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B cTaTbe paccMaTpuBaloTCsl pa3JIMyHbIe YUCIOBbIe (DYHKIIUU, OTIPENeISIIoIINe CTeNIEHb “TIOX0XEeCTHU” TBYX
3aJaHHBIX KOHEUHBIX MOCJIeN0BATEILHOCTEM. DT Mephl MOI00KMSI OCHOBAHBI Ha OIpeAe/IsieMOM HAaMM MO-
HSITUU BJIOKEHUS B MOCJIEA0BATEIbHOCTh. YaCTHBIM ClTydyaeM TaKOTO BJIOXKEHUS SIBJISIETCSI OObIYHAS IO/ -
Mocea0BaTeIbHOCTh (subsequence). Apyrue ciydau HOIIOJHMTEIbHO TPEeOYIOT pPaBEHCTBA PaCcCTOSIHUM
MEXIy COCEIHUMU CHMBOJIAMU TIOATIOCTIEA0BATEILHOCTU B 00EUX TTOCIEI0BATEILHOCTSIX. DTO SIBJISIETCS
0000111eHMeM MOHSTUSI OTpe3Ka MOCIe0BaTEIbHOCTH (substring), B KOTOPOM 3TU PaCCTOSIHUSI €IMHUYHBI.
JlomoTHUTETLHO MOXET TPEeOOBaThCsl PABEHCTBO PACCTOSIHUI OT Havasia Mmocjea0BaTe/IbHOCTe i 10 TepBO-
rO CUMBOJIA BJIOXKEHUSI WJIA OT TOCJIEIHEro CUMBOJIa BJIOXEHHUS A0 KOHIIA mocienoBareiabHocTeit. Kpome
9TUX JBYX IMOCJIEAHUX CIy4aeB, BIOXKEHUE MOXET BXOJUTD B IMOCJIEIOBATEIbHOCTh HECKOJIBKO pa3. B nure-
parype MCHoJib3yloTcs Takre (yHKIMU KaK YMCJIO OOIINX BIOXKEHU WM Yrciia nap BXOXKIESHUN BIOXe-
HUI1 B TTociienoBaTeibHOCTU. Kpome HuX, Mbl BBOIMM eliie TpU (yHKIIUU: CYyMMa JUIMH OOIIIUX BIOXEHUH,
CyMMa MUHUMYMOB YHCJia BXOXAEHUI OOIIEro BIOXEHMS B 00€ MOCIeN0OBaTENIbHOCTH U (DYHKIIUS TTOA0-
Oust Ha OCHOBE HaMOOJIBIIIETO TTO YMCITY CUMBOJIOB 00111eTO BioXeHus . Bcero paccmarpusatorcest 20 ynciio-
BbIX (YHKUMKA, W11 17 M3 KOTOPBIX IPEMIOXEHBI aJrOPUTMBbI (B TOM YHCJI€ HOBBIE) ITOJMHOMUATIBHOMN
CJIOXHOCTH, elle 151 IBYX (YHKIUI aJITOPUTMbI UMEIOT 3KCITOHEHIIMAITBHYIO CJIOKHOCTh C YMEHBIIIEHHBIM
rmokasarejieM crerneHu. B 3akitoueHnn gaeTcsl KpaTkasi CpaBHUTENbHASI XapaKTePUCTUKA 3THUX BIOXKEHUI
¥ PYHKIIUIA.

Karoueesnie croea: ananmms HOCJIC,E[OBaTeJIbHOCTCﬁ, ob1ue IIoAIIOCJIEA0BATCIIbHOCTH, HauOOJbIIME U MAKCH-
MaJibHble OOII1e noamnocje10BaTeJIbHOCT, KAHOHNYECKOE BJIOKCHUE, COOTBECTCTBYIOIIME COBMECTHLIC
BJIOXKEHUA, KOMGI/IHaTOprle AJITOPUTMBI I MOANOCIEA0BATEAbHOCTEN 1 BHO)KCHHfI, aKCHOMBI ITOI00MS

DOI: 10.31857/50132347423050035, EDN: ZYAIZN

1. BBEAEHUE

AHanu3 Nocaea0BaTeIbHOCTEN UPOKO UCTIOb-
3yeTcsl B COLMAIbHBIX, YIIPaBJICHUYECKUX, MOJUTHYE-
CKUX, feMorpaduyecKux, ICUXOJOTMYECKUX HayKax,
B XUMWH, OMonHGOpMaTHKEe U TIpU 00pabOTKe TeK-
croB. IlocnenHue necATUIETUS TOSIBUJIOCH MHOTO
paboT, ITOCBAIIEHHBIX 3TOM TeMaTuKe [1—6]. [Ipume-
HSIIOTCS pa3/IMYHbIE METPUKU Y MEPBI CXOACTBA (MO-
JI00MsT) mociienoBaTebHOCTe [4, 5].

B aT1O0i1 cTtathe MBI paccMaTpuBaeM paszinyHbIe
YMCJIOBbIE (DYHKIIUM, OIIPEACISIOIINEe CTEIIEHb “II0-
XOXECTU” JBYX 3aJaHHBIX KOHEYHbIX IOCJeloBa-
TeJIbHOCTEI. DTU Mepbl TOJ00USI OCHOBaHbI Ha OTIpe-
JleJIieMOM HaMM TMOHSTUU BJIOXEHUS B MOCJIeA0Ba-
TeJIbHOCTb. YacTHBIM cCjlydyaeM TaKOTrO BJIOXKEHUS
SIBJISIETCSI MOATIOCAEN0BaTeIbHOCTD. Jlpyrue ciiydau
YUUTBHIBAIOT JOIMOJHUTEIBLHO PACCTOSIHUS MEXITy
CUMBOJIaMU TIOAIOC/IEN0BATEIbHOCTA B 00EUX MO-

clienoBaTeabHOCTAX. Hampumep, mociaemoBaTeibHO-
ctu “METPUKA” nu “MAPOKKO” umeior Hau-
OOJTBIITYIO OOIIIYIO oAoCcAea0oBaTeIbHOCTh “MPK?”,
C YYETOM paccCTOsTHUM Mexay cumBoiamu “P-K”, ¢
YYETOM PACCTOSTHUI MEX Ty CUMBOJIAMU U OT ITOCTIE -
HEero CMMBOJIA BJIOXEHMS 10 KOHIIA MOCJIeI0BaTeIb-
HocTu “K-”, ¢ yueToM paccTosiHU# MeX 1y CUMBOJIa-
MU U OT Haydaja ITOCJIeAOBATEIbHOCTU IO IIEPBOTO
cuMBoOJIa BioxeHus “M----K”.

IMToHsTUE BIOXEHMUSI BBOIUTCS C MCIIOJIb30BaHU-
€M ITyCTOr0 CUMBOJIA, He MpUHAIJIexXallero axpabu-
TY 3aJJaHHBIX OCeA0BaTeIbHOCTE. Beero BBoasITCS
IISITh TUIIOB BIOKEHMUSI: E-BlIOXEHME ITOTydaeTCs 3a-
MEHOII HEKOTOPBIX CHUMBOJIOB IYCTBIM CHMBOJIOM,
L-BrnoxeHnue nojydaercs U3 E-BaoxXeHUs yaaaeHU-
€M MmycToro Tnpedukca, R-BIoXeHUE MOJaydyaeTcsl 13
E-BnoxeHUs ynaJleHUeM IMyCToro rmoctgukca, O-BlIo-
XKeHUe royydyaeTcsl u3 E-BIIOXEHUST yIaJleHUeM ITy-
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CTHIX TIpedrKca 1 mocTduKca, HAaKOHEIl, A-BIoxXKe-
HUe TIojydaeTcs M3 FE-BIIOXKeHUs ymajleHUeM BceX
MMYCTBIX CUMBOJIOB, YTO COBITaacT C MOHSITUEM IO -
MOCJeN0BaTeIbHOCTA. MHEMOHMKa OO0O3HAYEeHUSs
BJIOKEHU oOpa3oBaHa OT aHNIMHACKHUX CJIOB: £ —
Empty symbol (mycToii CMMBOIJI), fajiee yKa3aHue Me-
CTa, IJe MyCThIX CUMBOJIOB HeT (there are no empty
symbols): L — on the Left (cieBa), R — on the Right
(cmpaBa), O — Outside (cHapyXu, T.e. ciieBa 1 CIIpa-
Ba), A — Anywhere (B Jit0OOM MecTe, T.€. HUTIE HET
ITyCTBhIX CUMBOJIOB).

