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B craTbe mpencraBieH opUTrMHaIbHbBIN MaKeT OJI UCCAEOOBaHUSI YMCIEHHBIX pellleHA OOBIKHOBEHHBIX
nuddepeHIaIbHBIX YpaBHEHUH, BCTPAUBAEMbIii B CUCTEMY KOMIIBIOTEPHOI1 anredpsl Sage. DTOT MPOEKT
HampasJieH Ha 00Jiee TECHYIO MHTETrpallIO YMCIEHHBIX 1 CUMBOJILHBIX METOIOB U MPEXIIE BCEro Mpecieny-
eT 1IeJIb CO3aHUs YIOOHOTO MHCTPYMEHTA JIJIsl pa0OThI C YMCJIEHHBIMU pellieHusiIMU B Sage. B aTom nakere
oIpeesieHO 1Ba HOBBIX KJlacca — HayaJIbHbIE 3a1a4i U MPpUOJIM>KeHHbIE pelieHus1. BHyTpu mepBoro kiiacca
orpeeieHbl UHCTPYMEHTHI JJ151 CHMBOJIBHBIX BBIUMCIIEHWH, CBSI3aHHBIX C HAYaJIbHBIMU 33Jja4aMi, BHYTPHU
BTOPOr0 — MHCTPYMEHTHI IS MHTEPIIOJISIUY 3HAYEHU I CUMBOJIBHBIX BbIpaXKeHU I Ha MPUOIMKEHHOM pe-
LIEHWY ¥ OLIEHMBaHUS OIIMOKM 1o MeTony Puuapacona. 3arem KpaTKo omnucaHa peanu3anus meroga PyH-
re—KyTTbl, NTaBHasi 0COOEHHOCTh KOTOPOI — BO3MOXHOCTh pa0OThI C MIPOU3BOJBHBIMU Ta0IUILIbl byTuepa

1 IPOU3BOJIbHBIMUA YU CJIOBLIMU ITOJIAMMU.
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1. BBEAEHHUE

BBuay BocTpe60BaHHOCTU MHTETPUPOBaHUS -
¢depeHLManbHbIX ypaBHEHU MPU peLLIEHUU MPUKIaI-
HBIX 3a7a4 MepBble MHTErpaTopbl ObLIM CO3JaHbI Ha
3ape IOSIBICHUSI KOMITbIOTepHOI TexHuku [1]. Yuc-
JICHHBIE MHTETPATOPhl OOBLIKHOBEHHBIX OnddepeH-
aabHbIX ypaBHeHUM (OJ1Y), Haxopsmecs ceityac
BO BceoOIlIeM yrnoTpedieHur, ObLIM pa3paboTaHbI B
1980-x rogax. Psan ymauyHbix pa3paboTOK ObLT OTHOCH-
TEJIbHO HEJABHO TeperucaH Ha python u HoCTyrieH B
ouomoreke Scilab [2]. Cpeny MHOTOYMCIEHHBIX ajlb-
TEPHATUB 3TOMY COOpaHUIO, CJIEAYET BbIACIUTDb MPOEKT
nodepy (ht t ps: // gi t hub. coni ket ch/ nodepy),
TMO3BOJISIIONIMI TTPOBOAUTH KOMITbIOTEPHBIE SKCIIEpU-
MEHTEBI CO CXeMaMM BBICOKOTO TTopsiaka [3].

ITpu cpaBHEHUM Pa3HOCTHBIX CXeM BHUMAaHUE UC-
clJiemoBaTesieil Bcerma ObIJIO COCPEAOTOYEHO Ha KOJIM-
YEeCTBEHHOM OJIM30CTU TOYHBIX U IIPUOIVKEHHBIX
pelleHi1, a BOIPOC O COXpAaHEHUU Ka4eCTBEHHBIX
CBOIICTB TOYHOIO PEIIeHUS 1O CUX ITOP OCTaeTCs He-
JOCTATOYHO U3yUYeHHBIM. 3aMaHY1Basi BO3MOXHOCTh
“onpeneanTh XapakTep IMHAMWYECKOTO IIpoIiecca ¢
HWCHOJb30BAaHUEM TOJIBKO TIPYOBIX BBIUMCICHUII C
OOJIBIIINM IIIaTOM CETKM~ TI0 CUMITJIEKTHYECKOM CXe-
Me OblTa oTMedeHa B [4]. B reopuu muddpepeHInain-
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HBIX ypaBHEHU B YACTHBIX IIPON3BOMHBIX TUCKPETU3a-
IIMH, HacJIeayIolIe HEKOTOphIe CBOMCTBa muddepeH-
LMAJIbHBIX YpaBHEHUI, HA3bIBAIOTCSI MUMETUYECKUMMU
(mimetic), To ecTh Tompaxkaommmu |5, 6]. [TosTomy
MpENCTaBIsieTcsl  1ieecooOpa3HbiM — paccMaTpuBaTh
pa3pabOTKy HOBBIX PA3HOCTHBIX CXeM B KOHTEKCTE
KOHIIETILIMM HacjieNoBaHUs ajireOpanyecKrX 1 Kade-
CTBEHHBIX CBOICTB IUHAMUYECKUX CUCTEM, pa3yMe-
€TCs, YTOUYHASA caMy KOHLIEMLIMIO OAPaXKaHUs.

HcTopuyecku mepBbIM ObLIT BBHIACIECH KJIACC CXEM
Pynre—KyTThl, CcOXpaHSIONIUX CHUMILIEKTUYCCKYIO
CTPYKTYPY TaMWJIbTOHOBBIX TUHAMHYECKUX CHCTEM.
M3 o61mmx coobpaxkeHnii MOXHO OBLIIO Obl OXUIATh,
YTO COXpaHEHUE CUMITJICKTUYECKOI CTPYKTYPHI 10K~
HO MMETb CJICACTBMEM COXpaHEHME BCexX ajredpanye-
CKUX UHTETpajoB ABMKEHUSI, OOHAKO 0KAa3aJ0Ch, YTO
COXPaHSIIOTCSI TOYHO TOJIBKO JIMHEMHbBIE U KBaApaTUd-
Hble MHTerpaubl [7]. MOXHO KOHCTpPYHMpOBaTb pas3-
HOCTHBIE CXeMbI, COXpaHSIIOIIME BCe ajreopandyeckue
WHTETPAIbl IOBIDKCHMST OMHAMWYECKON CHCTEMBI,
HaIIp., 3aJa4¥ MHOTHX TeJI, OMHAKO IIPU 3TOM IIPHXO-
JIUTCS KepTBOBATh TaMUJIBTOHOBOI CTPYKTYpoii [8, 9],
a MOXXHO — CXEMBbI, COXpaHSIOIIe CBOMCTBO 0OpaTH-
MOCTHU UCXOIHOI nuHaMuuyecKoii cuctemMsl [10].
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HMHCcTpyMeHTHI, HEOOXOAUMEIE JIJISI IPOEKTUPOBa-
HUSI M MCCIIeIOBaHUS ajredOpandyecKrux CBOICTB Ta-
KHX CXEM, YK€ UMEIOTCSI B CUCTEMAaX KOMITLIOTEPHOIT
anre6pbel. OgHAKO caMM 3TU CUCTEMbI TIPEIOCTaBIISI -
IOT BechMa OCIHBIN MHCTPYMEHTAPU 11T pabOTHI C
MPUOIVKEHHBIMU PEIICHUSIMU, TIOCKOJIBKY 3TOT BO-
MPOC TPAIULIMOHHO OTHOCUTCS K YMCICHHBIM METO-
maMm. Hamp., B Sage [11] mo yMom4aHUIO JOCTYNEH
OOUH €AUHCTBEHHBIN UYMCIIEHHBIA METOH pPCIICHUS
O1Y — meron Pynre—KyTThI 4-T0 TIOpSIIKA € TTOCTO-
SHHBIM 11aroM. I[1pu 3ToM cama peanusanusi, ode-
BUIHO, HE IHcajach CHelUaIbHO IjId Sage, Mo-
CKOJIBKY OHa He MO3BOJISIET MEHSITh I10JIe, HaJl KOTO-
PBIM BeIyTCSI paCUETHI.

