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PaccmaTpuBaoTcst CUCTEMBI JIMHEMHBIX OOBIKHOBEHHBIX AU(d(hepeHIIMaTbHBIX ypaBHEHUM ¢ 0€CKOHEYHBI -
MU (bOpMaTbHBIMM CTETIEHHBIMU PsiIaMU B posii KO3GhdULIMEHTOB. Psiibpl 3amatorcsi B yceUeHHOM BUIE,
IPY 3TOM CTETIEHU YCeUeHUsI MOTYT pa3iinyaThes ISl padHbIXx KoadduiimeHToB. B KauecTBe cpencTsa uc-
clIeJOBaHUSl TaKUX CUCTEM TIPUBJIEKAIOTCS MHIYLUMPOBAHHBIE PEKYPPEHTHBIE CUCTEMbI U JIMTEPAJIbHbBIC
0003Ha4YeHUs He3aJaHHbIX KO3 dUuuMreHToB psaoB. s ciyyasi, Koraa onpeaeauTellb BeAylleit MaTpuLibl
WHAYIUPOBAHHON CUCTEMBI OTJIMYEH OT HYJISI M1 HE COACPXKUT JIUTEPAJIOB, IpejiaracTcs alrOPpUTM ITOCTPO-
€HUs JIOPAHOBBIX PEIIEHUI CUCTeMbl. Psabl, BXoasIMe B pellieH s, BHOBb SIBJSIOTCS YyCeYEHHBIMU. AJITO-
PUTM HaXOIMT JJIsI HUX MAaKCUMaJIbHO BO3MOXHOE YHCJIO YWICHOB, MHBAPUAHTHBIX OTHOCUTEIBHO JIIOOBIX
MPOJOJIKEHUI yCeUeHHBIX KO3 MUIIMEHTOB NCXOnHOM cucTeMbl. [IpencraBiieHbl peain3aius aJropurMa
B Buae Maple-tipolienypbl U IpuMephl €€ MCITOJIb30BaHUSI.

DOI: 10.31857/50132347423020036, EDN: GYMMYQ

1. BBEAEHUE

B [1-3] OpuIM TIpeniioKeHBl aJITOPUTMBI TTOMCKA
peleHuil cucteM JIMHEHHBIX OOBIKHOBEHHBIX TU(-
¢depeHInaIbHbIX YPaBHEHU C O6CKOHEYHBIMU (hop-
MAaJIbHBIMM CTENIEHHBIMU PSIAaMHU B POJM Ko3(ddu-
LIMEHTOB, TIPU 3TOM CTENEHHbIEC PSIAbI ObLIU 3aJaHbl
aJITOPUTMUYECKHU, T.€. IPEAnojarajacs WU3BECTHBII
aJITOPUTM, BRIYUCIISIONINI IO 3HAYEHUIO 1 KO3 D1~

uueHT npu x". Huxe psaabl 3a0al0TCS B yCEUEHHOM
BUJIE, YTO O3HAYAET, YTO Mbl HE pacIiojiaraem MoJHoOMi
nHpopMalueit 06 ypaBHEHUSIX CUCTeMEL. B [4—6]
HaMU MpeLJIOXKEeHbl aJITOPUTMBI MOKMCKA PA3JIMYHBIX
BUIOB PEILICHUI CKaJSIPHBIX (OOIMHOYHBIX) JIMHEI-
HBIX OOBIKHOBEHHBIX AU(depeHInaTIbHbIX YpaBHE-
HUi ¢ KoadduMeHTaMu B BUJIE YCEYEHHbBIX CTETIeH -
HBIX psiaoB. Mcxonst n3 Takoi HEeImoJHOM nHpopMa-
Ui 00 ypaBHEHWHM, aJTOPUTMBI U3 [4—6] maioT
MaKCUMaJIbHO BO3MOXHOE YMCJIO YJICHOB, BXOASIINX
B pELLIEHUS, TAKUX, YTO OTU YJIEHbI UHBAPUAHTHBI OT-
HOCUTEJILHO BCEX BO3MOXHBIX MPOAOIKEHU KO-
¢duLMeHTOB 3aJaHHOTO ypaBHeHUs1. B maHHO# pabo-
T€ pacCMOTpEHa aHaJIoOTMYHas 3ajiaya rnoumcka jopa-
HOBBIX pEelLIEeHUI CUCTEeM JIMHEHHBIX 0ObIKHOBEHHBIX
IuddepeHIMaTIbHbIX YPaBHEHUI C yCEYEHHBIMU
CTENIEHHBIMU psITaMU B poii KoadduimeHToB. Ile-
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PEXOLI K CIIy4al0 CUCTEM UMEET crien(pUIeCKIE OCO-
GEHHOCTH, KOTOPhIE pACCMOTPEHBI Jajle€ U YYTEHHI B
MpeaiaraeMoM ajaropruTMe.

3amaum 3TOro pojaa paccMaTpUBaIMCh paHee B [7, 8]
JIJISI CUCTEM MPOU3BOJIBHOTO ITOPSIIKa

A,()0"p(x) + A, ()0 y(x) + - +

(1
+ Ay(x)y(x) = 0,

rme y(x) = (y,(x),yz(x),...,ym(x))r — BEKTOp HEW3-

BECTHBIX, A,.(X),...,Ay(x) — m X m-mMaTpulbl C dJIe-

d B

=x—.
dx
MIPEIITOIaracTcsI, YTO BO3MOXKHO TTOJTYyYeHHUE ycede-
HUs 1000 cTreneHu sl psnoB B A.(x),..., Ay(x), u
orpeaesieTcs, KakKoil CTeNneH! yCeUeHUsI 3TUX PSIOB
JIOCTAaTOYHO, YTOObI BEIYMCIUTD JJOPAHOBBI PELLICHUS
TpebyeMoii creneHu yceueHus. B [8] maTpuiibt 4,(x),

..., Ay(x) paccMaTpuBalOTCA KakK ITOJTMHOMHUAIBHBIE,
IpEeaCTaBISIoONINe CO00il ycedeHUsT psSOoB OTHOM
CTETIEHU yCeUYEeHUs, IIPU ITOM pacCMaTpUBaETCs CIIy-
yaii, Kkorga Marpuua A.(x) SBISIETCS CMpoeo Hegbl-
POXNCOeHHOIL, T.€. OHA HE TOJbKO HEeBBIPOXIEHA, HO U
JIIo00oe TMPOJOIXKEHUE €€ DIEMEHTOB MOCPEICTBOM

MEHTaMM B BUIEC YCECUCHHbIX PAOOB, 0
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JI00aBJICHUST WICHOB CTapIIMX CTeleHell 1o OeckKo-
HEYHBIX PSIIOB OCTaBJIIET €€ HEBBIPpOXIeHHOM. Hike
MBI paccMaTpUBaeM CJIydaii, KOraa BEIIUCAHHAS IS
cucteMsl (1) MHOyLIMpOBaHHAsI peKyppPEHTHASI CUCTE-
Ma (CM. oIrpenejieHue B pasd. 2.3) MMeeT HEBBbIPOXK-
JIEHHYIO BEIYIYIO MAaTPUILY U €€ OIIPENeINTEIIb HE CO-
IEPXKUT JIMTEepaoB (CM. ompeaencHue B pasmd. 4.1).
3nech MOMYEPKHEM, YTO TaKasi HEBBIPOXIEHHOCTD B
0011eM cilyyae He BJIeUeT HEBBIPOXKIEHHOCTb A,.(X) B
(1). Takke OTMETUM, UTO B JAaHHOM paboTe, B OTJIM-
yue oT [7, 8], cTereHn ycedeHUsT pa3InIHbIX PSIOB B
A.(x),..., Ay(x) MOTYT OBITb PA3JIMYHBI, KAK U CTEIIEC-
HU yCeYeHMsI KOMIIOHEHT YCEUeHHOTO JIOpaHOBa pe-
IIEHUS — IJIsI KaXIOTO psiaa HAXOAUTCSI MaKCUMaJlb-
HO BO3MOXKHOE YHCJIO WICHOB.

2. IPEABAPUTEJIbHBIE CBEJAEHW
2.1. Cucmemul, yceuennsvie psadvl U NPOOOAINCEHUS

Ilycts K — anredbpandeckyd 3aMKHYTOE YHCIIOBOE
noJie. JIJ1s1 Kosiblia MOJIMHOMOB OT X HaJl K Mbl B AaJ1b-
HEWIIEM MCMOJIb3yeM OObIYHOE 00o3HaueHue K|x].
Kosblio (hopMaIbHBIX CTETIEHHBIX PSITOB OT X Hax K
obo3Havaetcs yepe3 K[[x]], moyie hopManbHBIX JIO-
PaHOBBIX psAnoB — Yepe3 K((x)). [1st HeHyJIeBoro je-

MEHTa a(x)=2a,.xi u3 K((x)) ero easoayus vala(x)
ornpezeseHa paBeHCTBOM val,a(x) =min{i | a; # 0}, ipu
aToM val 0 = co. Bamoauyst BeKTOpa Uiy MaTpuLbl ¢

KOMITOHEHTaMU-PSIIaMU CUYMTAETCSl paBHOM MUHUMY-
My Bajmoanuii KoMItoHeHT. [lycTe t € Z, t-yceuenue

a<’>(x) noJiyyaeTcsi OoTOpachlBAHUEM BCEX YJICHOB PsI-
na a(x) crerieHu O0bIIeH, 4yeM 7. Huco ¢ Ha3bIBaeT-

csl cmenenvio ycewenus psna. Ilon O(x’“), rne te 7,
OyIeT MOHUMATbCSI HEeKUil (HEyTOUHSIEMBI) psi C
Banwauueii, oonpureii . Kak nmpaBuio, 3To 0003Ha-
YeHH1E NUCIOJIb3YETCs B TEX CIydasx, Koraa 100 momi-
pa3dyMeBaeMblii psiI HaM HEU3BECTeH, JIMOO eciu
KOHKPETHBIIN BUJI psifia HE IPEACTaBISCT IJISI HAC MH-
Tepeca; BaXKHO JIMIIb, YTO €ro Batoanus OOoJbIIe,
Yyem f.