Kaxmnoe BIoXeHHE MOXET HMEThb HECKOJIbKO
BXOXICHUM B ITOCJIEAOBATEILHOCTD, T.€. HECKOJBKO
E-BoXeHui1, N3 KOTOPBIX JaHHOE BJIOXKEHUE ITOJIY-
JaeTcs ynajieHueM Ipedukca, noctdukca, npeduk-
ca U TIoCT(gMKCa UM BceX MyCThIX cMMBOJIOB. Ha-
npuMmep, TomrocienoBareabHOCTE “MPK” BxognT
onuH pa3 B nociienoBaTelbHOCTh “METPUKA” (co-
oTBeTcTBYyIOIIee E-BnoxeHue “M--P-K-") u nBa pa-
3a B nocienoBateabHOCTh “MAPOKKO” (cooTBeT-
creyromye E-pnoxenus “M-P-K--” u “M-P--K-”.
st BIOXEeHU, KOTOPEIE MOTYT COIEpXKaTh ITyCThIE
CUMBOJIbI, OINpPENEsIeTCs TMOHSATUE [L-IJUHBI Kak
YMCJIO HEIMYCThIX CUMBOJIOB (U151 A-BJIOXKEHUSI COB-
nagaeT C IIMHOM ITOANOCIEf0OBATEIBHOCTH ).

J1s1 Kaxkaoro u3 4eThIpeX TUITOB BiIoxXeHus (L, R,
O u A) onpenensitorcs naTh GyHKUMi: 0) yucyio 06-
LIMX BJIOXEHHUH, 1) cymMma U-IJIMH OOLIMX BJIOXKE-
HUIi, 2) cyMMa MUHHUMYMOB YHCEI BXOXIECHUS 00-
IIIMX BJIOXXEHUI B 3aIaHHBIC IOCJIEIOBATEIBHOCTH, 3)
cymMMa TIpOM3BEACHUI YHCes BXOXICHUS OOIIMX
BJIOKEHUI B 3alaHHbIC TTOCJIEIOBATEIbHOCTH, a TaK-
Xe 4) Mepa IT0X0KeCTH, OCHOBaHHAasI Ha HAaOOIbIIIei
(1o njuHe) obuieit oanocaenoBareabHocTH (longest
common subsequence, Ics).

HekoTtopble u3 atux apaauaTu GyHKIMUHA XOPOIIO
U3BECTHbI, HAIIPUMED, YMCJIO OOIIMX MOATIOCIE0Ba-
TeJIbHOCTE! (YMCII0 00X A-BIOXEHUI) MJIA CyMMa
MpPOU3BEICHUI YKCesl BXOXKIEHUs 001X TTOATIOCcIe-
JIOBaTeJIbHOCTEl B 3aJaHHBIC IMOCJIEN0BATEILHOCTHU
(cyMMa Tipou3BelleHUI uyucesl FE-BIOXEHUMN OOIIuX
A-BIIOXEHUIT B 3alaHHbIE TTOCJIENOBATEIbHOCTH) [3].
Hpyrue yHKIMKU, 0OCOOEHHO YYMTBIBAIOIIME “‘pac-
CTOSIHUSI” MEXy CUMBOJIAaMH, Mbl BBOIUM B TaHHO
cTaThe.

ITocne nacrostiero BBenmeHus B pasnmene 2 BBO-
ISITCS OCHOBHBIE MOHSITUS U 0003HaueHwus1. B pasnie-
JIe 3 paccMaTpuBaeTCs OITUMM3anus oOIas s
BCEX TUIIOB BJIOKEHMIA: 3aMeHa IMYCTHIM CHMBOJIOM
TE€X CHMBOJIOB, KOTOpBIE BXOOSIT TOJBKO B OOHY U3
IBYX mocienoBaTeabHocTel. [daee B pasnenax 4—7
paccMaTpUBAaIOTCS YeThIpe TUITA BiaoxkeHuit L, R, O u
A, 1 1719 KaXXJIOTO TUTIA BJIOXKEHUS — aJITOPUTMbI BbI-
yuciaenus naty ¢yakumin 0, 1, 2, 3, 4. B 3akmoue-
HUU NOABOASTCS UTOTU U HAMEYAIOTCSI HAIlpaBJIEHUS
JaJIbHENIIINX UCCICAOBaHUIA.

2. OITPEAEJIEHMWA U OBO3HAYEHUA

st nenbix yucen i m j Oynem 0003HaYaTh: i..J = {i,
i+1,...j},ecmi< jij=O,ecnuai>]j.

KoHeuHas mociienoBatebHOCTb B ayidaBute H
IvHO#M m = 0 — 3TO UHBEKUUST MHOXecTBa l..m B
MHOXecTBO H: 1..m — H. MHOXeCTBO KOHEUHBIX ITO-
cllenoBaTeabHOCTe B adaBute H obozHaunmm H*.
Ilyctyio mocnegoBaTteabHOCTh (mauHBI 0, TycTas
WHBEKIMSA) 0603HauUM (). U151 HeImycToi KOHEYHOI
MOCJeA0BaTeIbHOCTH X i~ DJIEMEHT Ioc/ieloBaTeb-
HoCTH, i € 1..]x, 0603HauMM X; = X(i). OTPE30K X;, X; ; |,
ey X 11 1 <0 < j < x| o603Hauum x[i.j]. dns i > j
ornpeaesum x|i..j] = (). Ilpeduxc odbo3HauMM Kak x[j] =
= x[1..j], mycroit mpeduxkc (mmHbl 0) onpeneieH, B
TOM 4HCJie, U AJIsl mycToi nocienoBateabHOCTH ()[0]
= (). KoHeyHas nocyienoBateabHOCTb U3 k = () TTOBTO-
penuii cumsona h € H Gynem obosHavartsb A*: |4 =

=k &V i=1.|kh" = h. Taxxe B7MecTo ' Gyaem ru-
caTh IIPOCTO A.

KoHkaTeHanust xy KOHEUHBIX IMOCIeI0BATEIbHO-
CTeil X U y onpenensieTcst yeaoBusMu: xy| = x| + |y,
Vie LM (xy),=xuVje L.y (xy), +;=y. Ham Tak-
2Ke TIOHaI00UTCsI KOHKaTteHalus napsl (X, Y) koHeu-
HBIX MHOXECTB KOHEUHBIX MOCeI0BaTeIbHOCTEN C
napoi (z, ) KOHeUHbIX MMOCIeI0BaTeIbHOCTENM, KOTO-
pyto onpenennm Tak: (X, Y)(z, 1) = {(xz, y1) : (x, y) €
€ (X, Y)}. byneM cuutarth, 4TO B BRIpaXKEHUSIX OTlepa-
1IMs KOHKaTeHalluu TIPUOPUTETHEE oIlepaliuii Haln
MHOXecTBaMU (0ObeAUHEHME, TIepeceyeHre U pas-
HOCTbD).

Komnosuiuto pyHkuumit fu goynem o603Hauath /2.

Bsenem nycmoii cumeon € ¢ H n o603Hauum H, =
=Hu {e}.

O0603HaYMM MHOXECTBO KOHEYHBIX MOCJIEeI0Ba-
TeapHOCTel B andasute Hy:

* He HAaYMHAIOIIUXCS ITyCThIM cuMBOJioM L(H) =
={ve H :|[v|>0=>v, #=¢};

* HE 3aKaH4YUBalOIIUXCdA IIYCTBIM CHMBOJIOM
RH)y={ve HS :v|>0=v,*¢e}

¢ HC HaYMHAIUXCA W HE 3aKaHYMBAIOIIMXCA
IIYCTBIM CUMBOJIOM

OH)={veH! V|>0=v ze&v, ¢ =
— L(H) N R(H).