B Hacrosieii ctatbe mpeAcTaBiIeH OpPUTMHAb-
Hblil naket f dmM BcTpanBaeMblil B CUCTEMY KOMIIBIO-
TepHoii anreopnl Sage. Hama uenp — co3gaTh yao00-
HBIA MHCTPYMEHT JISI YUCJIEHHO-aHAJTUTUIECKOTO
HUCCIeA0BaHUS PA3HOCTHBIX CXEM, XOPOIIIO MHTEIPU-
pOBaHHBIN C aJredOpanyecKuM MHCTPYMEHTapHUEM.

2. OTTMCAHUE HAYAJTTbHOWM 3AJAYU

B mu3BecTHBIX HAaM cUCTeMax 3aJaHue HadaJabHOI
3aJa41 M OThICKAaHUE €€ IPUOJIMKEHHOTO pPEIIeHUS
BBITIOJIHSIETCSI B OMHO JelicTBue. Takoil moaxom mpe-
MISITCTBYET YETKOMY pa3AceHUI0 KOPPEKTHO ITOCTaB-
JIECHHOI MaTeMaTUYeCKOI 3aJaur U METO/Ia ee pellie-
Hus. [ToaToMy B HallleM MakeTe HadajbHasl 3amaya
OMNMUCHIBAETCS OTAEIBHO OT METOJA €€ pelleHUsI KaK
BJIEMEHT CIIeLIMAIbHO CO3MaHHOTO IUISI 3TOTO Kjacca
I ni tial _probl em HavanbHas 3anaua

ax; _ fit,x,...,x,), i=1,...,n
dt

Q.1
x0)=x", i=1,..n

Ha oTpe3ke 0 < ¢ < T onuchIBaeTcs CIUCKOM [Xx, f, X,

7], toe x = [x,...,X,] — CIIMCOK UCHOJIb3yEeMBbIX IT€-

PEMEHHBIX, f = [f,,..., f,] — CIMCOK npaBbIX YacTe,
3JIEMEHTbl KOTOPOTO SIBJISIIOTCS CUMBOJIbHBIMU BbI-

0 0
PaXEeHMSAMHU, X, = [xl( ),...,x,i )] — CIIMCOK HAYAIBHBIX

JaHHBbIX, 1 T — KoHeuyHOe BpEMsI. HavanbHbie 3agadyun

paccMaTpMBalOTCI KakK 3JeMEHTHl Kjacca | ni -
tial _problem
Hamnp., HavyanbHasg 3amaya
do _ odx
a7 adt v (2.2)
x(0)=0, x0)=1

Ha otpes3ke 0 < ¢ < 10 onuchIBaeTcs Tak:

var (“t, x1, x2")

pril=Initial _problen([x1, x2], [x2, —x1],
[0,1], 10)

B Hameit cucreMe HezaBUCUMAasl IIepEMCHHas BCeraa

0003HaYaeTCsI KaK ¢ U MUHTEPIIPETUPYETCS KaK BpeMs,
3a HavyaJlbHbIii MOMEHT Bcerga npuHuMmaetcs ¢ = 0.

OTO comallleHue MO3BOJISIET MCIOJIb30BaTh B apry-
menTax | ni tial _probl emcnucku oqHO#M ATUHEL.
B cranmaptHoit peanuzanuu Metoga Pynre—KyTThl B
Sage 3TU CMUCKYU OTAUYAIOTCS, YTO SBJISIETCS UCTOY-
HHUKOM MHOTOYMCJIEHHBIX OTIeYaToK MPU €€ UCTIOJb-
30BaHUM.

0 0 .
HauanbHble ycioBus xl( o, ,(, ) ¥ KOHEYHBIi MO-

MEHT BpeMeHHU 7T SBASIOTCS “4uciaMu’, OJHAKO C
TOYKU 3pEHUS KOMIBIOTEPHOM aJre0pbl 0OBIYHO OHU
3aJal0TCS CUMBOJIbHBIMU BBIPAXXEHUSIMHU, KOTOPBIE
MOXHO ITpeo0Opa30BaTh B 3JIEMEHT I10JIsI BEILIECTBEH-
Hbix uncesl R. Hamp., B KauecTBe HaYaJIbHOTO 3HAYe-

HUS MOKET GbITh MCTIONb30BaH U /2 , u sinl. IIpeoO-
pa3zoBaHue B IeCATUYHBIE APOOU TAaKOTO poaa BeIpa-
XKEHU BHOCHUT OLIMOKY OKPYIJIEHUS U ITO3TOMY B
Hallleii CHCTeMe JeJlaeTCsl Ha CTaguud OTBICKAHUS
YHCJIEHHOTO PEIIeHUS.

Dynuxkums | at ex, onpeneneHHas B 3TOM KJtacce,
BO3BpalllaeT HadajbHYyIO 3agadyy B Hotauuu LaTleX,
YTO OYEHb YIOOHO I IIPOBEPKU KOPPEKTHOCTH 3a-
JTaHUS 3a1a491.

BoineneHre HavallbHBIX 3allad B OCOOBIM KJlacc
MO3BOJIJIO peaTn30BaTh BHYTPU ITOTO KJIacca BbI-
YUCJICHVWE B CUMBOJIBHOM BUAE PSIIA TTOJIE3HBIX IS
MoJib30BaTessl KOHCTPYKIUH. [leao B TOM, 4TO He
3Has pelleHus] Ha4aJlbHOW 3adauyM, Mbl MOXEM BbI-
YUCJIUTh B CHMBOJIBHOM BUJIE TIOJIHYIO TPOU3BOTHYIO
T10 ¢ JIIOOOr0 CUMBOJIBHOTO BBIPAXKEHUS U, 3aBUCSIIE-
r'o SIBHO OT X,t, MHOTrouJieH Teitaopa mist 3Toi hyHK-
MU, KPUBU3HY UHTETPAIIbHOU KPUBOM B 3aTaHHOM
Touke U T.N. [IpuBeieM HECKOJIBLKO MPUMEPOB.

Jas HayanbHOM 3agauu (2.2) mojHast IIpOUu3BO/I-

Hasg QYHKUUU U = xl2 + x22 BBIYUCIISIETCS TaK:
prl.diff(x172+x2"2)

B nanHoMm ciydae Bo3Bpalaercsl Hyjb. PasnoxeHue
B psan Teitnopa pyHKIMM v = x12 10 YWIEHOB BTOPOIO
MOPSIIKA BEIYUCIISIETCS TaK:

prl.tayl or(x172, 2)

2 2 2 2
3mece T — uUeHTp pasnoxeHus. KpuBusHa WHTe-
rpajbHOM KPUBOM B TOYKE (X, X,) BBIYUCIAECTCA TAK:
prl.curvature()
(xl2 + )622)2 + x12 + x22
3
(X + x5 +1)

B Oynyiem MBI TDTaHUPYEM UHTETPUPOBATH B 3TOT
KJ1aCC MHCTPYMEHTHI U151 OTBICKAHUSI pallMOHATBbHBIX
WHTETPaJIOB, MCIIOJIb3YS IIPOrpaMMHOE OOecCIIeUeHIE
ISt Sage, cCo3naHHOE B paMKax JMCCEPTallMOHHOIO
ucciaenosanus O Un [12].