Eciu R — HekoTopoe KonbLo, To Mat, (R) 060-
3HAYaeT KOJIbLIO M X m-MaTpull C JieMeHTaMu U3 R.
HuddepeHumanbHble CUCTEMbI OyIeT yToOHO 3a-

d
IMUCbIBATh C ITOMOIIBIO OIICpalln 0= Xd— BMECTO
X

OOBIYHON omnepannu TuddepeHINPOBAHNUS a’i (me-
x
pexol OT ogHOI (POPMBI 3aITMCU K APYTOM BHITIOTHSI-

eTcs J1erko). Mbl paccMaTpuBaeM cucteMbl Buaa (1).
OTHOCUTETBHO

AO(X),Al(x)a R Ar(x)

npennoiyaraercs, 4ro A,(x) € Mat, (K[[x]]), £ = 0,

1,...,r, Ipu 3TOM gedywjas matpuua A,(x) cUCTEMBbI
SABJISIeTCSI HeHyJIeBoli. Takoke mpedrionaraercsi, 4To

BaJItoalMs 1o KpaitHeil Mepe oHOM 13 MaTpull Ay(x),

A (x),...,A.(x) paBHa HYJIIO, T.€. BAJIIOALNAS CUCTEMBI
(1) paBHa HyJIIO.

DneMeHThl MaTpull A, (x) OyneM Ha3blBaTh K0IGh-
Guyuenmamu cucmemsi, UMHU OyIyT y Hac (popmasb-
HbIE CTENIEHHbIE PSIAbl. DJIEMEHT MaTpULbl A, (Xx) Ha
MEPECeUeHUH i -ii CTPOKU 1 j-TO CTOJIO1A OyaemM 000-
3Hayathb yepes3 Ay ;(x). B ciydae cucrembl, koaddu-
ILIUEHTHI KOTOPOIi 3aaHbl B yCEYEHHOM BUJIE, U3BECT -

HBbI TAKME HEOTPULIATETIBHBIE LETIBIE fy;, b7, .. ., Ly, UTO
i+l

Ay (%) = a;(x) + O(x "), (2)

e a;(x) € K[x], #; =2dega;(x), k=0,1,...,r,

i=1,....m,j=1,....m.

IIpodoaxcerue ycedeHHOTO psila — 3TO Psl, BO3-
MOXHO TaKK€ YCEUEHHBI, Ha4albHbIE YWIEHBI KOTO-
pPOTO COBITAIAIOT C U3BECTHBIMU HAYAJIbHBIMU YJIECHA-
MU MCXOMHOTO YCEUYEHHOTO psifia; COOTBETCTBEHHO,
MPOJIOJDKEHUEM YCEUYEHHOTO YPAaBHEHUSI HA30BEM
ypaBHeHUE, KO3(DGHUIMEHTbl KOTOPOTO SIBISIOTCS
MPOAOTIKEHUSIMU KO3 HUIIMEHTOB UCXOHOTO ypaB-
HEHWUSI, a MPONOIKEHUEM CUCTEMBI YPABHEHU I HA30-
BEM CHUCTEMY, YPABHEHUSI KOTOPOW SIBJISIIOTCS TPO-
JOJDKEHUSIMUA YPaBHEHU I UCXOMHOM CUCTEMBI.

ITycts (1) cocTOUT U3 IMHEMHO HE3aBUCUMBIX HaJl
K[[x]]]6] ypaBHeHuii. B a3TOM ciyyae roBopuM, 4TO
cucTeMa UMEET MO/HbII paHe, CaMy CUCTeMy Ha3bIBa-
€M CUCTEMOI nosanoeo panea. V3 [7], npemn. 2 cieny-
€T, YTO JJIsl clydasi CUCTEM, KO3(phUIIMEHThI KOTO-
PBIX SIBJISIIOTCS psimaMU, 3aJaHHBIMUA aJITOPUTMUYE-
CKM, 3amaya IMPOBEPKU HE3aBUCUMOCTH ypaBHEHUM
Han K[[x]][6] saBisieTcss anropuTMHUYECKH Hepaspe-
mmmoii. IlpennoxenHsie B [1—3] aJropuTMEI TIpen-
oJjiaraioT, 4To CHMCTeMa MMEET MOJHBIN paHr. Jisa
CUCTEMBI C YCEYEHHBIMU Koda(dduilmeHTaMu Oynem
MIpeanojaraThb, 4To J1000e ee IPOIOJLKeHIE SIBIISICT -
CS1 CUCTEMOM MOJIHOTO paHra.

2.2. Jlopanoewl peuienust cucmem

Pemienue y(x) = (y,(x),..., ym(x))T g depeH-
LMaabHOI cucTeMbl (1), KOMIIOHEHTHI y;(X) KOTOPO-
ro SBJISIIOTCSI (DOPMAaJIbHBIMU JIOPAHOBBIMU PSIIaMMU,
Ha3bIBAETCS 10pAHO8bIM. JITTST CUCTEMBI TTOJTHOTO paH-
ra, ko3 GUIUEeHTH KOTOPOU SIBJISIIOTCS psiaMHu, 3a-
TaHHBIMH aITOPUTMHUYECKH, aJIrTopuT™M 13 [1] Haxo-
JINT BCE €€ yCeueHHbIE JIOPAHOBBI PEIIeHUSI C JII000Ii
3aJaHHOI CTeIleHbI0 ycedeHUs. s ycedeHHOM CH-
CTEMbl HET BO3MOXHOCTH BBIUMCIISITH PEIICHUS C
MPOU3BOJIbHOM cTeNeHblo yceueHus . B [4] aTo ObLIO
JI0Ka3aHO IIJISI YACTHOTO CIy4Yasi — CKaJISIPHOTO ypaB-
HeHus (m = 1). Huxe B pasn. 3 Oynet onpenencHo,
KaKUMM MMEHHO YCEUYEHHBLIMU JIOPAHOBBIMU pellle-
HUSIMU MBI 3aHUMAaeMCsI B clIydae YCeYeHHBIX CUCTEM
(m>1).

IMPOTPAMMMWPOBAHUE

Ne 5 2023
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2.3. Unoyyuposantule peKyppenmHuble cucCmeMbl

ITyctb cuctema (1) umeer Ko3hGULIMEHTHI, KOTO-
phle SBIISIIOTCS aJTOPUTMUYECCKHM 3aJaHHBIMU psima-
Mmu. [TycThb TakKe ee JIOpaHOBO pellicHre UMeeT BUL

y(x) = unx", 3)

me ve Z, u(n) = un),...,u,n) € K" msane Z.
Torma okaswiBaercst (cMm. [1]), 4TO TOcIenOBaTENb-
HOCTb BEKTOPOB u(#) YIOBIETBOPSET UHOYUUPOBAH-
Hotli pexyppenmnoii cucteMe R(u) = 0. DTta cucrema
CTPOUTCS NTpeoOpa3zoBaHUEM

0—n, 4)

MMPUMEHSIEMBIM K MCXOOHOM I depeHIIMaIbHON Cu-

X = E_l,

-1
creMe (1), 3mecp £~ o0o3HaYaeT olepaTop CABUTA:

E™'u(n) = u(n-1).

Nmeem

R = By(n)+ B (WE "+ B,(E” +...
I/IHD,yLll/IpOBaHHaﬂ CUucrema 3alimiieTcs B BUIe

By(mu(n) + B_j(nu(n—-1)+...= 0, (5)
rae

T
* u(n) = (y(n),...,u,(n))” — BEKTOp-CTONOELL HE-
W3BECTHBIX MTOCJIEIOBATEIbHOCTEN TakuX, YTo #;(n) = 0
JUJISI BCeX OTPULIATENIbHBIX # C TOCTATOYHO OOJIBIIUM

3HauYeHueM | n |, i =1,...,m;
> By(n),B_,(n),...€ Mat, (K[n]);

* By(n) — Benyiasi MmaTpuia cucteMsl (5) (3T0 He-
HyJieBass MaTpulla, MOCKOJbKY BalloallMs CUCTEMBI
(1) paBHa HYJIIO).

OueBUOHO, YTO MHAYHUpPOBaHHAasA cucteMma (5)
WMeeT MOJTHBIN PaHT, T.e. ee ypaBHEHHUs HE3aBUCUMBI

Han K[n|[E _1]], €CJIM Y TOJIbKO €CJIN McXoaHasi nud-
depeHnmnanpHasg cuctema (1) mMeeT MOTHBIN paHT.

Ecnu marpuua B,(n) HeBbipoxaeHa, To det By(n) =0
MOXET paccMaTpuBaTbCsl KakK ompeaessiollee ypap-
HEHUe UuCXOoAHON nuddepeHIraTbHON CUCTEMBI:
MHOXECTBO 1I€JIbIX KOPHEN 3TOTo ajiredpanyeckoro
ypaBHEHMS BKJIIOYAET MHOXECTBO BCEX BO3MOXKHBIX
BaJIloallvii JIOPAHOBBIX pelieHuil cucteMsl (1). BTo
MO3BOJISIET, B YACTHOCTH, HAWTU HUXKHIOIO TPAHUILY
BaJIl0allMii BCeX JIOPAHOBBIX pellleHuli cucTteMbl. Ec-
Jm det By(n) = 0 He nUMeeT LeJIbIX KOPHEH, cucteMa
HE UMEET JIOPAHOBBIX PEIICHUI.

3. TIOCTAHOBKA 3AJAYN

PaccmarpuBaemasi HaMM 3amadya COCTOUT B TOM,
4TOOBI 111 3amaHHOM cucTeMbl (1), KoadpUuimeHThI
KOTOPOM SIBJISTIOTCSI YCEYEHHBIMU psaamMu Buaa (2),

IMTPOTPAMMMWPOBAHUE
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HaliTU B KOMITOHEHTaX y;(Xx) YCEYEHHBIX JJOPAHOBBIX
peleHnit MaKCMMaJIbHO BO3MOXHOE YMCIIO Hadallb-
HBIX WIEHOB, UHBAPUAHTHBIX OTHOCUTEIBHO JIIOOBIX
MPOAOJKEeHUI 3TOM cucteMbl. [1pu aToM Gynem WH-
TEpPECOBaThCS TAKUMM YCEUYCHHBIMU PEIICHUSMU, B
KOTODBIX XOTSI OBbI B OTHOI1 KOMITOHEHTE €CThb XOT$I ObI
OITVH HEHYJICBO WIEH.

MHBaprMaHTHOCTh WIEHOB YCEUEHHOTO PEIICHMS
y(x) O3HAYaET, YTO MHOXECTBO JIOPDAHOBBIX PELLIEHU I
(BO3MOXHO, TaKXXe YCEUYEHHBIX) JTI000T0 MPOHdOJIKE-
HUS 3aJaHHOM CUCTEMBI OyIeT coaepKaTh pellIeHNE,
HavyaJIbHbIC WIeHBI B KOMIIOHEHTAaX KOTOPOTO COBMA-
JIa10T CO BCEMM WIEHAMU B KOMIMOHEHTax y(x). Mak-
CUMaJILHOCTh X€ 4YHucja WIEHOB B pelleHUu y(x)
O3HAYaeT, YTO IIPOHOIKEHME XOTsI ObI HAa OIHO CJIara-
€MO€ XOTsI ObI OTHOIT KOMITOHEHTHI PeIICHUs IIPUBE-
JIeT K HapylIeHUI0 WHBApUAHTHOCTH, T.e. OyIeT cy-
IIECTBOBATh TaKOE IIPOAOJIKECHUE 3aJaHHOM CHUCTE-
MBI, y KOTOPOI'O HET pelleHMsI, HaYaIbHbIC YWIEeHBI B
KOMITOHEHTax KOTOPOTO COBMAAalOT ¢ TaKUM IMpPO-
JIOJDKEHUEM PeIleHMSI.