BBenmem omepanuu ynaneHUs IMyCTBIX CUMBOJIOB U3
KOHEYHOI1 TocJieoBaTebHOCTH B andasute H,:

* yoanenue npeghuxca nycmoix cumeonroe \: H¥ —
— L(H) onipenensieTcst yCJIOBUEM:

Vve H¥Me - v) =Mv) & Yue L(H)Mu) = u;

* yoanenue nocmeguica nycmolx cumeonos p: HY —
— R(H) ompeneisieTcs yCIOBUEM:
IMPOTPAMMMWPOBAHUE
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Vve Hip(v-€)=p(v) & Yue R(H)pu) = u.

* yoanenue écex nycmoix cumeonos L. HF — H*
OTIpENIETIICTCS YCIOBUEM:

Vv,we HXfu(v -€-n) =W -w) & Vue H*W(u) = u.

Omnpenenum 1Jist NOCTIEIOBATEILHOCTU X € HJ':

» E-6a00cenue rionyyaeTcs U3 x 3aMEHOM HEKOTO-
PBIX CUMBOJIOB IyCTHIMUA CMBOJIAMU;

* L-6n10xcenue mionydaercs u3 E-BoxeHUs yna-
JIeHUueM npedukca ImyCThIX CUMBOJIOB;

* R-6a0xmcenue mionydyaercs us E-BoxeHus yna-
JIEHEM NOCT(UKCa IIyCThIX CUMBOJIOB;

* O-8100cenue nojydaercsl u3 E-BioxeHus yna-
JIeHrueM IIpedurKca U NoCT(UKCca MyCTHIX CUMBOJIOB,
WiIn 13 L-BIIOXEHUS yIaJeHUEM MOCTPUKca ITyCThIX
CUMBOJIOB, WIN U3 R-BJIIOXEHMs1 ydaJleHUEM TMpe-
¢uKca IyCThIX CUMBOJIOB;

* A-eaoxucenue nomydyaercsa n3 E-, L-, R- uim O-
BJIOKEHUSI yIaJleHUEM ITYCThIX CUMBOJIOB.

Hnst x € H* oHsiTue A-BIIOXEHUSI COBHANAeT C
MOHSATHUEM ITOANOCECIOBATEIbHOCTH, a F-BIOXECHME
vV COOTBETCTBYET MOHSITUIO BXOXIECHUS MOAIIOCIEA0-
BaTeJIbHOCTU (V) B X.

O003HaYMM MHOXKECTBA BJIOXKECHMI B MOCJIEI0BA-
TeAbHOCTb X € H*:

* MHOXECTBO E-BIOXEHUI B X:

E(x)={ue H} :|u=x|&Viel |uy =x, vu =¢;
* MHOXECTBO L-BJIOXEHUIl B X:

L(x) = ME(x);
* MHOXECTBO R-BJ’IO)KGHI/Iﬁ B X.
R(x) = pE(x);

* MHOXeCTBO O-BJIOXEHUI B X:
O(x) = MrE(x) = MR(x) = pL(x);
* MHOXECTBO A-BIIOXEHUIA B X:
A(x) = LE(x) = LL(x) = LR(x) = LO(X).

s mocnenoBarenbHOCTU X B anidaBure H BBe-
JIleM TIOHSITUE [L-04UHbl X KaK YUCJIO HEMMYCThIX CUMBO-
JIOB B X, OY€BUIHO, paBHOE |WL(X)|. dnst x € H* (-miu-
Ha COBITIaJaeT C ITMHOM MOCIeI0BATETLHOCTH.

O0603HauuM 1151 MocaeaoBaTeIbHOCTe X € H*:

* MHOXeCTBO FE-BIIOXXKEHMIT B X L-BIIOXKEHUS U €
e Lx): l(u,x)={ve Ex): Mv)=u)

* MHOXXeCTBO E-BIIOXKEHUWI B X R-BIOXKEHUS U €
€ R(x): r(u,x) ={ve Ex):p(v)=u};

* MHOXeCcTBO F-BioxeHU B X O-BIOXEHUS U €
€ O(x): o(u, x) ={v e Ex):Ap(v)=u};

* MHOXeCTBO FE-BIIOKeHMIT B X A-BIIOXECHUS U €
€ Ax): a(u,x) ={ve Ex): W(v)=u};

O0603HaYNM IS TocyiemoBaTelIbHOCTe x € H* 1
y € H* MHOXecTBa nap F-BJIOXEHUIA:

ITPOTPAMMMWPOBAHHE
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* MHOXXECTBO T1ap F-BIIOXXeHMI 001X L-BIIOXe-
HU

L(x,y)=U{l(u,x)xI(u,y):ue L(x)N L(y)};

* MHOXXECTBO nap E-BJI0XeHM 001X R-Bioxe-
HUA

R(x,y) =U{r(u,x)xr(u,y):ue R(x)NR(y)};

* MHOXeCTBO Iap E-BnoxeHuii o0mmx O-BIIoXe-
HU

O(x,y) =Uo(u,x)xo(u,y):ue O(x)nO(y)};

* MHOXECTBO ITap E-BJIOXXEHUI OOIINX A-BIOXe-
HUMN

A(x,y) =Ya(u,x)xa(u,y):ue A(x) N A(y)}.

O0603HaYMM U1 MOCJIEAOBATEIILHOCTEN X € H* u
y € H* HanboapuIyo [L-IJTUHY OOIIET0 BIOXKEHUSI:

* wia L-noxenuii: leL(x, y) = max{\(u) : u €
€ L(x) N L)}

* 151 R-Brnoxenuii: IeR(x, y) = max{W(u) : u €
€ R(x) N RW)};

* mag O-BroxenHuit: lcO(x, y) = max{W(u) : u €
€ O(x) N O()};

* st A-BIIOXEHUIA: lcA(x, y) = max{|u| 1 u € A(x) N
NAW)};

Haubonpiryto [L-IauHY OOLIEro BJIOXEHUS €CTe-
CTBEHHO paccMaTpuBaTh Kak €lle OAHYy (PyHKIIMIO
“moxoxxectu” TociaenoBareyibHocTel x U y: lcl(x, y)
mst [ € {L, R, O, A}. I1o a3ToMy KpUTepUIO ITOCIEH0-
BaTEeJIBHOCTH X OOJIBIIIE BCETo “TIoXoxa” Ha camy ce-
0s1, OCKOJIbKY SIBJISIETCS HAUOOJIbIIMM [-BIOXEHU-
eM B cebst: lel(x, x) = max{u(u) : u € I(x)} = x| =
= max{W(u) :u e I(x) N I(y)} = lcl(x, y).

Hac oynyT mHTepecoBaTh (DYHKIIMM OT ITOCIIEHO-
BaTeJibHOCTel x € H* uy € H*, 3amaBaemble Ta0. 1.

Samerum, uro st [ € {L, R, O, A} uj e 0.4 [(x,
y) =1y, x). Eciu j# 1,10 I(x, () = [0, y) = 1; I, (x,
0)=1,(0,») =0.

O0603HaYUM IJIs1 HEMYCTOI IOCiIen0BaTeIbHOCTH
xe H*:

* camoe JieBoe E-BioXeHue B X L-BJIOXXEHUS U €
e L(x): l(u,x)=v,ectuv € (u,x)yuvwe l(u, x)\{v}
w(min{ie 1.x|:w,#v;}) =¢;

* camoe npaBoe E-BioxeHue B X L-BIOXEHUS U €
€ Ox): l(u,x)=v,eciuv € u,x)uvVwe l(u,x)\{v}
w(max{ie 1..x|:w; # v,}) =¢.