DJIH Tr€Hepalunu HayaJIbHOU 3a1a4M TOXE MOXHO
MCIIOJI30BaTh CUMBOJIBHBIC BBIYMCICHUA, YTO OCO-
[TPOTPAMMMWPOBAHUE

Ne 5 2023
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GeHHO yOOOHO B cllydae, €ClIU Tell OeCTBUTEIBbHO
MHOTO.

3. MTHCTPYMEHTDGI JIA PABOTHI C
YUCJIIEHHBIMU PEIHEHUAMMUA
HAYAJIbHOUM 3AJAYN

YucnenHoe penreHue 3amadyu (2.1) BEIIOIHSIETCS
HaJl HEKOTOPHIM MoJIeM. YCJIOBUMCSI 0003HavyaTh I10-
Jie, HaJl KOTOpbIM MbI paboTaeMm, Kak [K. ITo ymonua-
HHIO B KaUYeCTBE TAaKOTO MCIOJIL3YETCS CTaHmapTHas
peau3aiys Mo BENECTBEHHBIX ynces R Kkak MHO-
XeCTBa AeCATUYHBIX IpoOei ¢ I1aBalolleil 3ansToi
1 (PUKCUPOBAHHBIM KOJIWNYECTBOM OWT, MCITONIb3ye-
MBIX IJIsI TIpeAcTaBiIeHNsT MaHTUCChI. Kak yxke oTMe-
JaJ10Ch BBIIIIE, TTOJIB30BaTeIb He 00g3aH 3a1aBaTh Ha-
JajabHBIE YCIOBUS KaK 3JIEMEHTHI 3TOTO KJlacca, HO
crucTeMa JOJDKHA MMeThb BO3MOXHOCTh Ipeodpa3o-
BaTh HayaJbHBIE YCIIOBUS B 3JIEeMEHTHI Mo [K.

YucnenHoe pemeHune 3agadu (2.1) mpencrasisieT
0001 CIIUCOK TOYEK, KAXIBII 2JIEMEHT KOTOPOTo —
CITMCOK KOOPAWHAT TOYEK PEeIIeHUS: TePBBIM MIET

3HAYCHUE f, a 3aTEM X,,..., X, B TOM IIOPsIIKE, B KOTO-
POM OHM UIYT B X. 30eCh UCHOIb3yeTCs TOT ke hop-
MaT CITMCKa, YTO U B CTAHJAPTHOM peain3aliui METO-
na Pynre-Kyttel B Sage. OqHako caMy YKCa, BXOISI-
II1e B CIUCKU, He 00s13aHBI MPUHAIJIEXKaTh UMEHHO
oo R, HO JOJKHBI MPUHAMIEXATh MoJo K.

Llenprit pssg MAHUITYJISILIAI C 3TUM CITMCKOM MOX-
HO AeJIaTh HE3aBUCUMO OT METO/Ia, KOTOPBHIM OH ObLI
MOJyYeH, ITO3TOMY Mbl CO3IAJIM IJISI HETO OCOOBIM
xkimacc — Numsol . ITomuMmo crmcka To4ex IIproIIH-
>KEHHOTO PEIIeHUS JIEMEHT 3TOT0 Kjlacca CONEePKUT
yKa3zaHue Ha HadaJIbHYIO 3a1ady, IIOPSAOK almpoK-
cUMaly 3TOI 3amadyy pa3HOCTHOI CXeMOi M 1ar
PaBHOMEPHOIi CeTKM At WX aHAJIOT A 3TOU BeJINYU-
HBI JJIS1 KBa3MOJHOMEPHOI CeTKU.

B Hamem nakete Bce pelaTead BO3BpallialoT dJ1e-
MeHT ki1acca Nunsol . Hanp., sBHbIil MmeTon PyHre—
KyTThl peanu3oBaH B Buae pyHKUuU €r K, aprymeH-
TaMM KOTOPOW CJIyKaT HayajlbHas 3ajaya u, OMiuo-
HaJIbHO, 4ucia0 N OTpe3KOB, Ha KOTOpbIE IEIUTCS
paccmaTpuBaeMblii UHTepBa (CM. Huke). OHa BO3-
Bpallla€T HE CIMCOK TOYEK MPUOIMKEHHOro pelie-
HUsI, HO 3yieMeHT Kiacca Nunsol . Harp., mist 3ana-
un (2.2)

Q=erk(prl,N)

KoHeuHo, mpeaycMoTpeHa BO3MOXHOCTb BBIBECTH
CIUCOK TOYEK MPUOJIMKEHHOTO PELICHMUS:

Qlist()

OpHako TI0JIb30BaTe/ib MOXKET M He 3HaTb 00 3TOi
BO3MOXHOCTH, TIOCKOJIBKY B HallleM ITaKeTe Ipeay-
CMOTpPEHA BO3MOXHOCTb BbIBECTU 3HAUECHHUE JTI000TO
CUMBOJIBHOTO BbIpAXK€HUS U OT f,X B JIIOOOK TOUYKE
orpeska [0,7]. Hamnp., 3HaueHue BbIpaxXeHUs Xx; + ¢
IIpU { = T MOXHO HAlTH TaK:

sage: Q val ue(x1+t, pi)
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3.15802440240400.

J171s1 BBIYMCIEHUS 3HAYEHUS BBIPAXKEHUS i/ B TOYKaX,
He MomaBIIuX B y3Jbl pa3oueHust orpeska [0,7], uc-
MOJIb3yeTCsl alIlpoKcUMalsl MHOrodjeHoMm Teiino-
pa, IOpsSIAOK KOTOPOIO COITIACOBAaH C ITOPSIIKOM aml-
MPOKCUMAIIMY, YKa3aHHBIM pellaTeaeM IpyU co3aa-
HUU pellIeHns KakK 31eMeHTa Kiacca Nunsol .

3ameuanune. Mbl TIbITATMCH UCIIONB30BATh BMECTO
3aTpaTHOM onepaluy pasjoxeHus no dopmyJe Teii-
Jiopa cruiaiiHbl. OnHaKO BCTpoeHHasl B Sage DyHK-
LU [AJIs1 alllTPOKCUMALIUMU CTUIaliHAMU He TTO3BOJISIET
MEeHSTh ToJie K 1 ee He ynajioch coriacoBarh € Mo-
PSIIKOM anmpoOKCUMAIIAW Pa3HOCTHOW CXEMBI TpU
OOJIBIIMX MOPSIAKAX allMPOKCHUMAIIMHU.

MeTon zer 0OS To3BOJISIET HAUTU HYJW BbIpaxke-
Hud u Ha otpe3ke 0 < ¢ < T'. Hanp., Halinem HyIH X;:
Q zeros(x1)

[3.1430180411731743,...]

OnpenenieHNe HyJIeil TIPOMCXOIUT IO TIepeMeHe 3Ha-
Ka, TT03TOMY HYJIM YE€THOIM KpaTHOCTH HaliJIeHbl He
OynyT.