Jns cucremsl (1) MHOXecTBO W Bcex yceueHHBIX
JIOPAHOBBIX PEIICHUI C MAKCUMAaJIbHOM CTETIEHbIO yCe-
YyeHMsI OyaeM MpeacTaBIsiTb HAOOpOM I/I_/=[w1,...,wp]
BEKTOP-CTOJIOLIOB, KOMIIOHEHTBI KOTOPBIX SIBJISIIOTCS
yCeUYEeHHBIMMU JIOPAHOBBIMHU PSITIAMU C IIPOU3BOJILHBI-

MU TIOCTOSHHBIMUM B KoadduimeHTax. Kaxnprii u3
CTOJIOLIOB UMEET BU/I

gi1

D Cu X"+ 0"

n=vy

Gim

Sa

immn

it
x" 4+ 0"
n=Vip

e st i = 1,...,p, j=1,....m, n =v,...,q; K02(D-
GULUEeHT Cij ABISIETCI JUHENHOI KOMOMHalnMen
IIPOU3BOJIbHBIX MOCTOSIHHBIX, KOTOPbIE MOTYT IIpU-
HUMAaTb BCe TaKue 3HadyeHus u3 K, 4yto Cijvv # 0. Ta-

J
KM 00pa3oM v; — BaJloallis COOTBETCTBYIOIIETO
psina, g; — €ro crereHb yceueHus. Bamoaru koM-

MOHEHT Pa3HbIX BEKTOPOB B Habope W pasauyaioTcst
XOTs1 Obl IJIS1 OAHOUW KOMITOHEHTHI: JJISl IIOOBIX i, i,
(4 # I,) BBIIOMHACTCS (V; 15-- s Vim) # (VipseeesVipm)-
T.e. MHOXecTBO W yceueHHBIX pellleHUIA pa30duTo Ha
MOIMHOXECTBA C Pa3JIMYHbIMU KOMOWHAIMSIMU Ba-
JIroaluit KOMMNOHEHT. JIsl OMHUX U TeX e KOMIIO-
HEHT Pa3HbIX BEKTOPOB Habopa W cTeneHb ycedeHust
MOXET ObITh pa3anyHoii. JItoboMy yceueHHOMY pe-
meHuio cuctemMbl (1) COOTBETCTBYIOT HEKOTOpPBIE
oIpeaeeHHbIC 3HAUCHMSI TIPOU3BOJIbHBIX TTOCTOSTH-
HBIX B OZIHOM U3 BEKTOPOB HaGopa W .

B xauecTBe miTIOCTpallu pacCCMOTPUM CUCTEMY,
npencTaBiaeHHYIO Ha puc. 1. I 3Toit cmcTeMBbl MHO-
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o} 0% 0% 1+ X+ O(X%) o) 0%
O(x}) =1+ x + x> + O(x°) O() |6°y(X) + Ox) 2-4x—-4x*+0(x}) OK) |0y(x) +
O(x}) -1+ x + x> + O(x*) O 1+ X+ 0% 2 —4x — 4x° + O(x*) 1+ O(x°)
14 % 1000 oY) 00
+ 0(x’) O(x’)  O(’) |y(®) =0

1

—1—x+§x2+0(x3) -

1+0(x* 0(x%

Puc. 1.

cx — ox” + O(x°) cx — ¢x* + O(X’)

cx° + O(%°)

o(x%
X + O

C;+ % x* + 0(x)

cx — ex% + O(x)
ox*) ,
%xz +0(x%

Puc.

JKECTBO JIOPAHOBBIX PEIICHU ¢ MAKCUMAaJIbHOI CTe-
MEHBIO YCEUSHUS 3a1aeTcsl HAGOPOM M3 BOCbMU BEK-
TOP-CTOJIOLOB, MPEACTaBACHHBIM Ha puC. 2 (3IeCh U

Janee ¢; 0003HavaeT MPOU3BOIBHYIO ITOCTOSTHHYIO, | —
HaTypaJibHO€ YUCJIO — UHAEKC A3TOi MPOU3BOJbHOM
nocTosTHHOI). HecmoxkHo BumeTh, 4T0 KOMOMHAIIMN
BaJTI0ALIMII KOMIIOHEHT BEKTOPOB pa3iMYHbI. Takxke
BUJIHO, UTO CTEIIEHU yCeYSHUSI KOMIIOHEHT BEKTOPOB
MOTYT pa3jin4yaThCs: y IIEPBOIO, YETBEPTOIO, LIIECTOIO
1 BOChbMOTO BEKTOPOB CTEMEHb YCEUEHUST BCEX KOM-
MOHEHT paBHa 2, y CEIbMOTO BEKTOpAa CTEIIEHb yceue-
HUSI BCeX KOMIIOHEHT paBHa 4, y BTOPOIo, TPETheTo U
IISITOrO0 BEKTOPOB CTEIleHb YCEYeHUsI NepBOil U Tpe-
Theil KOMITOHEHTbI paBHa 2, BTOPO KOMITOHEHTbI
paBHa 3. Takum 06pa3oM B JaHHOM IIpUMepe TSI He-
KOTOPBIX KOMOMHAIMIT Baloalluiii UMEIOTCSI MTHBapy-
aHTHBIE YJICHBI PSIO0B 00Jiee BHICOKUX CTEIIeHEM, YeM
IUISL APYTUX.

BoeInuinem J10paHOBBI pellIeHUsT CUCTEMBI C TTOJIU -
HOMUAJIbHBIMU KO3(PUILIMEeHTaMU, KOTOpasl ITOJIy-
yaercs, ecyid Bee O(x¥) Ha puc. 1 pasHbl 0. DTU pelue-

HUSI BBIYMCIMM 10 CTENEHH X~ (WISl CUCTEM MOJHOTO
paHra ¢ aJJTOpUTMUYECKH 3aJaHHBIMU PSIIAMU, YaCT-

L epx® - % x° + O(x*)

C , C),2 3
C3+(2+2)X +004) (%+%)x2+0(x3)

X + CX° + O(%)

L ex® - % X+ 0" |,

cX — X2 + O(¢)
o) ,

0d) Cs+ %xz + 0%
O(x°) oK)
| epx® — 4% X +0(x) |,| 06
c; + 0

Qy2 _4%,3 4 o)
2 9

HBIM CJIy4yaeM KOTOPBIX SIBJISIFOTCSI CUCTEMBI C MO~
HOMUAJIBHBIMU KO3 GUIIMEHTAMU, BO3MOXHO BBI-
YUCJINTh YCEYECHHBIE PEILIeHUS M0 JII000I 3agaHHOMN
crenieHu). PelieHue npuBeneHo Ha puc. 3. CpaBHU-
Basi puc. 2 ¥ puc. 3, BUAMM, YTO JII000€ pelIeHue u3
MHOXECTBa Ha PUC. 2 UMEET CBOE MPOIOKeHUE Ha
puc. 3. DTo gBIIsIeTCs CASACTBUEM WHBAPUAHTHOCTU
BCEX WJICHOB PSIIOB HAa PUC. 2 OTHOCUTEIBbHO JIIOOBIX
MPOAOJIKEHUI WCXOAHOM CUCTEMBI, a MOJydeHHas
OMNKCaHHBIM CIOCOOOM CUCTEMA C TTOJIMHOMUAIbHBI-
MU KO3GPUIIMEHTAMU SIBJISIETCS OMHUM 13 BO3MOX-
HBIX TIPOJIOJIKEHUI CUCTeMBbl, MPEACTABJICHHON Ha
puc. 1.

MHOXXeCTBO pelIeHU CUCTEMBI C puc. 1 MoXeT
OBbITh 33aJJaHO W IPYTMM HAa0OpPOM BEKTOP-CTOJIOIIOB,
Hampumep, MpUBeIeHHBIM Ha puc. 4. MoxXHO 3aMe-
TUTb, YTO KOMOMHAIIMU BaJloalliii KOMIIOHEHT BEK-
TOPOB M COOTBETCTBYIOILIIME CTENEHM YCEUYeHUS Ha
puc. 4 Takue Xe, Kak U Ha pyc. 2, U YTO Ha 3TUX JIBYX
pMCYHKaxX — JIBa pa3HbIX MPEACTaBJIEHUS] OJHOIO U
TOTO € MHOXECTBAa YCEUYEHHBIX JIOPAHOBBIX peEIlle-
HUI C TOYHOCTBIO O MPOU3BOJIbHBIX TOCTOSIHHBIX.

IMPOTPAMMMWPOBAHUE
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47¢

2 3.3 1C 4 5 6
X—CX +=1x"—2x"+ —x" +O(x"),
OX = GX* + 96 (x)

12

o — 233 1 %05 L o),
3 15

03+(91+2)x2—(&+4ﬁ)x3+3—qx4+(4—q—7—q)xs+O(X6)

2 2 3 9

16 75 60

Puc. 3.

ox — ex% + O(xX%)

cX — X2 + O

cxX — X2 + O(x°)

(—¢, + 26)%% + 00 |, | (=¢; + 2c9)%° + (%Cl - 8%) X+ 00 |,| = + 5 X+ 0" |,

C, + CxX° + O(X°)

20X — 2¢x% + O(xX%)
O(x’) ,
C, + Cx° + O(¢)

o(x°)

2cx° — ey X +0(x) |,

e’ — 8% X% + O(x°)

cx? + O(x°)
2cX — 2¢x% + O(X%)
O(x’) ,
2 3
CX™ + O(xY)

0%
0%
2cx° +0(xY) |,

¢, + CX° + O(¢)

o(x%
o)
¢, + O

Puc. 4.