* camoe JeBoe E-BioXxeHue B X R-BIOXEHUS U €
€ Rx):r(u,x)=v,ecnuv € r(u,x)yuvwe r(u,x)\{v}
w(min{ie 1.x|:w,#v;}) =¢;

* camoe npaBoe E-BioxeHue B X R-BJIOXEHUS U €
€ Ox): r{u, x) =v,ecnuv € riu, x)y uVwe r(u,
X\{v} w(max{ie 1.]x|:w;#v,}) =¢.
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Ta6mma 1. @yHKUIMY 1719 0OIINUX BIIOKEHHWI IBYX MOCIEI0BATEILHOCTEM X U Y

Cymma
Yneno oimx CyMMa U-THH CyMMa MUHUMYMOB | IIpOM3BeIeHUM HauGosnbiias
®yHKums\ BITOKCHMIL o 6u311/1x N ;L oxeri | TACET E-BnoxeHnii uncen E- U-IsimHa 00LIero
BiioskeHue OOIIMX BJIOXEHUM | BIOXKEHUMN 001X BJIOKEHUST
BJIOXKEHUM
0 1 2 3 4

L Lo(x, y) =|L&) N L)Ly, p) =Z )| u e

e L(x) N L)}
R Ry(x,y) = RGx) N ROY)| R (x,y) =Z{u(w)|:u e
€ R(X) N RO}

o Op(x,y) =10(x) N OW)|| 0 (x, y) = E{ju(w)| : u €

€ 0 N OO}

A Ap(x, y) =AC) NAW)| | AiCe,y) =Z{lul:ue
€ A) NAQ);

Ly(x, y) = Z {min{|l(u,

Ry(x, ) = Z {Amin{|r(u,

Oy(x, y) = Z{min{jo(u,

Ay(x, y) =X {minfla(u,

Li(x, y) = |L(x, p)| |L4(x, ) = lcL(x, y)
), [, )|} s ue

€ L(x) N L(y)}
R;3(x, ¥) = |R(x, y)| |R4(x, y) = lcR(x, y)
X, [r(u, )} cue

€ R(x) N R(y)}
O;(x, y) = |O(x, y)| | Og(x, y) = IcO(x, y)
), lo(u, )|} :u e

€ O(x) N O(y)}
As(x, y) = |AQx, )| |Ag(x, y) = lcA(x, y)

x|, la(u, y)l} - u e
€ A(x) N A)}

* caMoe JeBoe E-BiIoxkeHUe B X O-BIOXEHUS U €
€ O(x): ofu, x) =v,ecimv € o(u, x) uVwe o(u,
XN\{v} w(min{i e 1.x:w,#v,}) =¢,

* camoe npaBoe FE-BioxeHue B x O-BJIOXEHUS
ue Ox):olu,x)=v,ecmuv € olu,x)y uvVwe o(u,
XN\{v} w(max{ie 1.|x|:w;#v,}) =¢.

* caMoe JieBoe E-BiIoXeHUe B X A-BIIOKEHUS U €
€ Ax): afu, x) =v,ecmuv € a(u,x) uVvwe au,
XN\{v} w(min{ie 1.x:w;,#v,}) =¢,

* caMoe npaBoe E-BlIoXXeHUE B X A-BJIIOXCHUS U €
€ Ax): alu, x) =v,ectuv e alu,x) uvwe au,
X\{v} w(max{ie 1.]x:w;#v,}) =¢.

B nuteparype camrblie neBuie (left-most) E-Bnoxe-

HUSI OOIIMX BJIOXEHUI Ha3bIBAIOT TakKXKe (IJIsl MOMI-
MOoCIeA0BaTEIbHOCTE) KaHOHUYeCKUMU (canonical)

[3].
O0603HaYUM JJIsI HEITYCTHIX ITOCIeI0BaTEeIbHOCTEH
x € H*uye H* MHOXecTBa nap E-BioxeHUii:

* MHOXECTBO Map CaMbIX JIEBBIX £-BJIOXKEeHMIT 00-
HIUX L-BJIOXEHUN

Li(x,y) = {()(u, x),[i(u, y)) : u € L(x) N L(y)};

* MHOXECTBO Iap CaMBbIX IIpaBbIX FE-BIIOXEHUI
o6mux L-BIOXKeHU

L.(x,y) ={(.(u,x),1,(u, ) - u € L(x) N L(¥)};

* MHOXECTBO I1ap CaMBbIX JIEBLIX F-BIIOXEHM 00-
IuX R-BIOXeHU

R(x,y) = {(r(u,x),r(u,y)) : ue R(x) N R(y)};
* MHOXKECTBO IIap CaMbIX ITpaBbIX E—BJIO)KCHI/Iﬁ
001X R-BIOXEHUIT

R.(x,y) ={(r,(u, x),r.(u,y)) - u€ R(x) N R(y)};
* MHOXKECTBO Map CaMbIX JIEBBIX £-BJIOXEHUIT 00-
mmnx O-BIOXEHUMN

0,(x,y) = {(0,(u, x),0,(u, y)) : u € O(x) N O(y)};

* MHOXECTBO ITap CaMBIX IIpaBBIX F-BIOXKeHUIt
o61IMX O-BIOXKEHUN

0,(x,y) ={(0,(u,x),0,(u,y)) : u € O(x) N O(y)};
* MHOXECTBO Map CaMbIX JIEBBIX £-BJIOXEHUIT 00-
X A-BIOXKEHUI

A(x,y) = a/(u, x),aq/(u,y)) : ue Ax) N A(Y)}.

* MHOXECTBO Nap CaMbIX IpaBbIX FE-BJIOXEHUI
001111X A-BJIOXEHUN

A.(x,y) ={(a,(u,x),a,(u,y)) 1 u e Ax) N A(y)};

3amernm, uto |O(x, y)| = [O(x, y)| = |0(x) N O)|
u 4/x, y)| = [Ax, y)| = [Ax) N AY)|.

Hanee yepe3 x U y OyneM o0o03HaYaTh IBE HEITy-

CThI€ ITOCJIEN0BATENBHOCTH B ajihaBure H ¢ ImMHaMu
m = |x|, n =|y|. Bynem cuurarp, uto m < n.

3. BAMEHA HEOBIINX CUMBOJIOB
IIYCTbIM CUMBOJIOM

OOwieil onTUMU3anMeil i1 BBIYMCICHUS BCeX
GYHKIIMI TSI BCeX BJIOKCHUM SIBJISIETCSI 3aMeHa He00-
LIX CUMBOJIOB ITYCTHIM CUMBOJIOM: ISt i € 1..m oIipe-

IeMM X, =X;, eciu x; € Imy, x| =¢;, ecmi x; ¢ Im y.
AHaJIOTUYHO orfpenesseTcs y~. DTa 3aMeHa BBITOI-
HsieTcs 3a BpeMst O(mn). B ciiydyae A-BiioxXeHUii BMe-
CTO 3aMEeHBI HEOOIIIeT0 CMMBOJIA ITYCTHIM CUMBOJIOM

IMPOTPAMMMWPOBAHUE
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MOSKHO TIPOCTO YIAISTh HEOOIMii cmMBoJI. OnmcaH-
HbIE€ HIKE aJITOPUTMbI MOSKHO ITPUMEHSTH MOCTIE BbI-
TOJTHEHUsI 3TON 3aMeHBbl (yaaJleHusl sl A-BIoXe-
HUIA).

4. A-BJIOXKEHUA
(ITOAITOCIEANOBATEJIBHOCTHN)

4.1. Yucno obwux A-ea0xcenuti

31ech MBI IOKaXXeM TeOpeMy, aHAJIOTUYHYIO JIEM-
Me 6 B [3], HO JaauM CBO€E JOKA3aTeIbCTBO, TOCKOIb-
KY MBI UCIONIb3YeM APYrue oIpeneieHus u 0603Ha-
YeHUSI.

g HerrycToil mocienoBaTeIbHOCTH Z € H* n
cuMBoJia h € H 0003HaUMM MaKCUMAaJIbLHBII WHIEKC,
M0 KOTOPOMY B TMOCJIEAOBATEILHOCTU Z HAXOAUTCS
cuMBoI i, i 0, eci 4 He BXOIUT B Z:

p(z, h) = max{ie 1.|7: z;= h}, eciu h € Im z; p(z,
h)=0,ecnmuh ¢ Imz.

O6o3HauuM: k = p(x[m — 1], x,,}, I = p(Q, x,,}-

Teopema 1.

Ay(x,y) = Ag(x[m — 1], y), ecu x,, ¢ Im y;

Ao(x, y) = Ay(xm — 1], y) + Ay(x[m — 1], y[/ = 1]),
ecimx,, € Imywnx, ¢ Imx[m — 1];

Ayx, y) = Ay(xlm — 11, y) + Ay(xlm — 11, yl/ = 1]) —
— Ay(xlk—1],y[l—1]),ecnux,, € Imyux, € Imx[m—1].

