaTPUILy C HEHYJIEBBIMU 3JIeMEHTaAaMU Ha
IIABHOM AUaroHaiu

- I * 0
027 * 0
0 02I'0}
0 0 0 2
CnenoBatesbHO, rank(A) = r. ]

3aMeTuM, YTO B JOKAa3aTeIbCTBE TEOPEMBI 2 HC-
MTOJIb3YeTCsI CeMeCTBO pa3peXeHHBIX MaTpuil. [1o-
3TOMY Pa3peXeHHOCTh MAaTPUIILI A HE CIYXUT TIpe-
MSATCTBUEM [IJIsl YCIIEIITHOTO TPUMEHEHMUST 00CyKaae-
MOro ajroputrMma. bojee Toro, misT pa3pekeHHBIX
MAaTPHIL MEHBIIIE CJIOXKHOCTh BEIYMCIICHUS paHTa, YTO
IMPOTPAMMMWPOBAHUE

Ne 5 2023
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TO3BOJIIET paboTaTh B OOIBIIMX pasMepHOCTSX. B mo-
Ka3aTeJIbCTBE TEOPEMBI 2 pACCMOTPEH YACTHBIH CITydaid,
Korga Matpuia A uMeeT NojHbIA paHr. [ToaTtoMmy BbI-
YHCJIEHNE paHTa MOXHO 3aMEHUThH HA ITPOBEPKY HEBBI-
pOXIeHHOCTU MaTpulbl A. OmHaKO 3TO ObLIO OBl HeE-
OIpaBIAaHHBIM OIPaHUYECHUEM IIPUMEHUMOCTHU aJITO-
putMma 1.

3. PEAJIN3ALINA

O0603HaYnM yepe3 L MaTpuily, COCTABJICHHYIO 13
K02 (DOUIMEHTOB TMHEHHBIX hopM [ ; B anroputme |
u teopeMe 2. [lepBast cTpoka MaTpullbl L. COOTBET-
ctByeT dopme ¢, _ ., a TOCTENHSSA CTpoKa — hopme /.
Hanpumep, it 1Byx JTMHENRHBIX QOpM £, =2x,+ X U
£, = 3x, aTa MaTpulla paBHa

21
L= .

03
ConocraBieHue Matpuile L matpuilbl B TpeOyer
MEHBIIIe BpeMeHM, YeM BBIUMCIICHAE PAHTOB MaTPHUIL
A u B. Takoe nipeoOpa3oBaHue peann3yeT (QYHKIUS
conpose_b(), kotopast mosyyaer Ha BXOI MaTpu-
1y L w Bo3BpaliaeT mMarpuily B, rame o0¢ MaTpUIbI
npencrasiieHBI MaccnBaMu NumPy. ITopsmok cTtpok
B B COOTBETCTBYET JIEKCUKOrpahueCKOMy MOHOMM -
aJIbBHOMY YIIOPSIIOYCHUIO, a IIEpBast CTPOKA MaTPULIbI —

MOHOMY xg . Matpuua A jierko nojydyaercst ynajJeHu-
€M MOCJIeNHEero cTojiona u3 MaTpullbl B. OyHKIIUS
conpose_b() peanmnsopana Ha si3bike Python ¢ mc-
noJb30BaHUeM ondamoreku NumPy.

I1pu ncronb30BaHUM LIEABIX YKCe]l (UKCUPOBaH-
HOU OuToBOU nnuHbBI, NumPy mno3Bosiser 3Hauyu-
TEJILHO TTOBBICUTD 3O EKTUBHOCTH PabOTHI C MaTPU-
1HaMu (Kak 1o CKOPOCTH, TaK U T10 TTaMsITH) TI0 CpaB-
HEHUIO CO BCTPOEHHBIMM THUIIAMM AAHHBIX sI3bIKa
Python, Hanmpumep cninckamu uucen [26]. [Tpu pa6o-
T€ C APYTMMU TUIIAMU JAHHBIX, BKJIIOYAs 1eJIble He-
OrpaHWYEHHOM JJIMHBI U pallMOHAJIbHbIC YMCTIA, 3TU
MIpenMyIIecTBa B OCHOBHOM yTpauuBaioTcsa. OmHaKo
B 1I000M cirydae NumPy mo3BosisieT KpaTKo 3aluiChI-
BaTh CTaHIAPTHbIC OTEpallud Haa MaTpULIAMU U UX
YacTsIMU, HAIlpuMep, KakK B HaIlleM clIy4yae, BhIIelie-
HUE€ TIOAMAaTPUIIbl, ITIO3JIEMEHTHOE CJIOKEHUE MU
YMHOXEHMWE CTPOK U T. TI.