4. AITOPUTM
4.1. Jlumepanvt

Kak u B 3amaye nmoucka yceuyeHHbIX JOPAHOBBIX
pelieHnit OOBIKHOBEHHOTO nubdepeHIINaTbHOTO
ypaBHeHUsI ¢ KO3(phuumneHTaM B BUAE YCEUEHHBIX
PSIIOB, JITOPUTM JIJIs CHCTEM OCHOBAH Ha MCTIOJIb30-
BaHUU Aumepanoé 1 MOCTPOCHUU PEIIeHUI, coaep-
Kalux JuTepanbl. JIutepaiamu Mbl Ha3bIBa€M CUM-
BOJIbHBIE 0003HaUCHMST He3aJaHHBIX KO3 PUIIneH-
TOB PSIIOB, BXOASIIMX B cucteMbl (cM. [5, 9]). das
psima Buna (2) 0yaeM TOBOPUTh, UTO €ro Koaghuiim-

€HTBI [TPU CTETNIEHSX X, § > fy;j» He 3a0anbl. DT KO-
GULIMEHTHl NpU TOCTPOEHUM PELIeHUI yceueHHO
CUCTEMBI MbI U MIPEICTABISIEM CUMBOJIBHBIMU 00O0-
3HAYCHUSIMU — JINTEPATIAMU.

Hampumep, paccMoTpuM oavH U3 KO3 UIINEH-
TOB CHCTEMBI, IIPeCTaBIeHHON Ha puc. 1:

Apsa(x) = —1—x + %xz + 0.

IIpn x° K03 UIIMEeHT paBeH —1, mpu x! paBeH —1,

2 o 3
npu x~ paBeH % Hes3ananHblit KO3 OULIMEHT TTpU X

ITPOTPAMMUPOBAHUE Ne 5 2023

4
o6o3HavaeM TUTEPAIOM U3 1103 TP X~ — U3 130,475 4
Tak nanee. 3nechb U, ;s — BPIOpAHHAsI B HallIei pea-

JIN3aluu airopuTMa (popma npeacTaBaeHUs IuTepa-
JIa, 00O3HAYaIoIEero He3amaHHBbIA Ko3(pGUIEHT

npu x° B BJ€MEHTE Ay (x) MatpudHOro Koabdumn-
eHTa A, (x) cucremsl (1).

OTMeTHM, 9YTO IPpUCBOCHME 3HAUYeHUI 13 K muTe-
pajaMm B WieHax CO CTeMEeHsIMU fy; + 1,...,6,; + d;; B

psinax A,;(x), rae d;; — HEKOTOPbIE MOJIOXKUTETbHbBIC
LIeJIbIC YMCJa, 3a1a€T OJHO M3 BO3MOXHBIX IIPOIOJI-
KeHui ncxonHoii cucteMbl. COOTBETCTBEHHO, €CJIU
UMeEETCS MPOAO/LKEHNE UCXOOHOM CUCTEMbI, TO OHO
COOTBETCTBYET 3HAYEHUSIM YAaCTU JIUTEPAJIOB UCXOMI -
HoM cucteMmbl. Eciu npoaokeHUue CUCTeMBbI HE CO-
JIEPXUT JUTEPaAJIOB, T.€. BCE PSIbl 3adaHbl MOJHO-
CTbIO, TO TAKOE IMPOJOJIKEHUE COOTBETCTBYET 3HAUE-
HUSIM BCEX JIMTEPAIOB UCXOTHOM CUCTEMBI.

4.2. Cucmembl, K KOMOPbIM NPUMEHUM
npeonaeaemlii areopumm

B manHoit paboTe paccMaTpuBaeTCs IIpUMEHEHNE
aJropuT™Ma TOJBKO K TaKMM CHUCTEMaM JIMHEHHBIX
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OOBIKHOBEHHBIX IU(GPepeHINAILHBIX YpaBHEHUMN
(1), uHOYUMpPOBaHHbBIE PEKYPPEHTHBIE CUCTEMBI (5)
KOTOPBIX UMEIOT HEBBIPOXKICHHYIO BEIYIIYIO MaTpU-
uy B,(n) u ee OIpeaeanuTeNIb HE CONEPXKUT JIMTEPAJIOB.

HanomHumM, yto B 3TOM ciayyae det By(n) = 0 MoxeT
paccMaTpMBaThCs KaK OIpeIesiolniee ypaBHEHUE
nucxogHou nuddepeHIInaaIbHON CUCTEMbBI — MHOXe-
CTBO LICJIBIX KOPHEil 3TOTO ajred0pandeckoro ypaBHe-
HUS BKJIIOYAET MHOXECTBO BCEX BOZMOXKHBIX Bajlroa-
LU JIOPAHOBBIX pellieHni cucTeMnl (1) 1 mo3BoJisieT
HalTH HIDKHIOI T'PaHMUIY Balloalidii BCeX JIOPaHO-
BBIX PEIIEHUI CUCTEMBbI, KOTOpasi paBHA MUHUMAaJIb-
HOMY LieJioMy KopHIo det By(n). OTcyTcTBUE NTUTEpa-
JIOB B det By(n) rapaHTMpPyeT MHBAPUAHTHOCTb OTHO-
CUTEIBbHO JTIOOBIX TTPOJOJIKEHUI cucTteMsl (1) aTOoro
MHOXECTBa BO3MOXHBIX BaIIOALIUA U 3TOU HUXKHEN
TPAHULIBI.

Hanpumep, o1t paccMOTpeHHOI B pasi. 3 cucTe-
MbI (cM. puc. 1) Beayiiast MaTpuiia

—-1+n 0 0
By(n) = 0 2n—-n> 0
~14+n-142n—-n"n

WHIYLIUPOBAHHOI CUCTEMbI HEBBIPOXIIECHA, €€ OMpe-

JIeUTENb paBeH (—1 + n)n2(2 — 1) U HE COAEPXUT JIN-
TepajoB.

OtMeTuM, yTo MaTpuua By(n) MOXET OKa3aTbCs
BBIPOXIECHHOI M B TOM CJydae, KOraa Bemylias MaT-
puua A,.(x) cuctemsl (1) HeBbIpoXaeHa. B [1] moka-
3aHO, YTO JIJISI CUCTEM ITOJIHOTO paHra ¢ Koadduiim-
€HTaMH B BUIE PSIOOB, 3aJaHHBIX aITOPUTMUYECKH,
9Ta CUTyalMsi HE SIBJISIETCS TYNMKOBOM: aJrOpPUTM

EG, mosBojsieT npeo6pa3oBaTh WHAYLUPOBAHHYIO
cucteMy R(u) = 0 K oxeamuiéaroueil €€ peKyppeHT-
HOIi CUCTEME C HEBBIPOXIEHHOI Beaylleil MaTpulleil
U MIOCTPOUTH JII0O00E 3aJaHHOE YUCJIO €€ HaYyaIbHbBIX
cimaraeMmbix. OXBaTbIBalollasi peKyppeHTHasE CHUCTEe-
Ma, JOTMOJHEeHHAass MHOXECTBOM JIMHEMHBINA OTpaHu-

YEHMUIA, KOTOPbIE TaKKe CTpouT asiroput™ EG , nme-
€T TO XE& MHOXECTBO pPEIICHWIA, 4TO U CHUCTEeMa
R(u) = 0. DTO NMO3BOJSIET HAUTHU C JIIOOOU 3a7aHHON
CTETIEHbIO YCEYEHUS BCE JIOPAHOBBI pEIIEHUS Y(X)
ucxomHou nuddepeHIIanbHON cucTeMbl (1) MOJIHO-
ro paHra. 311ecb CyIIECTBEHHO, YTO MHOXECTBO JIM-
HEUHBIX OTPAHUYECHUN KOHEYHO U KaXIO€ U3 ITUX
OTPaHWYECHUU COMEPXKUT JUIITb KOHEYHOE YUCIIO HE-
HYJIEBBIX cllaraeMbIx (O1arogapsi TOMy, YTO HaC MHTE-
pecyloT pemeHud u(n), LI KOTopbiX u,(n) = 0 nipu
BCEX M1, MEHBIINX HUKHENM T'PaHULbl Baltoalvi JIo-
PaHOBBIX pelIeHU UCXOomHOU nuddepeHnanbHON

cuctembl). [Ipu ucronb3oBanuu anroputma EG; B
cJiy4ae yCEYEeHHBIX CUCTEM BO3HMKAET PSIIT JOTIOTHM-
TEJIbHBIX 3a7a4. Mbl IJTAHUPYEM PELINTh UX U TIPeI-
CTaBUTH PE3yJIbTAaThl B JAJIbHEUIINX padboTax, paciim-

PUB NPUMEHUMOCTb aJITOpUTMa sl cilydyasi, Koraa
Beayllasi MaTpULa UHOYLIUPOBAHHOI CUCTEMBI SIBJISI-
€TCsI BEIPOXXIAECHHOIA.

4.3. Ilocmpoerue yceueHHbIX N0PAHOBBIX PeUeH ULl

HoBrlii anropuT™ MOCTPOSHUST YCEYEHHBIX Jopa-
HOBBIX PEIIeHUI CUCTEM OOBIKHOBEHHBIX 1M dhepeH-
LUAILHBIX YpaBHEHUI ¢ KO3(pGUIIMEHTaAMU B BUIE
YCEUEHHBIX PSIIOB SBJIsSETCS MoaudUKalMe ajro-
pUTMa MOCTPOCHUS YCEUEHHbBIX IOPAHOBBIX PEILICHUI
cucTeM OOBIKHOBEHHBIX OuddepeHIInaaIbHbIX ypaB-
HEeHUI ¢ Koo PUIIMEHTAMH B BUIE AJITOPUTMUIECKH
3aJlaHHbBIX PSITOB. 11 MCMOMB30BAHUS 3TOTO AJITO-
puTMa Ko3(pPULIMEHTH CUCTEMBI B BUIE YCEYCHHBIX
PsIIOB IPUOOPETAIOT AJITOPUTMUYECKOE TIPEACTaBIIe-

HUE: €CIU § < f;;, TO TIPUMEHEHUE AJITOPUTMA JIACT

TOT KO3((ULIMEHT, C KOTOPBIM X' BXOIUT B YCEYEH-
HbIi psift, @ Ipu § > f;,; — mrepan Uy, -

ITonpoGHOE omMcaHue aaropuTMa MOCTPOCHMUS
JIOPAHOBBIX pEIIeHU cucTeM ¢ KO3 UIIMEeHTaMH B
BUJI€ AJITOPUTMHUYECKU 3aJaHHBIX PSIIOB AaHO B [1].
OTOT aJrOPUTM OCHOBBIBAETCS Ha PACCMOTPEHUU
WHIYLIMPOBAHHOM cucTeMbl (5). MHOXECTBO LIEIbIX
KODHEW onpenenaurens Benyleil matpulsl By(n) co-
JIEP>KUT BCE BO3MOXHbIE BaJIIOAIIU JIOPAHOBBIX pe-
meHuit (3). IIpoBoas BBIUMCIEHUST C TTOMOIIBIO pe-
KyppEeHTHOI cuctembl (5), TocjefoBaTe/IbHO OMpe-
nensteM koaddbuuneHtol y(n),...,u,,(n) pSIgoOB B
KOMITOHEHTaXx JIOPaHOBbIX pellleHnit. Takke BblumMC-
Jsiorest B_(n) B (5) co Bce OONBIIMMU 3HAYEHUSIMU
S, B KOJMYECTBE, HEOOXOAMMOM JJIsI BBIYMCIICHUS
TpeOyeMoii CTeTIeHU YCeUeHU S IOPAHOBBIX PEIISHUT.