JokazaTeabcTBO.

PaccmarpuBaem mHoXecTBa nap (e (u, x), eu, y))
CaMBIX MTpaBbIX E-BaoxXeHU oOmmx A-BIOXESHUN U
nocjenoBaTeabHOCTEN X 1 y. O603HAYMM Mapbl MO-
CIeq0BATEALHOCTEN IJIUHBL M1 U 1.

E=A(x,y);

E, =A[m— 11, y)(g, 0);

E, = Ax[m— 1], y[l — 1])(x,,, x,,.£" ~ 1), eciu x,, €
€ Imy, unaue E,, = OJ;

Ek/ = Ar(x[k - 1]’ y[l - 1])(xm£m k- 1xm’ xmgn B l):
ecnmu x,, € Imyu x,, € Imx[m — 1], unaue E,; = .

IMockomnbKy 1181 1I0OBIX X', Y UMeeT MecTo Ay(x', V') =
= |A(x") N AQ)| = |4,(x", V)|, yTBepXKIOeHIE TeOpEMBI
MOKHO TIepEICcaTh B BUIE:

|El = |E,|, ecnu x,, ¢ Tmy;

|El=|E,| +|E,|, ectux,, € Imy u x,, ¢ Imx[m — 1];

|E|=|E,| +|E,|—|E], ecmx,, € Imyux,, € Imx[m—1].

ITockonbky E-BoxeHUs1 U3 MHOXecTBa E,, nme-
10T BUJ (...€, ...), a MHOXecTBa E,,; u E;; 1100 mycTHl,
60 E-BnoxeHUsi U3 HUX umerotr Bunl (...x,, ...),
umeeM E, N E, ;= E, N E,;= . [lockonbky m — 1 >
>k —1,umeeM E,; D Ey;.

Paccmotpum ciyyaii x,, ¢ Imy. [TockonbKy x,, € Imy,
Tepexo OT IoceaoBaTeAbHOCTHU X[m — 1] K 1ocJe-
JOBaTesIbHOCTU X = Xx[m — 1]x,, He TOOABISET HOBBIX
061X A-snoxenuii. [Toaromy E = E,,. Otciona |E| =
= |E,|, 9T0 1 TpeGOBAIOCh TOKA3aTh B 3TOM CJIydae.

ITPOTPAMMUPOBAHUE Ne 5 2023

Paccmotpum ciyvaii x,, € Imyux,, ¢ Imx[m — 1].
ITockonbky x,, € Im y, nepexon oT nociaenoBaTeIbHO-
ctu x[m — 1] k nocnenosBarenbHOCTH X = x[m — 1]x,,
MOXET H00aBIsAITh HOBbIE OOIIME A-BIOXEHUS, 3TU
o01111e A-BIOXEHUS JOKHBI 3aKaHUYMBATBCS HA X,,,,
HO 3TUX OOLIUX A-BJIOXEHUI paHblle, Bx[m — 1l uy,
He ObLIO, MOCKOJbKY X, € Im x[m — 1]. 3ameTum, uyto
JIJIS1 TAKOTO HOBOTO OOIIIETo A-BJIOXKEHUS U B €T0 CAMBIX
npaBbiX E-BIOXEHUSIX B X U Y TIOCIAEIHUI HEIyCTOM
CHUMBOJI PaBEeH X,, 10 MHAEKCAaM M U [, COOTBETCTBEHHO,
Te. elu, x),, = eu,y),=x,,. Umeem E=E,, U E,,. [lo-
ckonbky E,, N E,, = O, umeem |E| = |E,| + |E,,|, aTOo 1
TpeOOBaAIOCH 10KA3aTh B 9TOM CIIyYae.

Teneps paccmoTpum ciyvait x,, € Imy u x,, €
€ Im x[m — 1]. Ilockonbky x,, € Imy, mepexon oT no-
clienoBaTeIbHOCTU X[m — 1] K IOCaenoBaTeIbHOCTU
x= x[m — 1]x, MoxeT n00aBisATb HOBbIE OOLIUE
A-BJIOXEHUS U, HO OHU HOBBIC TOJIbKO B TOM CJlyYae,
Korna TaKux A-BJIOXKEHUI He ObLIO paHbIIe B X[m —
1] u y. DT HOBBIE O0IIME A-BIOXEHUS TOJIKHBI 3a-
KaHYMBAaThCS Ha X,,,. 3aMETUM, UTO €CJIM TaKoe obl1iiee
A-BIIOXeHHE 1 OBLIO paHbIIIE, TO B €T0 CAMBIX IIPaBhIX
E-BnoxeHusx B x[m — 1] 1 y ocinenHuii HEMyCTOMN
CUMBOJI PaBEH X,, IO UHIAEKCaM k U /, COOTBETCTBEH-
HO, T.€. e, (u, x|[m — 1]), = e(u, y), = x,,. B 1060M ciy-
yae B CaMbIX ITPaBbIX £-BIIOXEHUSIX U B X U y TIOCIE -
HUI HEIyCTOU CMMBOJI PaBEH X, 110 UHJAEKCaM m U /,
COOTBETCTBEHHO, T.€. (U, X),, = e{u, y); = x,,. Umeem
E=E, U (E,\E). llockomeky E, N E,, = E, N E,=
=0, umeem E,, N (E,\E}) =D unostomy |E| = |E,| +
|E\Ei|. Tockoneky E,, 2 E, umeem |E,N\E | =
|E,il — |Ei|. TloaTomy |E| = |E,,| + |E,,| — | E}/, uTo 1 Tpe-
OoBaJIOCh OKA3aTh B 3TOM CJIyYae.

U

Teopema 1 ompenenser aaropuTM BBIYUCIICHUS
Ay(x, y). Hucno 1iaros aaroputma paBHo O(mn), yto
onpenensiercs: yuciaom byHkuuin Buna Ay(x[m — i,
yvin —j]), tme i€ 0.muj e 0..n, Ipu yCIOBUH, YTO
Kaxnasi yHKIIUST BBIYMCIISIETCS He 00Jiee OMHOIOo pa-
3a (mocJie J4ero ee 3HaUYeHUe coxpaHsercs). Ha kax-
JIOM IIIare MpoBepKa yclnoBut x,,, _ ;€ Imy[n —jlu x,,
_ ;€ Imx[m — i — 1] umeet cnoxHocTb O(m + n), a
OCTaJIbHBIE BBIUMCICHUSI UMEIOT CloXHOCTb O(1).
CnoxHocTb asiroputMa pasHa O(m2n + mn?), 4to mst
m < n pasHo O(mn?).

4.2. Cymma oaun obusux A-en0cenuil

Teopema 2.

Al(x,y) =AlxIm—1],y),ecimxm ¢ Imy;

A\ (x, y) = Ay(xlm — 1], y) + Aj(x[m — 1], y[/ = 1])
+ Ay(x[m — 1], y|/—1]),ecnux,, € Imyux, ¢ Imx[m
— 1k

A\ (x, y) = Aj(x[m — 1], y) + Aj(x[m — 1], y[/ — 1])
+ Ayxlm — 11, yll — 11) — A\(xlk — 11, yll — 1) —
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Ayx[k—11,y[/—1]),ecmux,, € Imyux,, € Imx[m —
1].
Joka3aTeabCcTBO.

Joxa3zaTeabCTBO aHAJOTMYHO JOKAa3aTeIbCTBY
TeopeMbl 1. Mcrmonb3yem Te ke 0003HauYeHUS:

E=Ax,y);

E, = Ax[m — 1], y)(g, 0);

Eml = Ar(x[m - 1]3 y[l - 1])(xm: xmsn _l)a CCIN X, €
Im y, unaue E,, = &,

Eyy = A(xlk — 11, y[I = 1D)(x,€" =~ 'x,,, x,€" 1),
ecmu x,, € Imy u x,, € Imx[m — 1], unaue E;; = &.