Meton pl Ot Mo3BoJIAET MOCTPOUTD IBYMEPHBIi
rpayK 3aBUCUMOCTU OJHOTO CUMBOJBHOIO BbIpa-
XeHus oT iobdoro apyroro. Hamp., rpaduk 3aBucu-

MOCTU xl2 - x22 oT xl2 + x22 MOXHO BbIBECTH TaK:
sage: Q pl ot (x172+x272, x1"2-x2"2)

IIpu 3TOM oOCHM TIOATUCHIBAIOTCS aBTOMATUYECKU,
npu N < 51 yka3plBalOTCS TOYKUA OPUOIMKEHHOTO
peleHus, Ipy 00JIbllieM YHCJIe TOYEK OHU COeUHS-
I0TCSI CIUJIOIITHOM JIMHUENU. DTOT METOJ MOAIePKUBa-
eT craHmaptHele omumu: axes | abel s, |ine-
styl e, col or. OcranbHbBle ONIINK, TPATUIUOHHO
HCITOJIb3yeMble B Tpacduke 111 Sage, MOXHO oIpeae-
JIUTh yepe3 MeTon Show. Takum 06pa3oM, BEIYUCTIE-
HY€ CUMBOJIBHOTO BBIPaXXEHMSI Ha PEILIEHUU U TO-
CTpOeHUe ero rpaguka He TpeOYyIOT OT IT0JIb30BaTeEJIsl
IMOHUMAaHUS TOTO, KaK YCTPOEHO UUCJEHHOE pelle-
HUe.

st Toro, 4ToOBI OXapaKTepU30BaTh YMCICHHBIN
METO/I, II0JIE3HO MCITONb30BaTh MeTon Pl ot _dt |, kxo-
TOPBIIA CTPOUT ABYMEPHBIN TrpaduK 3aBUCUMOCTH
1iara oT f:

Q plot _dt()
B JaHHOM cJjiy4yac, mar IMOCTOSITHHBIN 1 3aBUCUMOCTD
TpUBHUAJIbHAaA.

4. PEAJIM3ALINA METOJA PUYAPACOHA

B paborax PudapacoHa miag OIEHOK OINMOOK,
BO3HMKAIOIIMX IIPU BBIYUCIIEHUU OIpeaeICHHBIX
MHTETPAJIOB 110 METOAY KOHECYHBIX Pa3HOCTE, OBLIO
MPEIIOKEHO CryIIaTh CETKY, a B paborax PyHre cxo-
KU TIpYeM ObUT IIPUJIOXKEH K MCCIEIOBAHUIO OObIK-
HOBEHHBIX IuddepeHINaNbHBIX YpaBHEHUI. DTOT
MOIXOI OB CUCTEeMaTUYeCKH pa3paboTaH B paboTax
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H.H. KanutkuHa u ero yyeHukoB [13—16] u Oyner
Jajiee Ha3bIBaThCsl MeTOn PuuapucoHa.

Ha Ham B3misia, 3TOT MeTOA OCOOEHHO IMPOCTO
OIMMCBIBAETCS KaK METOJI OLIEHKHU OIIIMOKU BbIUMCIIE-
HUS 3HAYEHUSI CUMBOJIBHOTO BbIPpAXXKEHUS # B 3aaH-
HoOM Touke ¢ = a [17]. UTak, mycTh 3alaHa HAYaTbHAas
3ajaya, MOMEHT BPEMEHU ¢ = @, TOoTMaJaloliuii Ha
uHtepBasl 0 < @ < T, U CUMBOJIbBHOE BbIPAXEHUE U,
3aBucsLIee OT X,,..., X, U t. Haiinem oqHUM U TeM xe
METOAOM, HO C PA3HBIM LIAroM A = A, h,, ..., IpUOIU-
JKeHHbIE pellleHrs 3Toil HadyaibHOI 3anauu (1). 3a-
TEM BBIYMCIUM 3HAYEHUS Uj,U,,... BBIDAXKEHUS U B
TOUKE ¢ = @ JUJTsl KaXKJIOTo U3 3TUX PEeLIeHUH, UCTIOJb-
3ysl TIpM HEOOXOAUMOCTU OTIMCAHHYIO BbIlIE UHTEP-
nossinio. Eciiu mopsiiok anmpokcuMaliuu paBeH r
Y1 MHTEPIIOJISILIMS COIJlIacoBaHa ¢ 3TUM MOPSIKOM, TO

u—u=ch +ch"+..,

i=1,2,... “4.1)

31ech ¢,c,... — HEU3BECTHbIE HAM KOHCTAHThI, KOTO-
pble HE 3aBUCSAT OT LlIara U XapaKTepU3yIOT Hayajlb-
HYIO 3a/1a4y ¥ METOJ ee PellIeHUs], HO, KOHEUHO, 3a-
BUCST OT pPaccMaTpUBaeMOrO0 MOMEHTa BpEeMEeHU
t = a.Ecnu ¢ # 0, TO IpU 1OCTATOYHO MAJIbIX /1 MOX-
HO OCTaBHTB TOJIBKO IIABHBII WIEH, OTCIOIA

u —u=-ch.

1 1

B Takom cnyuae

— r r
u—u, =chy —h).
[MTosToMy OomMOKY annpoKCcUMaluu
u>~u,

MO2KHO OLICHUTDH KaK

u —u
ohy =t

"
()
h

B Harirem nakere yukuusi ri char dson( P, Q u, a)
BO3BpAILlaeT MO IBYM YHCJIEHHBIM pelieHusM P,Q
3HAYEHNE CUMBOJIBHOTO BBIPAXEHMS i TIPU [ = a U
OLICHKY COBepIlIaeMoii ITpu 3ToM olunoku E. dopmar
OTBeTa cornacoBaH ¢ @yHkumii nuneri cal _i nte-

gr al , ucnons3yeMoit B Sage I YHUCIEHHOTO BHI-
YUCJIEHUS] MHTETPaJloB.

Ilpumep 1. PaccMOTpUM pellieHre 3a1auyn

ax _ p 4y,

dt
Ha orpeske 0 <7 <1 mo Merony r k4 (cMm. n. 5.2).

x(0)=0 4.2)

Haiizem, Hamp., 3HaYCHME BBIPAXEHUS U = X TPH
t = 0.8 1 onrleHUM OIIMOKY Mo MeTony PuyapacoHa:
var(“x,t")
pr2=Initial_problen(x,t”"2+x,0, 1)
P=erk(t”~2+x, x,0, T=1, N=10)

Qerk(t~2+x,x,0, T=1, N=20)
ri chardson(P, Q x"2, 0. 8)

[0.0445555409432967,~7.89293834874139 x 10~

3ameuanue. TpamUIITMOHHO, WHTEPECYIOTCS CyM-

MO u, + F, KOTOPYIO HHTEPIIPETUPYIOT KaK YTOYHE-
HUE 3HAaYeHUs ¢ 110 MeTony Puyapacona. OnHako, Ha
HaIlll B3MISA BA YMCla — i,, £ — BaXHbI MOPO3Hb:
BTOPOE XapaKTEPU3YET MOPSIIOK OIINOKN YKCIIEHHO-
ro Meroma. PasymeeTcs, MOJIb30BaTElb MOXET CIIO-
XUTh IBa DJEMEHTA CITMCKA, KOTOPBIM BO3BpAIIAET
dyukums ri char dson u noay4urts yroyHeHue 1o
Puyapncony.

3ameuanue ClienyeT INOMYEPKHYTb, YTO Haila
OIIEHKA HOCHUT JIOKAJILHBIN XapaKTep, OHA 3aBUCUT OT
BeIOOpa t = a. M3 o0luMX cooOpakeHUid MOKHO
OXMAAaTh, YTO C POCTOM d OIIMOKA CTaHOBUTCS BCE
Oosblae U Oonblle. OQHAKO MBI CTAJKWBAJIMCH CO
cllyyasiMu, KOT1a 3aBUCUMOCTD OLIMOKU OT @ He ObLIa
MOHOTOHHOM, HaIIp., IPH KCCIIENOBAaHUU CHUCTEMBI
Kamomxkepo [18].