Briuucienue mociaemoBaTeIbHOCTU u(n) Kod(d-
¢uLMeHTOB JopaHoBa psjaa (3), yIOBISTBOPSIOLICH
(5), BBITTOTHSIETCS TIOCJICAOBATEIbHO, YBEJIMIMBAasT 3HA-
YEHUE #,, HAYUHAs C H, = V — MAHUMAJIbHOIO LIEJIOTO
kopHs det By(n). [TockoJIbKY MBI CTPOMM PELUEHUS CU-
creMbl (5) Takue, ytou(v —1) = 0, u(v —2) =0, ..., TO
JUIST KaXXKAOTo 1IEJIOTo 7 cucTteMa (5) UMeeT KOHEUHOe
YMCJIO HEHYJIEBBIX CJlaraéMbIX B JieBOM 4acTtu. s
1y = v TIOJy4aeM CHUCTEMY alreOpandecKux ypaBHe-
HUI HETIOJIHOTO paHra

By(Wu(v) =0

OTHOCUTENIbHO HEU3BECTHBIX i (V),...,u,,(v). B pelie-
HUU 3TOI CUCTEMBI HEKOTOPBIE KOMIIOHEHTHI BEKTO-
pa u(v), BO3BMOXHO, OYIyT @biuucaeHbl, T.€. TUMHEWHO
BbIPAXKEHBI Yepe3 Ipyrue KOMIOHEHThI, KOTOPbIE MbI
HA30BEM Ha 5TOM 3TaIle HEUIGECHHbIMU NOCOAHHBIMU.

Ecnu nanee mist HEKOTOPOTO LIEJOTO H, > vV BbI-
nosHeHo det By(n,) # 0, TO

u(ng) = = (By(ng)) " (B_(my)ulmy — 1) +

(6)
+ B—2(”0)14(n0 - 2) +...t+ B—n0+v(n0)u(v))

[MPOTPAMMUPOBAHUE Ne5 2023
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MO3BOJIIET BBIYUCIUTG U (#y),...,U,, (1)) 110 paHee Bbl-
YUCIEHHBIM u; (1, — 1), u;,(ny — 2),...,u;,(v) (i =1, ...,m),
T.€. IOJIyYUTb IUHEHHOE BbIPAXeHUE U (7)), ..., U, (1)
4yepe3 paHee BBEACHHbIC HEU3BECTHBIE MIOCTOSTHHbIE.

Ecnm xe det By(ny) = 0, To BO3HHKAET cHUCTEMA
JIMHEMHBIX alre0pandyeckKrMx YpaBHEHUI HEIOJIHOTO
paHra

By(ng)u(ny) = —B_ (ny)u(ny —1) —
= B(myu(ny —2) —...— B_, ., (ny)u(v).

Beruucium ee pewenue uy(n,),. .., u,,(#;) € TOMOLIBIO
Merona laycca. DTo mpuBeAeT K TOMY, YTO HEKOTO-

pble KOMITOHEHTHI U;(#,) OyayT 100aBJIEHbI K MHOXE-
CTBY HEM3BECTHBIX MOCTOSIHHBIX. Takke MOTYT BO3-

HUKHYTbh COOTHOIIIEHUSI, B KOTOPBIE HE BXOIAT u; (1),
HO BXOJST paHee BBeIeHHbIE HEU3BECTHBIE TTOCTOSTH-
HBbIe. DTU COOTHOIIEHUS MO3BOJIST BHIYMCIUTDL 3HA-
YeHUSI HEKOTOPHBIX BBEIEHHBIX paHee HEM3BECTHBIX

noctostHHBIX. [locne Toro, Kak 3HayeHWe #, Mpe-

B30ieT HanboNbLIMiA Lenblil KopeHb det B,(n), HO-
Bbl€ HEM3BECTHbIE TTOCTOSIHHBIE BO3HUKATh HE OYAYT

U BCe NaJIbHENmMe u(n,) OyayT BBIUUCISATHCS 110 pa-

Hee BBIYUCIEHHBIM u(n, —1),u(n, —2),...,u(v). He-
M3BECTHBIE MMOCTOSTHHBIC, OCTaBIlIMECs] TOCe TOro,

KakK 7, MpeB30iaeT MaKCUMAIBHBIN LIENbIA KOPEHb

det B,(n), OOBIBISIOTCH NPOU3BONbHBIMU NOCIOSAHHbI-
MU, BXOISIIMMU B JIOPAHOBO pelieHue nuddepeH-
anbHo cucteMbl (1). IIpousBobHBIE MOCTOSTH-

Hble 0003HAaYMM 4Yepes ¢,...,Cp, TIE T < mr.

(7)

I1pu paboTe ¢ yceYeHHBIMU CUCTEMaMM HCIIOJIb-
3YIOTCS JIMTEPAJIbl JISI TIPEACTAaBICHUS He3adaHHbIX
K03 puLMeHTOB. B alropuT™ BHOCSTCS ClAEAYIOLINE
JIOTIOJTHEHMSI, CXOXHUE C TEMU, KOTOpPBIe MCIIOJIh30Ba-
JIUCh B aJITOPUTME IIOMCKA YCEUYEHHBIX JIOPAHOBBIX
pellIeHUil OOBIKHOBEHHBIX U EepeHIIMaATbHbBIX
ypaBHEeHMII ¢ KO3 PUIIMEeHTaM B BUAE YCECUYCHHBIX
psinoB ([4, 5]). ComtacHo npeo6pa3zoBaHuio (4), aie-

MEHTBI B_; ;(n) MaTpUIHbBIX KO3bbULIMEHTOB B_ (1)

WHAYLIMPOBAHHON CUCTEMBI (5) onpenesiioTcs clie-
IYIOLIUM 00pa3oM

B, (n) = Ey(s)n—s), (8)
k=0

mmes =0,1,...;0i=1,...,m; j=1,...,m; E;; — anro-
pPUTM, BO3BpalllaloNIUi IJIs 1I1EJ0r0 yucia s Koad-
dbunmenT npu x’ psaga Ay (x) (eM. (2)), ecu s < 1, a
B IIPOTUBHOM citydae — aurepai Uy ;.- TaKuM 00-
pasoMm, B_; ;(n) SIBASCTCS IUIA S > minosk<Ly; MOMU-
HOMOM OT JIuTepajioB Haj mojeM K. HamoMHuM, 4To
Mbl paccMaTpuBaeM ceiyac TakKue CUCTeMBbI, UTO
det By(n) He 3aBUCUT OT JIUTEPAJIOB, MOTOMY IPU
BBIYUCIIEHUY U;(7,) TI0 (6) MBI TTIOIYIUM, 9TO U;(,) —
JIMHEWHasi KOMOWHAIMS HEU3BECTHBIX MOCTOSTHHBIX

IMTPOTPAMMMWPOBAHUE
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C INOJIMHOMMAJIbHBIMM OT JIMTEPAIOB KOC-)(I)CI)I/ILII/IGH—
TaMMH.

B AJITOPUTM BHOCHUM CJICAYIOIIMEC MO,I[I/I(l)I/IKaHI/II/II

1. B xone penreHust cucteMsl (7) MOTYT BOSHUKHYTh
COOTHOIIIEHMSI, CoAepKaIe JUuTepalbl. B Takue co-
OTHOIIIEHUSI HEU3BECTHBIE MOCTOSIHHBIE BXOISAT JIM-
HEMHO ¢ Koo duIreHTaM1, KOTOPBIC SIBJISIIOTCS T10-
JIMHOMAaMM OT JIUTepanoB. /11 ”HBApMAaHTHOCTHU pe-
3yJbTaTa HEOOXOIMMO, YTOOBI MPU BHIYMCIECHUU IO
COOTHOILIEHUIO KAKOW-TO HEU3BECTHOM MMOCTOSIHHOM
He IIPOUCXOINIIO IeJICHUE Ha 3aBUCSIIUI OT JIMTepa-
JIOB nmoJinHOM. Eciii 3Toro HeBo3MOXHO M30eKaTh (B
COOTHOIIICHUH BCE HEU3BECTHBIC ITOCTOSTHHBIE MME-
FOT KO3(pPUIIMEHTHI, CoAepKaIINe JINTSpalibl), TO BCE
HEU3BECTHbBIE [IOCTOSTHHBIE, BXOISIIME B 3TO COOTHO-
IICHUE, TOJIy4aloT 3HAYeHUE HOJIb, IOCKOJILKY B
9TOM CJIy4yae 3TO 3HAaUCHMUE SIBJISIETCS €MMHCTBEHHBIM
WHBAapUaHTHBIM OTHOCHUTEJIbLHO BCEX BO3MOXHBIX
3HAYEHUI1 JIUTEpaJIOB, KOTOPHIE OMpPEIE/IsIOT BCE
BO3MOXHBIE IIPOAOIKEHUS NCXOMHOM crucTeMHl (1).

2. BuruncieHns ¢ MOMOIIBIO WHIYLUPOBAHHOM
CUCTEMBI TTPOJOJIKAIOTCS 10 MAKCUMAJIbHOTO 1IEJIOTO

KOpHs det By(n) 1 najee, oka XoTst 0bl OTHa KOMIIO-
HEeHTa y;(x) peuwieHus y(x) uMeeT Koa(pduuMeHT

u;(ny), He CONEPXKALIMIA JIMTEPATIBL, C YYETOM BO3MOX-
HOCTH TIPUPABHUBAHUSI HYJIIO Pa3IMYHBIX KOMOWHA-

LA TTPOU3BOJIBHBIX TOCTOSHHBIX C,...,C;, HE TIPUBO-
JSILIMX K OOPALLEHUIO B HOMb BCeX U(V),...,u(1, —1).

3. [ocne Toro, KaK BEIYMCIIEHNS 3aBEPIIIEHBI, TIPO-
ucxomuT hopMUpoBaHue Habopa W BeKTOp-CTONGLIOB,

MIPEICTaBJISIIOIIETO MHOXECTBO W ycedeHHBIX JIOPaHO-
BBIX peleHuiA. {7151 3TOro mpupaBHUBAIOTCS HYJIIO IIPO-

U3BOJIBHBIE ITOCTOSIHHEIE ¢, .. ., C; BCEMU BO3MOXHBIMU
BapMaHTaMu, He MNPUBOASIIMMMU K OOpalleHUIO B
HOJIb BCEX BBIYUCIIEHHBIX u(71). DTO MPUBOAUT K pas-
JIMYHBIM COYETAHUSIM BaJIIOALIU KOMIIOHEHT pellle-
HUA y(x). g KaXIOoro Takoro COYeTaHUs Bayltoa-
Uit B KaXIol KOMIOHeHTe Y;(x) 6epyTcs Koaddu-
uueHTsl u,(v), u;(v +1), ... BILIOTb 00 u;(g;) TAKOTO,
41O U;(q; +1) — TMepBbIil KO3(pDULIMEHT, comepxka-
LU JIUTEpaIbI.