Yepes s = n —m 00OO3HaUeHa pPa3sMEPHOCTh ITOMI-
TTPOCTPAHCTBA, TSI KOTOPOTO TTPOBEPSIETCS MHITMACHT -
HOCTb BepllnHe n-MepHoro Kyba. Yepes hei ght 060-
3HAYEHO YMCJIO MOHOMOB BTOpOI CTETIEHU OT Iepe-
MEHHBIX X, ..., X;, PaBHOE (s + 1)(s + 2)/2.

st oueHKM BpeMeHM padoThl yHKIUU COIMt
pose b() mpm n = hei ght renepupoBanace
(n—s5)X(s+1) marpuna L, 3neMeHTaMU KOTOPOM
clIy>KaT Cy4ailHO BbIOpaHHBIE 1IeJible YMCia U3 OT-

9 9
peska [—-107,107]. Bpems, 3aTpaueHHOE Ha BbIUMCIIC-

ITPOTPAMMUPOBAHUE Ne 5 2023

HUe MaTtpullpl B, moka3zaHo B Tabiuie 1. B TpeTtbeM
cToJIOLE TaOJIMIIBI 1 YKa3aHbI pe3yabTaThl 1151 64-011-
TOBBIX 1IEJIBIX YUCEJ, a B MTOCJIEIHEM CTOJIOLE — OJIsT
LIEJIBIX Y1 CEI HEOrpaHMYEeHHOIT OMTOBOM IJINHBI, BBI-
YUCJICHUS Had KOTOPbIMU peaJu30BaHbI B sI3bIKe Py-
thon. M»bI ucnons3oBaniu Bepcuu Python 3.10.4 u
NumPy 1.22.4. BeruncneHus mpoBeaeHBI Ha IIEPCO-
HaJILHOM KOMIIbIOTepe Ha 6ase mporieccopa Intel®
Core i5-3570 1 c onepaTUBHOI ITaMsIThIO 16 Turadaii-
TOB. [ToaTOMY 1JIs1 OOJIBIIUX MATPULL BEIYMCICHUS C
YucJIaMU HEOTpaHUYECHHOM OUTOBOM IUIMHBI He OBLIN
MIPOBEICHBI M3-3a IIEPEIIOJIHEHMSI OIIepaTUBHOM Ma-
MSITU, XOTS Is1 64-OMTOBBIX YHCENT BBIYUCIEHUS
MNPOAOJIKEHBI BIUIOTh 10 3HaYeHuit s = 300.

OIHOBpeMEHHOE BLIYMCICHUE PAHTOB MaTpull A
U B 110 njaHHOII Ha BXOJ MaTpulle B Takxke pealn3o-
BaHO Ha s13bIKe Python. /11 BeIYMCIIEHUIA ¢ palyo-
HaJIbHBIMM 4YMCJIaMU MCHOJb3yeTcs Kiacc Fraction
13 cTaHgapTHOM 6nbamoreku Python.

Boiuncienue paHra OoCHOBaHO Ha TIPUBEICHUMU
MaTpUIIbI K CTyrileH4YaToMy BUy. [TocKObKY MaTpu-
1a A CITy>XXWT TIOAMAaTpULIEN B B, Iy1st 00enx MaTpun A
U B takoe nmpeobpa3zoBaHUMe MOXHO CA€IaTh OIHO-
BpPEMEHHO. DTO MO3BOJISIET MPUMEPHO BIBOE YMEHb-
LIUTb BpeMsl pabOThI MO CPABHEHUIO C HE3aBUCUMbBIM
BBIUMCJIEHUEM PAHTOB JByX MaTpUII.

Y100bI OLIEHUTH BpeMsI IJISI BHIYMCIACHUST (DYHK-
uuu rank_ab(), npu » = hei ght renepuposa-
Juch (n — ) X (s + 1) maTpuusl L, 3IeMEHTaMU KOTO-
DBIX CITy>KaT cilydaiiHO BbIOpaHHbIE 1IeJIbIe Yucia U3
oTpeska [—-N, N|. BpeMs BbIUMCIECHUST IS pa3HbIX

3HAYEHU TpaHMLBbl auarazoHa N € {103,106,109}
noka3aHo B Tabauie 2. Yem OonbIle pa3Mep MaTpH-
LIbI, TEM OBICTpEE BO3pacTaeT BpeMsl pabOThI ITPU YBE-
JIMYeHNH CpeaHE OMTOBOI IJIMHEI 3JIEMEHTOB MaT-
PMIIBL.

OTMeTHM, YTO peajJM30BaHHBI B OUOIMOTEKE
NumPy MeTon BeIYMCICHUSI paHTa, OCHOBAaHHEBIN Ha
CUHTYJISIPHOM Pa3IOXXEHUY MaTPUIIBI, B 9TOM 3a7a4e
MPUMEHATh HeOE30MacHO M3-3a BO3MOXHBIX OIIIM-
OOK, CBSI3aHHBIX C MCIIOJIb30BaHUEM YHUCEN C TUIaBa-
fouieit 3ansitoit. Hanpumep, nipu 3HaueHusx k > 16
BerunciasgeMbrii B NumPy 1.22.4 TakuM HETOUYHBIM
CITOCOOOM pPaHT TUArOHAIBHOM 2 X 2 MaTPUILIBI C BJIe-
MeHTamu 1 1 10X Ha IaBHO# TMAaroHaIN OKa3blBaeT-
cs paBHBIM emuHulle. IloaToMy 1JIsi BBIUMCIICHUS
paHra Mbl KMCHOJb30BaJId HOBYIO peaIM3alliI0 W3-
BeCcTHOTO ajiroputMa l'aycca nmpuBeneHNUSI MaTPULIbI K
CTYyIEHYaTOMY BUIY, KOTOpasl II03BOJISIET padOTaTh C
YHCIaMM HeoTpaHWUYEeHHOM OMTOBOM IJIMHBI.