MeTton PuuapacoHa maet HeBepHBIE OLICHKHU, €CJIN
clenyoolue YieHsbl psaa (3) Bce elie BeJauku. Tak 0y-
JIeT, Hamp., €CIM B pacCMaTpuMBaeMOIl TOYKe 7 = q
WMEETCS CyNePCXOAMMOCTbD, TO €CTh ¢ = () ¥ MOPSIA0K
arrpoKCcuMali BbILIEC YEM TTOPAIOK aIllIpoOKCHUMa-
LM Pa3HOCTHOI cxeMbl. [loaToMy mepen rmpumeHe-
HHeM MeTona PrnyaprncoHa peKoMeHIyeTcs yoeaIuTh-
Csl B TOM, 4TO B pacCMaTpUBaeMOM Juvalia3oHe U3Me-
HEHMS IIara /A 3aBUCUMOCTb OLIMOKM FE OT h
SIBJISIETCSI CTEIIEHHO M OLIEHUTh €€ I10Ka3aTelb F.
J11s1 aTOro clieAyeT BBIYMCIUTD JECSITOK-APYIroii pe-
IIeHU

L=1[R,P,..]

C pa3HbIM I1arOM U [IOCTPOUTH 3aBUCUMOCTb £ OT 4 B
JIBOITHOM JorapuMmn4ecKoM MacliTade (ImarpamMma
Puuapncona). Ecau 3Ta 3aBUCMMOCTB — CTEIIEHHAs

(E = ch"), TO DOIXKHA TIOJIyYUThCA NpAMAast, HAKJIOH
KOTOpPOIi paBeH . MBI, KOHEYHO, HE 3HAEM OIINOKY
TOYHO, MTO3TOMY BMECTO HUX MCITOJIb3YIOTCSI OLIEHKU
no Puuapncony.

B nHamewm mmakere yHKIMS
ri chardson_pl ot (L, u, a)

OTMeYaeT Ha IJIOCKOCTH A, F' B IBOMHOI TorapudmMu-
YECKOM IIKaJIe TOYKU

(h, E;),

rae 4, — 3HauyeHue 1ara, a F;, — OLeHKU OLIMOKU B
BBIUMCJICHUM 3HAYEHUS BBIPAXKECHUS U MPU f = q 110
Puuapnacony. K atoit nmarpamme no0aBiisieTcsl mpsi-
Masl, KOTopasi IIPOXOIUT K 3TUM TOYKaM OJIMKE BCETO
B CMBICJIE METOJAa HaMMEHBIIINX KBaapaToB. MeTom
PuyapncoHa npuMeHUM B paccMaTprMBaeMOM Auana-
30HE U3MEHEHUS 11aroB, €CJIM TOYKU C TpadpuIeCcKOi
TOYHOCTBIO JIOXKATCSI Ha IIPSIMYIO, 2 HAKJIOH MPSIMOIA

IMPOTPAMMMWPOBAHUE
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— »=3.98x-2.82

1071

10—13 -

105

Puc. 1. Inarpamma PuaapncoHna mist 3HaYeHUS x12 npu ¢t = 0.8 w1t mpumepa 1.

YKa3bIBa€T Ha (I)ELKTI/I‘-ICCKI/Iﬁ IMOopAOOK aIllrmpoKcnuma-
orn.

Ilpumep 2. Bo3Bpaiasicb K mpuMepy 1, Mbl MOXXeM
MOCTPOUTH TUarpaMmMy PudapmcoHa cieayrommM 06-
pasom:

@ar al | el
def foo(n):
return erk(pr2, N=2"n*10)
L =1list(foo(list(range(10))))
richardson_plot([L[i] [1] for i in

range(len(L))], x*2, 0.8, nmn=2, nnax=7)

®yukuusit i chardson_pl ot (L, u, a) umeer nBe
ornuuu (NN N ¥ NNMAX), MTO3BOJIAIOLINE UCKITIOUUTD
U3 anMmpoKCUMAlMU MPSIMOM TIepBble U MOCIeTHUE
TOYKU. Pe3ymbTaT TIpencTaBiieH Ha puc. 1. Xopolro
BUIHO, YTO HAKJIOH paBeH 3.98 MpoTUB OXUAAEMbIX 4.
ITpu GonblIMX I1arax oKa3bIBalOT MPUMETHOE BIIMSI-
HUE CJIenylollre WIeHbl B pasjioxeHuu (3), a 1pu
CJIMIIIKOM MAaJIBIX /A CKa3bIBAaeTCS OIMMOKA OKpPYTJIe-
HUSL.

IToCKOJIBKY pacyeThl YUCJIEHHBIX PELIEHUNA TPU
pasIMYHBIX [Iarax HUKaK IPYT ¢ APYTOM HeE CBA3aHBbl,
IMOCTPOEHNE IUarpaMMbl PHUyapacoHa JOITYyCKaeT
€CTECTBEHHOE paclapauleJIMBaHNe, WCITOJIb30BaH-
Hoe B mpuMepe 2. biaaromaps nekoparopy @ar al -
| el , BctpoeHHOMY B Sage, Ha MHOTOSIEPHBIX MPO-
Leccopax IMoCTpOeHNE TUarpaMMbl 3aHUMAET CTOJTBKO
K€ BPEMEHM, CKOJIBKO BEIYMCIIEHNE OTHOIO PELIEHNS C
CaMbIM MEJIKAM IIaroM.

ITPOTPAMMMWPOBAHHE
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Ecnu sToT mopsigok 3aMeTHO OT/IMYAETCSI OT IO-
psaKa anmpoKCUMallMM, TO MpU AajbHEHIIEM MpU-
MeHeHUH pyHKumu i char dson ciieqyer Bocroib-
3oBarbcs onuueit del t a, sHayeHne KoTopoit ykasnl-
BaeT Ha CKOJIbKO CJIeIyeT YBEJIUUUTh MOPSII0K.

Meton PuyapacoHa MoXeT ObITb MPpUMEHEH U K
BBIYKCJICHUIO HYyJIeil. Harmp., mycTh TpeOyeTcsa HaliTh
no metony PyHre—KyTThl Hynu pemieHus x; = sint
3agadm (2.2), 0603HaYeHHOI1 BBIIIIEe KaK 3amaJa pr 1.
BrruucnuM cnimcok [ 4MCI@HHBIX pellleHU, IocTe-
IIEHHO CTylIasl CETKY:

L=[erk(prl, N=22n*10) for n in range(10)]
BeruncnuM Hynm mo HamboJiee TOYHOMY U3 pellie-
HUIA:
L[-1]. zeros(x1)

[3.141592653590175,..]

®yukuug ri char dson_pl ot _zer 0s mosBossier
MOCTPOUTH AuarpamMmmy PrudapacoHa ajist Kakaoro u3
HyJIell (HyJIM CYUTAIOTCS CeBa HapaBO, HAYMHAs C
HYJIS; YKa3bIBAIOTCS ITyTeM 3aJaHMsl OITLMYU NUMm):

ri chardson_pl ot _zeros(L, x1, nume2)

PesynbTat npencrtasieH Ha puc. 1. Xopollo BUAHO,
YTO HaKJIOH TpadrKa oxXumaeMo paBeH 4, a oImmoKa
Ha IOCJIEMHUX BJIEMEHTaX CIucKa L MMeeT NOPsSa0K

107"%. Bostee TouHO:
ri chardson_zeros(L[-1],L[-2], x1, nume2)

[9.424777960770523, 1.1424342953129477 x10™"]
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|E(Z(x))l

1073+

1079 L

— y=3.95x — 1.20 for the root # = 9.424777960770523

1072

107! 100

Puc. 2. Juarpamma PudapncoHa uist mocienHero Hymst Xxj.