4.4. Koppekmnocmo areopumma

Ilpennoxenue 1. Ilpedcmaesaennuiii areopumm 3a-
KaHuueaem coro pabomy.

JokasareinbcTBO: PaccMOTpyUM Lie0€ 4UCIIO Hy,
MPEBBIIAIOLIEE 7,,, — MaKCUMAJIbHBIA LEJbIA KO-
peHb det By(n). DTO 3HAYUT, 4YTO uU(#,) BBIYUCISETCS
1o hopmyiie (6) M Kaxkaast eT0 KOMITOHEHTA SIBJISIETCSI
JIMHEITHOW KOMOWHAIIMEN TPOU3BOJIBHBIX TOCTOSTHHBIX

Cls...,C; C KOO(DPULIMEHTAMU-TTOIMHOMAMHU (BO3MOX-
HO HYJIEBOI1 cTeTieHNn) OT mnTepaiios. [1ycTs #, TakoBO,

YTO Hy — 7y > d, TOE d — MaKCUMalIbHasg CTEIEHb
YCEUEHUSI CPeU BCEX JIEMEHTOB MAaTPUUHBIX KO3~
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¢ummenToB cucremsl (1). IIpemmomoxum, npu Ta-
KOM M, IIUISI HEKOTOPOI KOMIIOHEHTSHI U;(#,) XOTS ObI

IJIS1 OMHOM MPOU3BOJIBHOM MOCTOSIHHOM ¢, €€ Ko3(-
¢uULIMEeHT b He 3aBUCHUT OT JuTepajioB. B mocTpoeH-

HBIX aJroput™MoM u(n, —1),u(ny — 2),...,u(v) noio-
KM HYJIIO BCE ¢;, KpoMe ¢;. [TosnyueHHbIe TakuM 06~
pasom i(n, —1),d(ny — 2),...,d(v), YOOBIETBOPSIOT
WHAYUUMPOBAHHOM cucreme (5) miusg n=v,,
v, +1,...,n, — 1, TI€ v, — BaJI0ALMs YCEYEHHOTO JIO-
paHoBa pelieHus J(x) ¢ KoahduleHTaMu i(n), To-

JIYYCEHHBIMU TaKMM BapMaHTOM IIpUpaBHMUBaHUA HY-
JIIO qacTu IIPON3BOJIbHbIX ITOCTOAHHBIX

Vv < Foas i(vy) #0, (v, —1) = 0,
(v, —2)=0,...,a(v) =0). Torna

ii(ny) = ~(By(m)) ™ (By(nmo)ii(my — 1) +
+ By(ng)ia(ng —2) + ...+ B, ., (mo)ii(vy)).
NuaynupoBaHHas cucteMa (5) CTpOUTCS ¢ TIOMOILIBIO
npeo6pazoBaHus (4). C yueToM TOTO, 4TO BCE IIEMEH-

ThI MAaTPUYHBIX KO3 (UILIMEHTOB CUCTEMBI (1) SIBISTIOT-
Csl YCEYEHHBIMM psilaMM CO CTEIICHBIO YCEUCHUSI He

MPEBBIIAIONIEH d, U TOTO, UTO 1y — Vi = Hy — Fyay > d,
rostyyaeMm, 4To BCe JIEMEHTHI B_, ., (1)) 3aBUCAT OT
JIUTEpaNoB, KOTOpble 0003HAYAIOT HE3alaHHbIE KO-
3 GULMEHTHI YIEHOB CTENEHU #, — V, DSIIOB B CU-
creme (1), 6onee Toro, ciaraembie B_ (ny)i(n, —1),
By (m)i(ny =2), ..., By 1(mp)i(v, —1) nMeHHO
9TUX IuTepanioB He comepxkar (cM. (8)). ITockonbky
YCEYEHHOE PEILIECHUE J(X) MMEET BATIOALMUIO V,, TO
XOTs ObI OJHA U3 KOMIIOHEHT (v, ) — HeHyjeBasi. To-
raa us (9) caenyert, 4To Bce KOMITIOHEHTHI i(#,) conep-
Xat quTtepassl. B Tom uncne 4,(n,) = bc, COOEPXUT
JINTEPAbl, YTO IPOTUBOPEUYUT MPEATIOTOKEHUIO. []

Tenepb mokaxeMm, 4TO pe3ylabTaT pabGOTHI aJiro-
pUTMa COOTBETCTBYET ITOCTAHOBKE 3a1a4U.

&)

IIpennoxenne 2. [lpedcmaeaenuvlii  areopumm
CMPpoOUm YCceueHHble A0PAHO8bl PeUleHUsT MAKCUMAAbHO
B03MOICHOU CIENEHU.

Jloka3zarenbcTBo: B [1] mokasaHo, 4TO anropuT™M
IMOCTPOCHUST YCEUYEHHBIX JIOPAHOBBIX PEIICHUI CHU-
CcTeM OOBIKHOBEHHBIX NG depeHIINATIBHBIX YpaBHE-
HUN ¢ Ko3ddUImMeHTaM B BUIIE aJITOPUTMUIECKHA
3aJaHHBIX PSIIIOB HAXOAUT YCEUEHUS BCEX TIOPAHOBBIX
pellIeH’iT 3aJaHHO CUCTEMEBI C TAKUMU KO3 HULIM-
eHTamMu. HOBBIIT anropnT™ MCIIONIBL3YET B CBOEH pa-
0O0Te BTOT XK€ aJITOPUTM, TIEPEXOsl OT CUCTEMBI C KO-
s punreHTaMu B BUIE YCEUYSHHBIX PSIIOB K CUCTEME
C aJITOPUTMUYECKH 3aJaHHBIMU KO3 PUIIMEeHTAMHU,
IJe aJIfOPUTMbl BMECTO He3aJdaHHbIX KO3(hPUILIMEeH-
TOB BO3BpalllalOT COOTBETCTBYIOIIME WM JIMTEPaJIbl.
Buecennple MogmduKany MCKIIOYAIOT YacThb pe-
LIIEHU1, KOTOPbIC HE SIBJISIIOTCS MTHBAPUAHTHBIMU 10
nocTpoeHmIo (cM. Momudukauus 1), IpogooKeHune
BBIYUCJIEHUI TaKUX PELIeHU 3aBUCUT OT TOTO, pa-

BEH JIU HY/II0 KO3(PDULIMEHT TPU HEU3BECTHOI MO-
cTostHHOI. TakuM 00Opa3oM oOCTaBIIIMECS PEIICHUS
SIBJISIFOTCSI. UHBApPUAHTHBIMU YCEYEHHBIMU JIOPAHO-
BBIMM pellleHHnsIMU. MaKCUMaJIbHOCTb CTETIEHU yce-
yeHMil obecrieyeHa TeM (cM. moaudukamuu 2 u 3),
YTO MO TMOCTPOSHUIO B KaXIOM BEKTOP-CTOJIOLIEC B
KaXJ10i KOMIIOHEHTE BbIYMCIEHHbBIN KO3 (DUILIMEHT,
WMEIOLIUIA CTENIEHB, TIPEBIIIAIONTYIO CTETIEHb yceue-
HUS, SIBJISIETCSl TIOJIMHOMOM, COAEpXKallluM JIUTepa-
Jibl. DTO O3HAYaeT, YTO CYIIECTBYIOT pa3Hble MTPOIOI-
JKEHUSI UCXOOHON CUCTEMBI, COOTBETCTBYIOIIIUE pa3-
HbIM 3HAUYEHUSIM JIMTEPAJIOB, TaKue, YTO 3HAYEHUS
9TOTO MOJUHOMA OYyAyT TakXke pas3jM4HbI, T.€. OTOT
KO2(ULIMEHT HE MHBapUaHTEH. O

[IpencraBieHHBIII alTOPUTM HMEET HEKOTOPYIO
BapMaTUBHOCTH B cBoei padote. I1pn BeruncieHnn ¢
IMOMOIIbIO MHAYLIMPOBAHHOI CUCTEMBI B BOZHUKAIO-
meii cucreMe (7) BEIOOpP TeX HEU3BECTHBIX, KOTOPEIS
OymyT BBIYUCIIEHBI, TPONU3BOJIeH. Pa3mmuHbIil BEIOOD
MPUBOIUT K Pa3jIMYHBIM BapuaHTaM BbIYMCJICHUIA
KO3 GUIMUEHTOB pelleHus. Bo3Hukaer BoIpoc,
BO3MOXHO JIM, YTO Pa3jM4YHbIC BApUAHTHI BHIYUCIIC-
HUI IIPUBEIYT K IIOCTPOCHUIO CYIIIECTBEHHO OTJINYa-
IOILMXCSI YCEYEHHBIX JIOPAHOBBIX PEIIeHUI — HAIIpY-
Mep, OOMH BapMaHT AAcCT HEKOTOPOE peIlIeHHEe C
OoJIbllICii CTEIIEHBIO YCEeYCHUSI B OMHON M3 KOMIIO-
HEHT, YeM CTelleHb YCEUEHUSI B 3TOl KOMIIOHEHTE B
JIIOOOM M3 pellleHU i, HalAeHHBIX TP MTHOM BapHUaH-
Te BBIYMCIICHUS (B KaKOM-TO KOMIIOHEHTE, BO3MOX-
HO, OylmeT oOpaTHasl CUTyallisl — CTeIleHb YCeUeHUS
JII000T0 pelleHnsI, MOCTPOSHHOro MEPBbIM BapuaH-
TOM BBIUYMCJIEHUIT, OyIeT MEHbIIIE, YeM CTEIIeHb yCe-
YeHH1sI KOMIIOHEHTHI HEKOTOPOIO PEILICHUS, IIOCTPO-
€HHOTI'0 BTOPHIM BapHUaHTOM).

Ipennoxenue 3. [Tycms W, u W, — dea nabopa yce-
YEHHbIX 10PAHOBBIX peulenUtl 00HOU U MOl Jce CUCeMbl
euda (1), HallOeHHble npedcMAaBAeHHbIM ANCOPUMMOM C
08yMs1 pazaudHbiMu eapuanmamu evluucienui. Toeoa

W, u W, onpedeaatom 00no u mo duce mHoxcecmeo W
YCeueHHbIX 10paHo8biX peulenull cucmemst (1).