Umeem E, N E, = E,NE,=OuE, DE,

Taxxe umeeM Ay(x[m — 1], y[l — 1]) = |E,| n
[Ao(xlk — 11, ylI = 1D| = |E)-

O603HaYUM:

S=Z{lul:ue Ax) NAWY) & (efu, x), elu, y)) €
E},

Sy =Z{lul: ue AXx) NAQY) & (elu, x), eu, y)) €
E,},

Sy =Z{lul : u e A(x) N A(y) & (eu, x), efu, y)) €
E,}, ecnux, € Imy, unave E,,, = &,

Sk/ =X {|u| -ue A(x) r\14()}) & (er(uv x): er(“a y)) €
E}, ecnux, € Imyux, e Imx[m— 1], unaue £, =

.

JnvHa o0111ero A-BIOXEHUS ¥ paBHA YUCITY HEITy-
CThIX CUMBOJIOB B KaXIOM ero E-BJIOXeHUM, B TOM
qyucie, B caMoM TipaBoM E-BioxeHuu. [loaromy B
3TUX 0003HAUYEHUSIX YTBEPXKIEHNE TEOPEMBbI MOXHO
nepernucaTh B BUIE:

S=3S,,ecmx, ¢ Imy;

S=S,+S,,+|E,|, ecmnx, e Imywux,¢ Imx[m
— 15

§= Sm + Sml + |Em1| - Skl - |Ek/|= €Clin X, € Imy u
X, € Imx[m —1].

I1pu nepexone ot mocjieA0BaTeAbHOCTU X[m — 1] K
MocjaenoBaTeIbHOCTH X = x[m — 1]x,, yuciao Hemy-
CTBIX CUMBOJIOB B CAaMOM MpPaBOM E-BJIOXXEHUU B X
00111eT0 A-BJIOXKEHUS U HE MEHSIETCSI, €CJIM B HEM T10
WHJEKCY m OKa3blBaeTcsl MyCcToi CUMBOI e (u, X),, =
€, U yBeJIMUMBaeTcs Ha | B IPOTUBHOM cilyyae, Korja
e,(u, x)m = X

OTO BICUET CIAEAYIOLINE YTBEPKIAECHUS.

B ciyuae x,, ¢ Im y umeem E = E,,, 1jis1 KaXX10ro
(u,v) € E, UMeeT MecTo u,, = €, ToaToMy S = §,,, 4TO
U TpeOOBAIOCH 10KA3aTh B 9TOM CJIyyae.

B ciayuae x, € Imyux, ¢ Imx[m — 1] umeem E =
E,VE, wuE,NE, =, s kaxnoro (u, v) € E,
WIMEET MEeCTO U,, = €, I Kaxnoro (u, v) € E,, umeer
MECTO U,, = X,,, Toatomy S =S, + (S, + |E,|) , 94T0 11
TpebOoBaJIOCHh 10KA3aTh B 3TOM Clly4ae.

B ciyuae x,, € Imyux, € Imx[m — 1] umeem E =
E, 0O ENE)ME,NE, =F,NE, =0, nias kax-

noro (u,v) € E, UMeeT MecTo u,, = €, JUIs1 Kaxnoro (u,
v) € E,, umeeT mecto u,, = Xx,,, 1JIs1 K&KA0r0 (U, v) €
e E,, umeer MecTo u,, = Xx,,, moatomy S =S5,, + (S, +
+1|E,l) — (Si; + |Ex), uTo 1 TpeGoBasioch noKa3aTh B
9TOM CITy4ae.

]

Teopema 2 ormpenensieT aJifOPUTM BBIYUCIICHUS

A(x, y), CIOXXHOCTb KOTOPOTO IO TOPSIAKY, OUeBUI-

HO, HE MPEBHILIAET CJIOKHOCTU aJITOPUTMA BbIUUCTIC-

Hus Ay(x, y), T.e. paua O(m’n + mn?), uto ma m < n
paBHO O(mn?).

4.3. Cymma munumymos uucen E-eroxcenuii
00uux A-610xucenuii

Hns dyHkuum A,(x, y) Mbl He 3Hae€M XOPOILIEro
(OTIMYHOIO OT MOJHOro Iepedbopa) ajJropurTMma.
EnuHcTBeHHAs TToJIe3Hast ONTUMU3ALIMSI — 3TO TIpe-
BapUTeIbHOE yAajeHe HeOOIINX CUMBOJIOB.

4.4. Cymma npouseedenuii uucen E-eroxucenuii
o0buwux A-610ceHuil

31ech MBI IOKaXXeM TeOpeMy, aHAJIOTUYHYIO TEO-
peme 2 B [3] ¢ TeM OTJIMUUEM, UTO Mbl YYUTHIBAEM ITYy-
CTYIO HOAIIOCIEA0BATEILHOCTh, a B TeopeMe 2 B [3]
OHa He yuuThiBaeTcs. Takke MbI JaaAUM CBOE JoKa3a-
TEJIbCTBO, MOCKOJIbKY MbI UCITOJIB3YEM APYTrue OIrpe-
JIeJICHUSI 1 0003HAYCHMS.

Teopema 3. A;(x, y) = A;(x[m — 1], y) + As(x, y|n —
- 1]) —A3(x[m - 1]: y[}’l - 1])3 €cim 'xm ;éym

As(x, y) = Ay(xlm — 1], y) + Ay(x, yln — 11), ecnm
'xm = yl’l'

JlokazaTeabCTBO.

O06o03HauMM cleaymliue MHoXecTBa nap E-Bio-
JKEeHUIT 00IIUX A-BIOXEHUIL:

E=Ax,y),

Eyy = A(x[m — 1], y[n — 1])(&, €) — napa nocnen-
HUX 2JIEMEHTOB (€, €),

Eo = (A(x[m — 1], yD)(e, 0))\Ey — mapa mocnen-
HUX 2JIEMEHTOB (€, y,,),

Eo= (A, y[n — 11(0), €))\ Eyy — Mapa nmociegHux
3JIEMEHTOB (X,,, €),

E, = E\(Ey v E U E|j) — 1apa 0ocieqHux dJe-
MEHTOB (X,,, V,), TOCKOJIbKY Ey, U Ey U E|, conepxar
Bce Mnapbl E-BJIOXEHUN 001X A-BIOXEHUM, B KOTO-
PBIX TTapa MOCJIEAHUX DJIEMEHTOB CONEPKMUT €.

OueBugHo, £ = Ey U Ey, U Ey U E|;. I1apsl o-
CJIEIHUX 3JeMEHTOB map FE-BlIoXeHUII M3 pa3HBbIX
MHOXecTB Ey,, Ey, Ey, E| pa3Hble, MO3TOMY 3TH
MHOXeCTBa ITOMapHO He Tepecekaiorcs. I[loaTomy
|El = |Egol + |Eqi| + |Evol + |Evl, [Ego W Egi| = [Egol + | El,
|Ego VU Ejo| = [Egol + |Eql-

IMockoabeKy A;(x, y) = |A(x, y)|, B o9THX 0603HaYe-
HUSIX YTBEPXKACHUE TEOPEMbI UMEET BUJL

[MPOTPAMMUPOBAHUE Ne5 2023
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|E] = (ol + |Egl) + (Egol + |Eol) — [Egol = | Eol +
+|Ey)| + |Eqol, ecnm x, # y,,

] = (|Egol + [Eol) + (ool + |Erol) = 2| Eqol + [Eo)| +
+|Ey|, ecn x,, = .

PaccmotpuM ciyyaii x,,, #y,. B atom ciyyae E|, = O,
yto Brevet |Ey| = 0 u |E] = |Eg| + |Eg| + |Ey|, a0 1
TpebOBaJIOCh 10KA3aTh B 9TOM CIIyJae.

Paccmotpum ciyuait x,, =y, = h. Kaxxaas napa E-

—ul-1 -vi-1

Bioxenuit u3 E,, umeer sun (ue” " h,ve" """ h), tne

—Jul-1 —v-1
(ue" " e, ve" " e) e Ey, (mocnenosatenbHoCTH U 1 v

MOTYT OBbITh 00€ MycThIMU). byneM roBoputs, 4TO Mapa

m—lul-1

(ue" ", ve"M ') coorserctByer mape (ue e,

n—|v|-1

Ve €). DTO COOTBETCTBHE, OYEBUIHO, ABJISIETCS OV-
exumeit MHOXeCTB F|, u Ejy,. TeM cambiM, |E, (| = |Ey|.
[Mostomy |E] = |Eqg| + |Eqy| + |Eqo| + |Eyy| = [Egol + [Egy| +
+ |Eo| + [Eqol = 2| Egol + |Egy| + |Eyl, uTO M TPEGOBanock
JI0Ka3aTh B TOM CJIyYae.