Takum o6pa3oM, 37 BBIUUCIISIETCSI C TOYHOCTHIO 10 11
3HaKa I1ocJje 3aIsIToil, B YeM B JAaHHOM CJIy4ae MOXK-
HO yOeauThCs HEMMOCPEICTBEHHOM IIPOBEPKOI.

5. PEAJIM3ALINA METOIOA PYHI'E—KVYTThI

Jlasg omHO3HAUYHOM naeHTUdMKaMm Metona PyH-
re—KyTThl mocTaTOYHO yKasaTh Tabauiy bytyepa
[19]. IIpu peanuzauuu meroga PyHre—KyTThl B ma-
Kete fdm MbI CTpeMUJIMCH K TOMY, YTOOBI 3Ta peaju-
3al1s MorIJia padboTaTh € JTIOOBIMU TTOJISIMU U JIFOOBI-
mu matpuiamu bytuepa. B HacToseit MOMeHT 11o-
CTYIIHBI 2 peajlu3allMu: OTAEJbHO [Jis SIBHOTO,
OTAENbHO 1151 HesiBHOTO MeTonoB. [lepBas HancaHa
JI. ToncanecoM, BTopast — Ainu bagaypowm.

5.1. Tabauusr Bymuepa

B Hamrem nakere 111 padboThI ¢ Tabauamu byTde-
pa MBI 3aBellM OTAENbHBIN kiacc But cher tab-
| eau. s 3agaHust TaGIMLBI HY>KHO YKa3aTh IIOPS -
JIOK aninpoKCUMalluy U caMy TaOJIuIly B BUJIE CITUCKA,
MEPBBIM 3JIEMEHTOM KOTOpOIl OyneT marpulia a, a
BTOpBIM — cTos0ell b. CTonbel ¢ BbIUMCISETCS 10
9TUM OaHHBIM. OTIUOHAJIILHO Jajiee YKa3bIBarOTCS
KpaTKoe Ha3BaHUE MeToJla, OCHOBAHHOIO Ha 3TOit
Tabauue, u onmucanue. Hamp., 11t 3aganus Ta0aULIbI
byrtuepa crangaptHoro Mmetona Pynare—KyTTol

N |—

[ — R I= N =
N |—

W = | =

A=
W | —
A=

MBI ITUIIIEM:

rk4=But cher _tableau(4,[[[0,O0,O0,0],
[1/2,0,0,0], [0O0,1/2,0,0],[0,0,1,0]7,
[1/6,1/3,1/3,1/6]], 'rk4",
"Standard rk nethod')

Dyukuuu, omnpeneneHHsle B Kiacce But ch-
er _t abl eau, HocsT BcrioMoraresibHbLIA XapakTep U
MUCIOJIL3YIOTCS B Halllel peajin3aiiuu Mmetoaa PyHre—
KytTel. [l mosib3oBaTesisi MOXET ObITh IMOJe3Ha
JIMIIIb OmHA U3 HUX — | at ex, koropast Bo3BpalaeT
tabyuiy Bytuepa B Hotauu LaTeX.

B Hain maket uHTerpupoBaHa ¢yHkuus but ch-
er _egs(p, s), nanucanHas IO HH [20], or1a
GyHKIIMS BO3BpalllaeT CUCTEMY ypaBHEHUI Ha 3Jie-
MEeHTBI TabauLbl ByTuepa nmo 3amaHHbIM MOPSIAKY p U
YUCIy CTaguili s U onuuu implicit, KOTopass MOXeT
MMpUHUMAaTh aBa 3HaueHus True/False.

Ilpumep 3. IBycTanuitHas siBHast Tabauia byrue-
pa UMeeT BU/L
IMPOTPAMMMWPOBAHUE
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Co
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Drta Tabauia 3a1aeT PA3HOCTHYIO CXeMY ITOPSIIKa p = 2,
ecim ee Ko3(h(MULMEHTHI yIOBJIETBOPSIOT IBYM YPaB-
HEeHUAM, KOTopble Bo3Bpaiaer (gyHkuus but ch-
er_egs:

but cher _eqs(2, 2, inplicit=Fal se)

—by—b+1=0, —2a.b+1=0. (5.1)

ITosToMy mMeeTcs1 omHOIIapaMeTpPUYECKOe ceMeli-
CTBO SIBHBIX MeTOJI0B PyHre—KyTTEI BTrOoporo mmopsia-
Ka C IByMsI CTaAUSIMU.

B 2000-x romax IOsSIBMUIMCH MEpPBBIE ITPOTPaMMBI
JUTST YMCJIEHHOTO, a TT033Ke U CUMBOJILHOTO PEIIeHMUS
CUCTEM YpPaBHEHUM IS ONpeAcieHUs] BJIEMEHTOB
tabauubl bytuepa [21—25]. boabmiass KoJuleKLMs
Tabsull bytuepa no 12 mopsiaka anmpokcuManuu Obi-
na cobpana I1. CtoyHOM [26], KOTOPBIiT TPOU3BOIIIT
BEIYHCIIEHUSI B cucteMe Maple. Beraucaars ¢ Hyns
KaxXabplii pa3 Tabmunbel byTaepa Gosbpioro mopsiaka
BeCbMa Hepa3yMHO, MO3ToMy B fdm nmeeTcs KoieK-
s Tabmmi Byrdepa, peann3oBaHHas TTOKa B BUIC
cricka but cher s_|i st , koropsrii 3agan B daiire
but chers_li st. sage. Dra Koutekus B cylile-
CTBEHHOM OCHOBaHa Ha koJuiekiuu CroyHa.

3ameuanue. Tlpu nepeHeceHmu Tadmuu bytuepa
BBICOKOT'O TTOPSIAKA BOZHMKAIOT HEN30EXKHBIE OIevaT-
KU1, TaOJIMIIBI, UCTTOIb3yeMbIe B HaIllel CHUCTEMeE, TIPO-
BEPEHEBI 0 MeTOMy PrdapmcoHa Ha TeCTOBBIX 3a1adax.
Ha maHHBIIT MOMEHT, OIHA M3 TaOJINII, B3SITHIX Ha caii-
te CtoyHa, oTmMeueHa B but chers_| i st . sage kak
COMHUTETbHAST.

5.2. Aenoiit memod Pynee— Kymmot

Dyukuna er K peanmusyer aBHBIN MeTon PyHre—
KyTTBI, IpY 3TOM ITOJIb30BaTEIb MOXKET BHIOPATH JIIO-
oyio marpuily byruepa m3 0a3pl MM yKa3aTh CBOIO.
ITo ymomyanuio ucrionb3yercss matpuna rk4. Apry-
MEHTaMM 3TOi (PYHKLIMM CIY>KUT HadalbHas 3a1ada.
IIpenycmoTpeHo ellie aBe onuuu: N — 4UCJIO OTpe3-
KOB, Ha KOTOpOE€ IENUTCS IPOU3BOAHBIN OTPE30K
[0,7]ut abl eau — taGnmuua Byruepa.

ITo metony PuyapacoHa Mbl MOXEM MHPOBEPUTH
MPaBUJIBHOCTh ONpeeeHUS MOopsaKa alpoKCcCuMa-
IIAU, YTO BECbMa CYIIIECTBEHHO JJIsI KOPPEKTHOTO 3a-
noJHeHus1 6a3bl Tabnul bytuepa.