Joka3arenbcTBo: PaccMoTpuM cuctemy S, ¢ mo-
JIMHOMUAJIbHbIMU KO3 dULIMEHTaMU, MOJYYEHHYIO
U3 CUCTEMBI §' TIyTeM NMPpUHATUS paBHBIM O Bcex KO-
3(GUIIMEHTOB PSIIOB MPU CTENEHSIX BbIIIE CTEIICHU
yceueHus psaa B KoadduiimeHTax cuctembl. Takas
cHUCTeMa SIBJISIETCS] YACTHBIM CJIy4aeM CUCTEMBI C all-
TOPUTMUYECKU 3aJJaHHBIMU KoadduimeHTamu. Co-
OTBETCTBEHHO, C TIOMOIIIbIO aJITOPUTMa MOUCKA yce-
YEHHBIX JJOPAHOBBIX PEILLIEHUI CUCTEM C AJITOPUTMHU-
YeCKU 3aJaHHbIMM KO3(PdUIIMEeHTaM BO3MOXHO
IMOCTPOUTD YCEUEHHbIE IOPAHOBBI PEILIEHMSI CUCTEMbI

§, CO CTENeHbBIO yCeUCHUST PAaBHOW MaKCHUMyMY CTe-
MeHel yceueHus] B KOMITOHEHTaX BEKTOP-CTOJIOIOB B
W, u W,. O603HauuM COOTBETCTBYIOILEE MHOXECTBO
yCEeYEHHBIX pelenuit §, kak W),. Cucrema S, 1o no-

CTPOEHUIO SIBJISICTCS IIPOHOIKEHUEM CHCTEMBI S.
ITocKombKy, coTiiacHO MPEMIOKEHUIO 2, KaK MHOXKE -
IMTPOTPAMMMWPOBAHUE
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CcTBO W), TaKk U MHOXeCTBO W), comepxar yceueHHbIE
JIOPAHOBBI PELIEHNS, TO JTIO00E YCEUEHHOE PEIIEHNE

Kak u3 W}, Tak u uz W, umeer nponoskenue B W, u
00a MHOXeCTBA I10 MTOCTPOEHUIO MOTYT paccMaTpu-
BaTbCsl KaK Pe3yJIbTaT UCKIIIOUEHUS U3 W), Tex pelle-
HUIi, KOTOPbIE HE SIBJISIFOTCSI MHBAPUAHTHBIMU OTHO-
CUTEIBHO MPOJIOJIKEHUIN CUCTEMBI S, T.€. X BbIYMC-
JICHVE OTIIpenessieTcsl KOHKPETHBIMU 3HAYCHUSIMU
JINTEPAJIOB CUCTEMHI S, KOTOpbIE OHU IOJY4YWIN B
cucreMe S,. JlokaxeM yTBEPXKICHHUE MPETOKEHUS
OT IIpOTUBHOTO. ITycTh HEKOTOpPOE yCceueHHOE pellie-
HuUE s umeercs B W), HO oTCcyTCTBYET B W,. DTO 03Ha-
YaeT, YTO MPU BBIYMCIEHUU 110 BapUaAHTY, pe3yJIbTa-
TOM KOTOpOTro sBisieTcsl W,, peleHue s ObUIO HC-
KJTI0YEHO 13 W),. DTO MOIJIO IPOU30MTH TOJIBKO, €CIH
COIVIaCHO 3TOMY BapMaHTY BEIYMUCIICHU, OBLIO OIIpe-
JIeJIEHO, YTO § HEeMHBApUMaHTHO 3aBUCUT OT JIUTEpa-
JoB. Ho 310 peuienue conepxxurcs B W, 1 mosToMy
OT IUTEpaJIOB He 3aBUCUT. [IpoTuBOpeyne. O

HaGopsl W, u W, onpenensior oqHO 1 TO Xe MHO-
JKECTBO YCEUYEHHBIX pellieHUuit W, HOo 3ajamluue Mx
BEKTOP-CTOJIOLBI MOTYT OBITh pa3jIM4HbI C TOYHO-
CThIO 10 TIPOU3BOILHBIX TOCTOSTHHBIX. HaGopbl KOM-
OWHaLMii BagloallMii KOMITOHEHT B BEKTOP-CTOJIO-

11aX, a 3HAUMT U YUCJIO BEKTOP-CTONGLOB, B W, u W,
coBnanaioT. Takxe COBMNANAIOT CTENIEHU YCEUCHUI B
OIMHAKOBBIX KOMIIOHEHTAX BEKTOP-CTOJIOLIOB C OU-
HAKOBBIMU KOMOMHALIMSIMY BaJTIOALIMI KOMIIOHEHT B

W, u W,. TIpuMepoM 3TOro sIBJISIOTCS HAGOPHI, TIPE/I-
CTaBJICHHBIC Ha pUC. 2, 4, — pellIeHUs pacCMOTPEH-
HOIi B pa3i. 3 CUCTEMBI.

IIpumeuanune 1. Eciu onpenenurtens p(n) Bemy-
et MaTpuubl By(n) MHIYLMPOBAaHHOM CUCTEMBI CO-
JIEPXKUT JIUTEPaAJIbl, MOXKHO TTOKa3aTh, UTO CYILIECTBY-
IOT TaKWe 3HAYEHUsI 3TUX JIUTEpaoB, 4TO BEIyIIas
MaTpulla CTAHOBUTCS BBIPOXIEHHOI, U 4TO CyIIe-
CTBYIOT 3HAY€HUS JMUTEPaAJIOB, IIPU KOTOPBIX p(n)
“MeeT 000 Hanepen 3a1aHHbIIA KOPEHD 7, B 1OMOJI-
HEHUE K LIEJIBIM KOPHSIM F ...7, onpenenurens p(n),
WMEIOIIMMCS BHE 3aBUCUMOCTH OT 3HAYECHUS JINTE-
payioB. TakuM obpa3oM, HaOOP LEJbIX KOPHEN p(n)

He sIBJIsieTcsl UHBapuaHTHBIM. Ciyyaii koraa det By(n)
CONEPXUT JIUTEPaAIBbl TIOKA WCKIIOUEH W3 CIIydYaes,
OXBaTbhIBa€MbIX MPEIJIOKEHHBIM QJITOPUTMOM — 3a-
Jlaya onpeaeieHus BO3MOXHOCTU WJIU HEBO3MOXKHO-
CTH BBIUMCIICHUS YCEYEHHBIX JIOPAHOBBIX PEIIEHUH B
9TOM cJlyyae OTJIOXEHa /Ui TOCJenyIollero pac-
CMOTPEHUSL.

5. PEAJIN3ALIUA U TIPUMEPDLI

AJITOPUTM peaii30BaH B CHUCTEME KOMIIbIOTEPHOM
anreopel Mapl e 2022 ([10]) B Buae MoaubuLMpo-
BaHHOI Bepcuy npouenayps! Laur ent Sol ut i on ma-
kera Tr uncat edSer i es (onucaHue TeKyLei Bep-

IMTPOTPAMMMWPOBAHUE
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CUM TIaKeTa IpuBeneHo B padorax [9—13], makeT u
ceccus Maple ¢ mpuMepaMu UCIIOJIb30BAHUSI OTIUCHI-
BaeMbIX MPOLIeNYpP JOCTYITHBI MO aapecy http://www.
ccas.ru/ca/TruncatedSeries). MicxogHast Bepcusi mpo-
uenypel Laur ent Sol uti on npemgnasHayeHa st
cJTy4dasi TMHEeITHBIX OOBIKHOBEHHBIX T depeHIIATb-
HBIX YpPaBHEHUM ¢ KO3 UIIMEHTaMH B BUAEC yCEYCH-
HBIX psigoB. MoauduiimpoBaHHast Bepcust padboTaeT
TaKKe U C CUCTEeMaMU TaKUX YpaBHEHUIA. DTa BepcUs
4aCcTUYHO OCHOBAaHAa Ha peajin3aliuu IpoLeayp mouc-
Ka JIOPaHOBBIX PEIEeHUN M5 CUCTEM C aJITOPUTMUYE-
CKM 3aJjaHHBIMU KO3 punreHtamu (cM. [14]).

5.1. Apeymenmot u pezyrbmam pabomot npouedypel

OCHOBHBIE apTYMEHTHI IIPOLEAYPHI:
 IlepBHIit apryMeHT — cMCTeMa YpaBHEHUW BUIa

(1). IIpumeneHue 0* x BEKTOP-CTOJIOIy HEU3BECT-
HbIX y(x) 3amuchiBaetcs kak t heta(y(x), x, k).
MartpuuHble KO3(DPUIIMEHTB CUCTEMbl 3aITMChIBa-
I0TCsI C IIOMOIIbIO CTaHAAPTHO# cTpyKTyphl Mat ri X
B cpene Mapl e. DieMeHTbI MATPULL 3a1AI0TCSI B BUIE

BbIpakeHuit a(x) + O(x"™), tne a(x) — noauHoOM cre-
TIEHH He BBILIE / HAJl T10JIeM aireGpanyecKyx Yucer,
TO €CTh AHAJIOTMYHO MAaTeMATHYECKOW 3alluCH.
YMHOXeHMe MaTpULIbl Ha CTOJIOEL] 3a1aeTCs ¢ OMO-
LLIbIO TOUKH, KaK 3TO IpUHsITO B cpene Mapl e.

+ Bropoit apryMeHT — UM, 0603HAYAOIIIEE BEK-
TOP-CTOJGEI HEM3BECTHBIX, Harpumep, Y ( X) .

Pesynbrar paGotsl npouenypsl Laur ent Sol u-
t i ONn mmpu ee IpUMEHEHNN K CHCTEME YpaBHEHUI —
MHOX€ECTBO YCEUeHHBIX JJOPAHOBBIX PEIIEHUIA, TIPEI-
CTaBJICHHOE B BUE CIIMCKA BEKTOP-CTOJIOLIOB U3 Ha-

6opa W, onucaHHoro B pasn. 3. Kaxublit BeKTOp-
cTOoJIOCL] MPEACTaBIIEH CIMCKOM KOMIIOHEHT. Kax-
JIBII BJIEMEHT 3TOTO CIMCKA UMEeT BUJL

1 1
Cx"+Cyx" +..+Cx" +0(x"),

rae v — Bajwoalus JaHHOMU KOMITOHEHTHBI, ¢ — CTC-

TeHb yceueHust, C, — BBIMUCIIEHHBIE KOAGhMUITMEHTH
JIOpaHOBa psfa, KOTOpPBIE SBISIOTCH JIMHEHHBIMUA
KOMOMHALIMSIMU IIPOU3BOJIBHBIX IMOCTOSIHHBIX BHIA
_¢, _Cy,... Eciu B KauecTBe pes3ysibTaTa BbIAAETCS
IMYCTOE MHOXECTBO, 3HAUUT JIOPAHOBBIX PEILICHUI He
CYILIECTBYET HU TP KAaKOM ITPOAOJIKEHMU 3aJaHHOMN
cHCTeMBI (OTpeaeInTENb BeAyleil MaTpULIBI UHIY-
LIMPOBAHHOM CUCTEMbI HE MMEET LEBIX KOpPHENH).
Takxe MoxXeT OBITH BO3BpallleHa KoHcTaHTa FAI L.
DTO 3HAYUT, YTO AJITOPUTM HE MPUMEHUM K 3aJaH-
HOIl crcTeMe: Beayllas MaTpUlia ee WHIAYLIMPOBaH-
HO#l cUCTEMBI BBIPDOXIEHHAS WM €€ OIpeaenTeNb
COIEPKUT JIUTEPAITBL.