O

Teopema 3 ornpenensieT aJilrOPUTM BbIUMCIICHUS
As(x, y). Uucno miaroB anroputMa paBHo O(mn), 4to
ornpenessieTcs: yuciaom GbyHKUuMN Buna As(x[m — i,
yln —j]), tne i € 0.m uj € 0..n, Ipu yCIOBUH, YTO
Kaxmasi yHKIINST BBEIYMCIISIETCS He 00Jiee OTHOTO pa-
3a (TocJie 4ero ee 3HaueHuUe coxpaHsiercs). Ha kax-
JIOM 1I1are BRIYUCISHMS UMEIOT CIoXHOCTh O(1). Tem
CaMbIM CJIOXKHOCTB ajiroputMma paBHa O(mn).

4.5. Dynkyus noxoxcecmu Ha 0CHO8e Hauboabluell
Oaunbl 00weeo A-er0xcenus

3amavya BEIMUCICHUS JUIMHBI HAUOOJIBIIE 00IIei
noarociaenoBarenbHocT  (longest common subse-
quence, lcs) xopoio u3BectHa [1]. Ilpocreiimmii an-
TOPUTM ciioXHOCTU O(mn) OCHOBaH Ha CIEAYIOLINX
COOTHOIIICHUSX:

leA(x,y) =lcA(x[m — 1], y[n—1]) + 1, eciu x,, = y,;

lcA(x, y) = max{lcA(x, y[n — 1]), lcA(x|m — 1], y)},
€CIIU X,,, V.

Tem cambiM, byHKUMSA A4(X, y) = IcA(x, y) BbIUUC-
JsieTcs 3a Bpemst O(mn).

5. L-BJIOXKEHHUA

B otninuue ot A- u O-BiioXXeHU# L-BIOXEHUIO U €
€ L(x) cCOOTBETCTBYET TOJBKO OMHO E-BjloXXeHUE v
Takoe, 4To A(v) = u. O61meMy L-BroxeHHo u € L(x) N
M L(y) cooTBeTCTBYET Iapa F-BIOXEHUN B X U ), KO-
TOpbIE€ MOTYT OTJIMYATbCSl TOJBKO MPe(UKCOM ITy-
CTBhIX cUMBOJIOB. [To3TOMY MHOXeCTBO /(u, X) SIBISIET-
csl CUHIIeTOHOM, {/(u, x)} = {I(u, x)} = l(u, x), L(x,
y) = L[(X, y) = Lr(x, J’)-

O0o3HauuM yepes Y(x, y) NOocaAeq0BATENBHOCTD g
IUIMHO m (HamoMHUM, 910 [x| = m < n = |y|), coBma-
JIAIOIIYI0 C X U Y 110 TeM TO3ULIUIM, CUMTAasl cripaBa

IMTPOTPAMMMWPOBAHUE
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HAJIEBO, TT0 KOTOPBIM COBIIANAIOT X U Y, ¥ COIEPIKAIIYIO
IIYCTOM CHMBOJI IO OCTAIBHBIM TO3ULIMAM: |z| = m u
Vie Lam Xy o1 — i=Va+1-i> Zm+1—i=Xm+1-) &
K 41— iF Vnr1-i=> Zn+1- ;= €). PyHKUIYA Y(X, y)
yCTaHaBJIMBAET MTO3UIIMOHHOE COOTBETCTBHME COBIIA-
JAMOIIKUX CUMBOJIOB X U y TIPH CUeTe TIO3ULUI CIIpaBa
HAJIEBO.

5. 1. Qucao obwux L-eroxcenuii

Teopema 4. Ly(x, y) = Ly(x[m — 1], y[n — 1])), eciiu
Xm 7 Vns

Ly(x,y) =2Ly(x[m — 1], y[n — 1]), ecnu x,, = y,,.

JlokazaTeabCTBO.

O6o3HauuM L= L(x) " L(y)u L_;, = Lx[m—1]) N
N L(y[n — 1]). Ecnu x,, # y,, TO L-BnoxeHuto u € L_,
COOTBETCTBYeT onHO L-BioxkeHue ue € L. Tem ca-
MbIM, Lo(x, y) = |L| = [L_y| = Lo(x[m — 1], yln — 1])).
Ecnu x,, = y,, To L-BIoXeHUIO u € L_; COOTBETCTBY-

10T 1Ba L-BnoxeHus ue € L v ux, € L. Tem cambiM,
Ly(x, y) =|L|=2|L_\| = 2Ly(x[m — 1], yln — 1])).

O

Teopema 4 ompenensieT aJropuTM BBIYUCIICHUS
Lo(x, y). Inga m < n 4ucIIO LIAroB aJirOpUTMa PaBHO
O(m), yTo ompenensieTcss YUCIOM (PYHKIUI Buaa
Ly(x[m —i], y[n — i]), tne i € 0..m. Ha kaxnowm 1iiare
BbIUMCIIEHUS uMeloT ciaoxHocTb O(1). Tem cambiM
CJIOXXHOCTD ajiropuTMa paBHa O(m).

Teopema 5. Ly(x, y) = 2M1& ),

J0oKa3aTeabCTBO.

W3 teopeMbl 4 ciemyert, 4TO IpU J0OaBICHUU K
o0euM MOoCIeA0BaTeILHOCTSAM CIpaBa IO OIHOMY
CUMBOJTY YMCJIO OOLIMUX L-BIOXEHUN YBEIUUUBAETCS
BIIBOE, €CJIM 100aBJISIIOTCS paBHbIE CUMBOJIbI, U HE
MeHSIETCA B IPOTUBHOM ciydae. ITockonbky |L(x) N
A L) = |L(0) N L) = el = 1, a [uy(x, y)| pasro
YUCJIY COBIAAAIONIMX CUMBOJIOB B OJIMHAKOBBIX TO-
3ULMSIX X U Y IPU OTCUeTe cIipaBa HaJleBO, UMeeM
Lo(x,y) =|L(x) N L(y)| = 2M* | yto u TpeboBanoch
JloKa3aTh.

O

Teopema 5 ompenensieT aJropuTM BBIYUCIIECHUS
Ly(x, y). CNOXHOCTb airOpUTMa paBHaA CIOXHOCTHU
BBIYUCJIEHUS LLY(X, V), KOTOpAsl, OUEBUIHO, 1L M < 1
paBHa O(m), TUIIOC CJIOXHOCTb BO3BEACHUS 4YMCIIa
IIBa B CTETEeHb |ULY(xX, y)|, KoTopas Toxe paBHa O(m).
TeMm caMbIM CJIOXKHOCTH aJiropuTMa paBHa O(m).

5.2. Cymma (\-0aun obujux L-e100cenuii
Teopema 6. L,(x,y) = L,(x[m — 1], y[n — 1])), ecnu
xm ¢ yl’l’
Ly(x, y) = 2Ly(x[m — 1], y[n — 1] + Lo(x[m — 1],
yln—1]), ecnux,, = y,.
J0oKa3aTeabCTBO.
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O6o3HauuM L= L(x) " Ly)u L_, = L(x[m—1]) N
N L(y[n — 1]). Ecnu x,, # y,, TO L-B1oxeHuto u € L_,
COOTBETCTBYET OOHO L-BiIOXeHWEe ue€ € L Tol Xe
W-wtunbl. Tem cambiM, Li(x, y) = Z{|Ww)|:u e L} =
=Z{u@):ue L_} = Li(xIm — 1], yln — 1])). Ecrn
X,, = Y,, TO L-BIOXeHUIO 4 € L_; COOTBETCTBYIOT IBa
L-Bnoxenus ue € L Toit Xe UW-IIAHBI U ux,, € L ¢
W-anuHoit Ha 1 6onbwieit. Tem cambim, L(x, y) =
=Sl ue L} =T {u@l:ue L} + (E {uw)l:
ue L} + Lyom—1], yln—1D)) = 2Z{ju()| :ue L_;} +
+ Lo(x[m — 1], yln — 1]) = 2L,(x[m — 1], y[n — 1] +
+ Lo(x[m — 1], y[n — 1]).