IIpumep 4. B xayecTBe MepBOro nmpumepa paccMoT-

PUM HauyasbHYyO 3amavy (4) Ha otpeske 0 < ¢ < 1, Tou-
HOE pelleHue KOTOPOii U3BECTHO:
X_exact=-t"2 - 2*t + 2*e”t - 2
CpaBHUM €ro C IByMSI pellicHUSIMU, HAIEeHHBIMU [IPU
MOMOIIM ABYX pa3nuuHbiXx Matpull byrtyepa. B kaue-

IMTPOTPAMMMWPOBAHUE
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CTBE ITEPBOi TAGIULIBI BO3bMEM CTAaHIAPTHYIO Ta0Ir-
oy meTtona rk4.

P=erk(pr2, N=10)

Eerk(pr2, N=20)

ri chardson(P, Q x, 0. 8)

[0.211081834707056,—1.86964065451711x 10"

Xopolllo BUAHO, YTO OlLIEHKAa OLIMOKU BbIUMCICHUS
x(0.8) mo PuuapacoHy coBmagaet mo MopsaKy BEJIU-
YUHBI ¢ (PaKTUIECKON OLITNOKOIA:

0.211081834707056- x_exact . subs(t =0. 8)

—2.22778795411216 10~

B xauecTBe BTOpOIi TabAUILIbI BO3bMEM TAOIUILY §-T0O
nopsiaka, mpuseaeHHyo y CroyHa 3a no. 8b-1.
P=erk(pr2, N=10, tabl eau=B)

@Eerk(pr2, N=20, tableau=B)

ri chardson(P, Q x, 0. 8)

[0.21 1081856984935,2.39459868056406 X 10‘”]

OueHka omunbku 1Mo PuyapicoHy HECKONIbKO 3aHU-
JKeHa T0 CPaBHEHUIO C (DaKTUIECKOU OIIMOKOI:

0. 211081856984935- x_exact . subs(t =0. 8)

~5.27355936696949 x 10"

Huarpamma Pudyapncona (puc. 3) BIIOJIHE IPOSICHSIET
9TO 3aTpydHEHUE: Mbl MMPAKTUYECKU CPa3y BbIXOAUM
Ha OILIMOKY OKpYIJIEHMsI, KOTopas MMeeT IOpSA0K
1016,

Hama peanuszanus merona PyHre—KyTTel He 3a-
BUCUT OT 1oJist K, 3T0 nmo3BoJisieT 6€3 TpyJda MEHSThb
YHCJIO OUT, OTBEIEHHBIX Ha OJHO YMCJIO U CABUHYTH
OIIIMOKY OKpyTJIeHUs1. Pa3zymeeTcsi, M 2JIeMEeHTHI Ta0-
Julbl byTyepa, u HayaabHbIE YCIOBUS MEPEBOASTCS
B 9T0 noJjie. TakuM oOpa3oM, OIIMOKHN OKPYIJICHUS
COITIaCOBaHBI APYT C APYTOM.

IIpumep 5. Ecniu B MeToae Pynre—KyTThl U3 npu-
Mmepa 4 orBectr 300 OMT Ha YMCIO, TO ITOJIYUIUTCS
nuarpamma Pudapncona (puc. 4), umeronias Iipa-
BWJIBHBIN HakIoH 8. 151 ee mocTpoeHUS B GYHKIINHA
erk opula gobGaBneHa onmusa fi el d=Real -
Fi el d(300).

OTMeuYeHHBIH BbIIIIE BOIIPOC O TOM, KaK pacIopsi-
JIUTHCS OCTABIIUMCS ITPOU3BOJIOM B BEIOOpE DJIEMEH-
TOB Tabauilbl byTuepa, ocraercs mo Cux IOp Hepe-
weHHbIM [19]. B Hawem nakere MOXHO NOINPoOO-
BaTh 9K30TUYECKHWE BapuUaHThI, HaIp., B3ATh
KOMILIEKCHbIE 3HAUEHUS DJIEMEHTOB TaOIUIIbI, 100a-
BuB B verblerk| oo f i el d=CC.
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Puc. 3. Iuarpamma Puuapncona nist 3HadeHus x; npu ¢ = 0.8 111 npumepa 4.
|E)|

— y=8.17x-6.17

10—17

10—20
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10—32 -
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102 107!

Puc. 4. Ilnarpamma Puuapncona nist 3HadeHus x; npu ¢ = 0.8 11t npumepa 5.

Ilpumep 6. Tabnuua yeM He JIy4llle KJIACCUMUECKOM CXeMbI CpeIHEel TOUKU
¢ Tabnuuei

11
11
22

yImoBleTBopsieT cucteme (5.1) 1 TosToMy 3amaet pa3- I TMHEHHBIX 3amMad pe3yIbTaThl pacdeTOB C Bellle-
HOCTHYIO CXeMy 2-TO TIOPSIIKA M B 9TOM CMBICIIE HU-  CTBEHHOI M MHUMOI TabIUIIaMU COBITanaoT. Paszmm-
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P+
1e-1149.9999999990e~1
104

Puc. 5. I'paduk 3aBUCUMOCTHU MHTETpasa IBUKEHUS p2 + q2 ocuwsitopa SIkoou ot 7, BBIMMCIIEHHBI 110 CXeMe CpeHei Tou -

ku, N =20.

yye MPOSIBISETCS TOJbKO B HEJIMHEUHBIX 3aaayax.
Bosbmem miist nmpumepa ocuuisaTop SAxkodbu [27] Ha
otpe3ke 0 < ¢ <10 1 cpaBHUM 3Ha4YeHUe p npu t = 10:

var(“p,q,r,t”)

k=1/2
pr3=Initial _problem([p,q,r], [g*r, -
p*r, -k~2*p*q], [0,1,1], 10)

erk(pr3, N = 200, t abl eau=B
field=cc) .list()[-1] [1]

0.110646443410733

erk(pr3, N = 200, t abl eau=Bi ,
field=cc) .list()[-1] [1]

0.111457845209401 — 0.000811190390574542 - i

5.3. Hesgnuiii memod Pynee— Kymmeot

Dynukums i r K peanusyer HestBHBIN MeTon PyH-
re—KyTTbl, cMHTaKCUC TOT Xe, 4yTo Uy er K. 3nech Ha
KaxKJIOM 111are peliaeTcs CucTeMa HeJIMHEMHBIX ypaB-
HEHUII METOIOM TIPOCThIX WTepauuii. WTtepamumn
MMPOUCXOIST 0 TeX MOp, MOKa HOpMa Pa3HOCTU JIBYX
MOCJIeIOBATeAbHBIX WTEpalldii HE OKa3bIBaeTCS
MeHblIIe yncia € > 0. [To yMoTyaHWI0 UCHONb3yeTCs
tabmuna bytuepa

ITPOTPAMMMWPOBAHHE
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N e
N =

1

< -10
3agaromasa CXeMy Cp€aAHEN TOUYKU, U € = 10 .