B utore peanusaiueii anropurma 1 ciykut yHK-
uust may_have_01l1sol ution(), kotopas momay-
yaeT Ha BXoA MaTpuiy L. 3HaueHUe paBHO Tt UE, KO-
rma ajaropuT™ | gam Obl HEOITpeleJeHHBIN OTBET.
3nayenue Fal se o3nauaer, yro anroputm 1 oTBep-
raet Bxod. BxogoM MOXeT ClTy>XKUTh MaTpULA C palii-
OHAJIbHBIMU 3JIEMEHTaMU.
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Ta6muna 1. BpeMmst B ceKyHmax TSl BEIYMCIICHUSI MATPUIIBL
B 1ipu pa3IMyYHbIX 3HAYCHUSIX § U 1 JIJIS1 IBYX TUITTOB LIEJIbIX
yucen: 64-6UTOBBIX U HEOTPAHUYEHHOM OUTOBOM IIMHBI

Ta6muna 2. Bpemsi B cekyHOax i BbIUMCIIEHUS] paHra
MaTpULbl B TpU pa3InyHbIX 3HAYEHUSIX [TapaMeTPOB S, A
uN

TTapamerpnl Tun uensix yncen ITapameTrpnr N
3 6 9
s n 64-6UTOBbIE Ges . § n 10 10 10
OrpaHMYCHUUN
20 I 001 003 5 21 0.02 0.02 0.02
30 496 0'03 0.08 6 28 0.04 0.05 0.07
40 %61 0'07 0'20 7 36 0.09 0.10 0.19
50 1326 0'14 0'50 8 45 0.21 0.34 0.50
60 1891 0'25 1’00 9 55 0.45 0.77 1.20
20 5556 0'43 1'90 10 66 0.91 1.70 2.70
%0 3321 0.68 3'20 11 78 1.80 3.50 5.70
90 4186 1']0 5'00 12 91 3.30 6.90 12
100 5151 1'50 8.20 13 105 6 13 23
110 6216 2.20 12. 14 120 1l 24 42
120 7381 3-00 16 15 136 18 42 76
130 8646 4.20 24 16 153 30 73 130
140 10011 5.40 36 7 71 >0 120 230
150 11476 7-50 51 18 190 7 200 380
160 13041 9'50 66 19 210 120 330 610
i 20 231 190 510 960
170 14706 13 89
180 16471 15
190 18336 20 CTBUSI K UHLIMAEHTHOCTH. B YacTHOCTH, MOJTydeHHBIE
200 20301 23 OrpaHUYEeHMsSI Ha CIIOKHOCTh 3TOM 3aJa4d MOTYT
OBITb MOJIC3HBI IJIST OLIEHKU HaAeKHOCTU KPUIITOrpa-
210 22366 29 ¢uryecKnx MpOTOKOJIOB, OCHOBAaHHBIX Ha oucke (0,
220 24531 34 1)-pemeHus cuctemMsl ypaBHeHuii [19, 27].
230 26796 43 AJITOPUTM MCITIOJIBb3yeT BBIUMCIEHUE PaHTa Mar-
240 29161 50 puubl. IToydyeHHbIe B TeopeMe 1 OLIEHKM paHra He-
250 31626 62 pAa3IoXUMOI pa3peskeHHOM MaTPUILILI O3BOJISIOT, B
YaCTHOCTH, TECTUPOBATh BHIUMCIICHUE pPaHTa MaTpU-
260 34191 83 LBl OOJIBIIOTO MOPSIKA.
270 36856 89 ABTOpBI OJlarogapHbl aHOHUMHOMY PELICH3EHTY
280 39621 100 3a clieJIaHHbIe 3aMeYaHUs, TIO3BOJUBIINE YIYYIIUTh
290 42486 130 CTaThblO.
300 45451 170

JIucTUHIM 00CyXKmaeMbIX (PYHKLUNA U HpUMEPHI
MX  WUCIOJIb30BaHUS  JOCTYNHBI IO  ajapecy
http://lab6.iitp.ru/-/qualg
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We propose an efficiently verifiable lower bound on the rank of a sparse fully indecomposable square matrix
that contains two non-zero entries in each row and each column. The rank of this matrix is equal to its order
or differs from it by one. Bases of a special type are constructed in the spaces of quadratic forms in a fixed
number of variables. The existence of these bases allows us to substantiate a heuristic algorithm for recogniz-
ing whether a given affine subspace passes through a vertex of a multidimensional unit cube. In the worst case,
the algorithm may output a computation denial warning; however, for the general subspace of sufficiently
small dimension, it correctly rejects the input. The algorithm is implemented in Python. The running time
of its implementation is estimated in the process of testing.
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