5.2. IIpumepol nocmpoerus 10paHo8bIX pelleHull

Mg ucnonb3oBaHUS MOAUMULIMPOBAHHOM TMPO-
uenypsl Laur ent Sol uti on, cucrema, npexncras-
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JIeHHas Ha puc. 1, 3anuceiBaercs B cpeae Mapl e cie-
JIYIOLIUM 00pa3oM:

>sl = Mtrix(3, 3 [[Ax*3), Ax"3),qAx"3I)],
[ A(x"3), - L+x+xM2+Q x"3), A x"3) ],
[ A x"3), - 1+x+x" 2+ x"3) ,
QA x*3)]1).theta(y(x), x, 2)
+ Matrix(3, 3, [[ 1+ x"2), A x"3), Ax"3)],
[A(x"3), 2- 4*x- 4*x" 2+ x"3), A x"3) ],
[ 1+x+Q(x"2), 2- 4* x- 4*x" 2+ x"3) ,
1+ ax*5)]]).theta(y(x), x,1)
+Matrix(3,3,[[-1+1/ 2*x"2+Q( x"3),
QAx"3), Ax"3)], [Ax"3), Ax"6),
QA x"3) ], [-1-x+1/2*x"2+Q( x"3),
-1+Q(x"4), Ax"3)]]1) . y(x):
HpI/IMeHI/IM nmpoueaypy K 3TOM CUCTEME:
> Laurent Sol ution(sl, y(x));

H—xz_cl +x ¢+ O(x3), xz_c2 + 0(x3),

o ¢, 6 3

Gt+x | =—+=|+0(x")|,

- ( 2 2 ) ( )}

4x® ¢

{—xz_cl +x ¢+ o), x2_c2 — T—2 +0(x"),
X (——C' + __c2) + 0(x3)] s
2 2

3
4x"_c,

[xz_c2 -X ¢+ 0(x3), xz_c2 — +0(x4), O(xS)} R

2
x_¢q

[—xz_q +Xx_¢ +0(x),0(x7), ¢+ + 0(x3)},

2
X _q

[—xz_cl +x_¢ +0(),0(xh, + O(x3)},

2
x_¢

{0@8), XX e, +0(x), ¢+ + O(x3)},

{0 5. 2 4x3_c2 5

(x7),x"_¢c; —T+0(x )s

x* e, 4x ¢ 5 3 3 3
=2 —=240(x )},[O(x ),0(x7), _c3 + O(x )]}

2 9

Pesynbrat BEI30Ba MpOLEAYPHI COOTBETCTBYET HA0GO-
py Ha puc. 2.

PaccMoTpum cienyronnyio cuctemy ([8], Ex.8):

5 5
1+ 0O(x") O(x7) Oy(x) +
O(x’) 1—x+0()
5 5
.\ 0(x) -1+ 0(x) =0
—x+2x 42 +2xP +O(X°) 2+4x+0()

Drta cuctema 3anucbiBaetcs B cpene Mapl e cienyio-
LM 00pa3oMm:

>s2 = Matrix(2,2,[[1+Q x*5), A x"5)],
[ A x"B), 1-x+Q(x"5)]]) . theta(y(x), x, 1)
+ Matrix(2,2,[[Qx"5), -1+ x"5)],
[ - X+2* x"2+2* X" 3+2* x4+ x"5) ,
- 2+4*x+Q(x"5) 1) . y(Xx)
IMpumeHUM Ipoueaypy K 3TON CUCTEME:
> Laurent Sol ution(s2, y(x));

[—x3_c2 + x2_c2 -x ¢+ _¢+ O(xs),
3 2 5
=3x" ¢, +2x" ¢, —x ¢ +0(x )],

[—x3_c2 + x2_02 +O(x7 ),—3x3_c2 + 2x2_c2 + 0(x7)]]

AuropuT™ 13 paboTHI [8] HAXOOUT, YTO 3TAa CUCTEMA
UMEET CJIeIyIOIINEe YCEUEHHbIE IOPAHOBBI PELICHUS
C, - Cx +Cox’ — Cpx” + 0(x*
L —Cx+Cx" —Cx” +0(x)
2 3 4
—Cix +2C,x" —3Cx +O(x7)
Buaum, 4To HOBBI ANTOPUTM MOATBEPXKAAET ITOT
pe3yabTaT U YIydlllaeT ero — BO-NEePBbIX, B TIEPBOM
BEKTOpE U3 MOCTPOEHHOTO MHOXKECTBA CTEMEHb yce-

yeHUs paBHa 4, a He 3, T.€. TIOATBEPKIACHO, UTO B 00e-
X KOMITOHEHTaxX pelieHus HyJeBoil KoahUIMEHT

IIpn CTCIICHU X4 6YZ[CT IIpu o00M IIPpOOJOJKEHUH
WCXOOHOM CHUCTEMBI, N, BO-BTOPBIX, TAKXKE JOITOJIHN-
TEJIBHO ITOCTPOCHLbI YCEUYCHUA 10 CTCIICHNU 6 I Crydasd,
KoOra Ba1roaliy KOMITIOHCHT PCILICHMA paBHbI 2.

PaCCMOTpI/IM CIIC OOHY CUCTEMY.

o’y o’
(x+ (x}) (x)3] 0+
1+0(x7) x+O0(x")
ox’)  0()
y(x)=20
O(x’) 3x + O(x")

Drta cuctema 3anucbiBaetcs B cpene Mapl e crenyio-
1IK1M 00pa3oMm:

> s3 = Matrix(2,2,[[x+Q x"3), A x"3)],
[ 1+Q x"3), x+Q(x*3)]]) . theta(y(x), x, 1)
+Matrix(2,2,[[Q(x"*3), A x"3)],
[A(x"3), 3*x+Q(x"*3)]]) . y(x):

ITpuMeHNM TIpolIeIypy K 3TOM CUCTEME:
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> Laurent Sol ution(s3, y(x));
FAIL

Takoii pe3yabTaT O3HAYAET, UYTO MPEIJTOKECHHBIN
aJITOPUTM HE MOXKET HAlTH yCeUYEHHbBIC JIOPAHOBBI
pelIeHUs 3TOM cUCTeMbl. B maHHOM ciiyyae, Beaylast
MaTpHUlla UHAYLUPOBAHHOMN peKypPEeHTHOM CUCTEMBI

00
By(n) = [n Oj

SIBJISIETCSI BEIPOXKIIEHHOI, COOTBETCTBEHHO, IIpei-
JIOXXEHHBIN aJITOPUTM HE IIPUMEHUM K 3TOI CUCTEME.
B manpHeiimx padotax Mbl IpeariogaracM 10pado-
TaTh aJITOPUTM U OOECIEUUTh €ro IIPUMEHUMOCTDH B
TOM YHUCJIE U K 3TOM CUCTEeME.

6. 3SAKJIFOYEHUE

B nHacrosmieit pabote nmpemiokeH aJITOPUTM I10-
CTPOEHMSI YCEUYECHHBIX JIOPAHOBBIX PEIICHUI CHUCTEe-
MBI JIMHEITHBIX OOBIKHOBEHHBIX T (M depeHINATEHBIX
YpPaBHEHMI C YCEYEHHBIMU CTEIEHHBIMU PSIaMU B
ponu Ko3(phULIMEHTOB IS caydasi, KOTaa Bemylas
MaTpulia B MHAYIMPOBAHHOI PEKypPPEHTHOI CHUCTe-
Me 3Toit nTuddepeHIINATEHON CUCTEMBI HEBBIPOXKIE-
Ha ¥ UMeeT OIpeAeInTe b, HE COASp KAl TUTepa-
J161. O4eBUIHO, YTO HE BCE CUCTEMBI 001a1a10T TAKUM
CBOICTBOM, MO3TOMY B HaJbHEUIIIEM MBI IUIAHUPYEM
pacIIMpPUTh IIPUMEHUMOCTD aJITOPUTMA Ha CIIydaii BbI-
POXAEHHOM Beayllieid MaTpULibl MUHOAYLIMPOBAHHOM pe-
KyPPEeHTHOI CUCTeMbI. MBI TJITaHMPYEM HCIIOIb30BaTh

Bepcuio EG,, airopurma EG ([15]), npenHasHayeHHY1O
TSI CUCTEM ¢ KO3(PUILIMEHTAMH B BUZIE aJITOPUTMUYEC-

cKku 3anaHHbIX psiioB. EG, nmpeo6pasyet MHIyIMPO-
BaHHYIO PEKYPPEHTHYIO CUCTEMY K OXBaTbIBAIOLLECH
€€ CUCTEME C HEBBIPOXIECHHOM BeNyILEH MaTpULIECH.
IIpencrout pemmTh 3a7a4y ydyeTa HaJIU4us JIMTEPAIOB

B xo/ie pa6otsl aniroputMa EGy . Takxke MbI IJIaHUPYeM
WCCIIeAOBaTh Clly4yaid, KOrma OINpedesIUTeNb BeoylIen
MaTpPULIbl CONEPXKUT JTUTEPAITBI.
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Systems of linear ordinary differential equations with the coefficients in the form of infinite formal power se-
ries are considered. The series are represented in a truncated form, with the truncation degree being different
for different coefficients. Induced recurrent systems and literal designations for unspecified coefficients of the
series are used as a tool for studying such systems. An algorithm for constructing Laurent solutions of the sys-
tem is proposed for the case where the determinant of the leading matrix of the induced system is not zero
and does not contain literals. The series included in the solutions are still truncated. The algorithm finds the
maximum possible number of terms of the series that are invariant with respect to any prolongations of the
truncated coefficients of the original system. The implementation of the algorithm as a Maple procedure and
examples of its usage are presented.
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