Ilpumep 7. PaccMOTpUM BHOBb OCLMJLISATOP SKO-
6u (3amava pr 3 u3 nmpumepa 6). Berancimm npubnu-
JKEHHOE pelleHUe U MOCTPOUM TpadrK 3aBUCUMOCTH

UHTeTpajia IBVDKEHUS p2 + q2 OT I:
P=irk(pr3, N = 20)
P.plot(t, pr2+g™2)

B pesynpraTte moayaurcs rpaduk, IpUBEASHHBINA Ha
puc. 5. Xopollo BUIHO, 4YTO paccMaTpuBaeMbIii
KBaJIpaTUUHbI MHTErpaJl COXpaHSIEeTCsl C TOUHOCThIO
1o 1071° B cuy teopemnl Kymepa [7] 310T MHTErpan
COXPaHSIETCS Ha PELIEHUSIX, TTOTYYEHHbIX 1O CUMILIEK-
TH4YecKUM cxemaM PyHre—KyTtTel, TouHO. O1mmoOka
OKpYIJIEHUS U MapaMeTp €, BXOASAIIUN B KpUTepuit
OCTaHOBKM WTEPALIMOHHOTO TIpoliecca, IeJialoT U3-
MEHEeHUEe WHTerpaja ABUXEHUS MaJlbiIM, HO BCE Ke
OTJIUYHBIM OT HYJISI.

Omuus f i el d, kak u paHblile, TO3BOJISIET MEHSITh
YUCIIO OUT, OTBOAMMBIX Ha JECSATUYHYIO ApOOb, OMI-
HAaKO TeIleph €€ HY>KHO COIIACOBBIBATh CO 3HAYEHUEM
€, KOTOpOE OIpenessieTcsl OIiueil eps, u MakcH-
MaJIbHBIM YHCJIOM MTEPALINii, KOTOPOE OIIPENeIsIeTCs
onuuein M.
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Puc. 6. I'paduk n3MeHeHHUs 111ara, MCIoJIb30BaHHOTO ISl KOJIeOaHU T OCHMILIATOpA SIKOOU OT #, BEIYMCIIEHHBI 10 CXeMe Cpe/l-
Hell Touku, 4 = 1, (crutolHasi), 1 KpuBrU3Ha K MHTETpaTbHON KPUBOU (ITYHKTHUD).

CxoauMocTh MeToJia MocaeqoBaTeIbHbIX UTepa-
1IMI HaKJ1abIBA€T HEKOTOPBIE YCTOBUSI HA BEJIMYUHY
miara. [TosToMy B Hallleii cuctemMe peajr3oBaHa Bep-
cust HessBHOro Metona PyHre—KyTThl, KoTopas noju-
CTpauBaeT LIar 1noj 3Ty ycjoBus. COOTBETCTBYIOLIAS
dbynkuua nasBana i rk_adapti ve. Tlomctpoiika
1ara MelaeT 3apaHee y3HaTbh YMCJIO 111aroB, MOTpeo-
HBIX Ul JOCTUXXEHWSI KOHYEHOro 3HaueHus t =T,
MO3TOMY BMECTO omnuuu N, yKasblBawlleil 4ucio
OTPE3KOB, HA KOTOpbIe Aenutcst cermeHT [0,7], uc-
MOJIb3YETCS OMLIMS A, XapaKTepusylolas IJINHY Te-
PEMEHHOTO LIara.

IIpumep 8. IlocTporM rpark 3aBUCUMOCTHU p2 + ¢

OT ¢ 1O aJanTUBHO cXxeMe:

Q=i rk_adaptive(pr3, h=1)

Q plot(t,pr2+q"2)

ITpu 5TOM MOXHO MOCMOTPETh M HA U3MEHEHUE I11ara
Q plot _dt()

I'paduk 3TOM 3aBUCUMOCTHU TIpENCTaBIIeH Ha puc. 6.
B [14] pexomeHn0BasioCh OpaTh IAT aAaNTUBHBIX Me-
TOJIOB, UCXOMAS U3 (POPMYJIBI

L

At=5,
5

K

rae K — KpMBU3HA MHTETpalbHOI KpuBoii. HeTpymHo
BUJIETh, YTO B JAHHOM CJIydae 3aBUCUMOCTb I11ara oT ¢

2
IIOBTOPSET B CYLIECTBEHHOM XOI 3aBUCUMOCTH K °
OT 1.

6. SAKJIFOYEHUE

B Hacrosieit ctatbe mpeAcTaBiIeH OpPUTMHAJb-
Hblil nakeT f dM BcTpanBaeMblil B cCTEMY KOMITBIO-
TepHOM anredphl Sage, IPU CO3TAHUU KOTOPOTO MbI
UCXOIWIN U3 CACAYIOIINX OOIINX MTPUHIIUIIOB.

* Peanmuzanuu MeTOOOB HE 3aBUCSAT OT IIOJS

(R,C) u Tem Gosee OT yrciia OUT, OTBEIEHHBIX Ha Ol -
HO YMCJIO.

» JleiicTBUSI, KOTOPbIE MOTYT OBITb BBHIIOJHEHBI
aHAJIMTUYECKHN, BBIITOJHSIOTCS aHaauTmyecku. Ha-
YajJbHBIC 3aJa4d PAacCCMaTPUBAIOTCS KaK DJIEMEHTHI
HOBOTO KJjacca, B OIpencjJeHUM KOTOPOro IMpeay-
CMOTPEHBI MHCTPYMEHTHI TSI IIPOBEACHUST CUMBOJTh-
HBIX BBIYUCIICHUI.

* YucaeHHbIe PEICHMA paCCMaTpMUBAIOTCA KakK
QJICMCHTBI HOBOTO KJ1acCa, B OIIPEACIICHUN KOTOPOIo
npeayCMOTPEHbI MHCTPYMEHTLI IJII MHTCPIOJIATINN
1 BU3yaJin3aliuun.

B TEKCTEC paCCMOTPEHBI OCHOBHBIC MHCTPYMECHTHDI IJI51
paboThI C HAYaILHBIMU 3aJadaMy U YUCJICHHBIMU pe-
LIEHUSIMU, KOTOPBIE OTOPBAHBI OT KOHKPETHBIX YMC-
JICHHBIX METOHOB, W pfajin3anud METoJda PyHre—
Kyrtel. [ToMUMO paccMOTPEHHOrO BbIIIE METOAA
Pynre—Kyrrhl, maker f dm comepXut peanuzauuro
MeTona Amamca [28, m. 82], mpuMmedaTeIbHOTO BO3-
MOXXHOCTBIO IPOBEICHUS YACTU BEIYUCICHU B CUM-
BOJILHOM BHUJIe, 1 METOIA, OCHOBAHHOIO Ha 00paTu-
MBIX cxeMax [10].
Mbul HameeMcs, YTO CO3IaHHBIN MHCTPYMEHT Oy-
JIeT ynoOeH ISl YMCIIeHHO-aHAIMTUYECKOTIO HCClie-
IMTPOTPAMMMWPOBAHUE
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JOBAHUSI PA3HOCTHBIX CXEM M CO BPEMEHEM CTaHET
TIyOOKO MHTETPUPOBAH C aJilTeOpandyecKuM MHCTPY-
MeHTapueM Sage.

baaeodapnocmu. PaboTa BelmoaHeHa Ipu (pHAH-

coBoii nomaepxkke PH® (rpoexT Ne 20-11-20257).
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This paper presents an original package for investigating numerical solutions of ordinary differential equa-
tions, which is built in the Sage computer algebra system. This project is focused on a closer integration of
numerical and symbolic methods while primarily aiming to create a convenient tool for working with numer-
ical solutions in Sage. The package defines two new classes: initial problems and approximate solutions.
The first class defines tools for symbolic computations related to initial problems, while the second class de-
fines tools for interpolating values of symbolic expressions on an approximate solution and estimating the er-
ror with the use of the Richardson method. An implementation of the Runge—Kutta method is briefly de-
scribed, with its main feature being the possibility of working with arbitrary Butcher tableaux and arbitrary
numeric fields.
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