O

Teopema 6 ormpenensieT alrOPUTM BbIUUCICHUS
L(x, y), CTOXHOCTb KOTOPOTO MO MOPSIIKY, OUEBUII-
HO, He TIPEBHIIIACT CIIOXKHOCTU aITOPUTMA BBIYMCIIE-
Hus Ly(x, y), T.e. paBHa O(m).

Teopema 7. L (x, y) = 1*C) + 2*C; + ... + I*C)
(A001787), tae [ = Juy(x, y)|.

JloKa3aTeabCeTBO.

YTBepKIeHUE TeOpEMBI HEITOCPEACTBEHHO CIIeIy-
eT M3 Toro (pakTa, YTO YMCIO OOImMMUX L-BIOXECHMIA

. i
W-UTMHBL £ PAaBHO Ciy -

O

Teopema 7 ompenenseT aaroOpuTM BBIYUCICHUS
L(x, y). C10XHOCTb aJITOpUTMa paBHa CJIOXHOCTHU
BBIYUCIIEHUS LLY(X, V), KOTOPAsl, OUEBUIHO, 1L M < 1
paBHa O(m), TJIIOC CJIIOKHOCTh BBIUMCIIEHUST (DAKTO-
puanioB ! st i € 0../, paBHast O(m), TUIIOC CJIOXKHOCTh
cymmupoBaHus [ yucens, paBHasg O(m). Tem caMbIM
CJIOXHOCTb ajiroputMa paBHa O(m).

5.3. Cymma MUHUMymMO8 u cymma npouseeoeHuil uucen
E-6roaxcenuit oougux L-6r0xcenuii

Teopema 8. L,(x, y) = L;(x, y) = Ly(x, ).

JloKa3aTeabCTBO.

YTBepXKIeHe TeOpeMbI HETTOCPEICTBEHHO CIICIY-
eT U3 Toro daxkra, 4ro L-BiaoxkeHuIo u € L(x) cooT-
BETCTBYeT POBHO ONHO F-BJIOXEHHE V TaKOe, YTO
AMV) = u: Ly(x, y) = Z{min{)l(u, x)|, [l(u, p)|} : u € Lx) N
NLY)} = Z{min{l, 1} : u € L(x) N Ly)} = |Lx) N
N L) = Lo(x, ); Ls(x, y) = |L(x, p)| = [v {l(u, x) %
X Hu,y):ue L(x) N L)} =|Lx) N L) = Lo(x, y).

O

Teopema 8 ompenenser aaroOpuTM BBIYUCIICHUS
L,(x, y) u Ly(x, y) TOl K€ CTOXHOCTU, YTO AJITOPUTM
BoluMciieHus: Ly(x, y), T.e. 11 m < n CIOXHOCTHU
O(m).

5.4. Dyukyus noxoxcecmu Ha 0CHO8e HAUOOAbULEL
Oaunbl 00wezo L-ea0xcenus

Teopema 9.

leL(x,y) =lcL(x[m—1],y[n—1]) + 1, ecniu x,, = y,;

leL(x,y) =lcL(x[m — 1], y[n — 1]), ecnu x,,  y,,.

HoxkazarenbctBo. DyHKIUSA Y(X, y) yCTAHABIUBAET
MTO3UITMOHHOE COOTBETCTBHUE COBITAAIOIINX CUMBO-
JIOB X U y TIPU cueTe NMo3uliMii cripasa HajieBo. [ToaTo-

my leL(x, y) = |uy(x, y)|. OTciona HemocpencTBEHHO
CJIENyeT YTBEPXKACHUE TEOPEMBL.

]

Teopema 9 ompenensier aJropuTM BBIUMCICHUS

dynkuuun Ly(x, y) = lcL(x, y) cioxHoctu O(m) mist
m<n.

6. R-BJIOXKEHUW A

AHajoru4HoO L-BJI0OXEHUIO R-BI0XEeHUIO U € R(X)
COOTBETCTBYET TOJIbKO OAHO E-BlOXeHUE v Takoe,
yTo P(v) = u. O0Lemy R-BioxeHuto u € R(x) N R(y)
COOTBETCTBYET napa E-BJIOXXEeHUI B X U Y, OTJIUYAIO-
IIUXCS TOJBKO MOCTGHUKCOM ITyCThIX CUMBOJIOB. 1o~
5TOMY MHOXECTBO F(u, X) SIBIIIETCSI CHUHTIJIECTOHOM,
{rl(u: x)} = {rr(ua x)} = r(u, x)’ R(X,y) = Rl(x: .V) = Rr(x,y)'

O6o3HaunM 4depes O(x, y) IoCIea0BaTeIbHOCTD Z
JUTMHOM m (HAartoMHUM, 91O |x| = m < n = |y|), coBna-
JIAIOIIYIO C X U Y TIO TeM TMO3ULIUSIM, CUUTAs clieBa Ha-
MPaBo, TI0 KOTOPBIM COBIANAIOT X U ¥, U COAEPXKAIITYIO
ITYCTOI CUMBOJI IO OCTATILHBIM ITO3UIMAM: |7 = mu V
ie lL.mx=y;=>z=x)& (x;#y;= z;=¢€). OyHKUUA
O(x, ¥) ycTaHaBIMBAET MO3ULIMOHHOE COOTBETCTBUE
COBITQJIAIONIMX CUMBOJIOB X U Y TIPU CUYETe MO3ULINI
cJIeBa HaIIpaBo.

6.1. Yucao obuux R-en0xcenuii

Teopema 10. Ry(x, y) = Ry(x[2..m], y[2..n])), ecnu
XL # Y1,

Ry(x,y) = 2Ry(x[2..m], y[2..n]), ecnu x; = y,.

JokazaTeabCTBO.

O6o3HauuM R= R(x) " R(y) u R_; = R(x[2..m]) N
N RY|2..n]). Ecnu x; # y,, TO R-BIOXEHUIO U € R_,
COOTBETCTBYEeT OonHO R-BioxeHue €u € R. Tem ca-
MbIM, Ry(x, y) =|R| =|R_,| = Ry(x[2..m], y[2..n])). Ec-
JA X; = ¥, TO R-BIOXeHUIO 4 € R_| COOTBETCTBYIOT

nBa R-BnoxeHus €u € Ru xju. Tem cambiM, Ry(x, y) =
= Rl = 2|R_| = 2Ry(x[2..m], y[2..n])).

O

Teopema 10 ompenmenseT aarOpUTM BBEIYUCICHUS
Ry(x, y). nss m < n yuciao 1maroB ajJjropuTMa paBHO
O(m), uyro ompenessieTcsa 4YMciaoM (QYHKOWA BUIa
Ry(x[i..m], yli..n]), tne i € 0..m. Ha kaxnom 1iare
IpoBepKa BEIYHUCICHUS nMeeT cJIoKHOCTh O(1). Tem
CaMbIM CJIOXKHOCTBh airopuTtMa paBHa O(m).

IMPOTPAMMMWPOBAHUE

Ne 5 2023



NBAILATDH ®YHKIIMI TTOJIOBUS 11

Teopema 11. Ry(x, y) = 23 v,
LloKa3aTenbCTBo.

W3 teopemsr 10 ciaemyeT, 9To TIpW TOOABICHUN K
o0euM IIOC/IeNOBaTEIbHOCTSAM CJieBa IO OJHOMY
CUMBOJTY YMCJIO OOIIUX R-BIIOXEHUI YBEIUUNBAETCS
BIBOE, €C/IV JTO0aBIISIIOTCS paBHBIE CUMBOJIBI, U HE
MeHSIETCA B IPOTUBHOM ciydae. ITockonbky |R(x) M
N RO = [R(O) N RY)| = [e| = 1, a |ud(x, y)| paBHO
YMCJIy COBIAAIOIIMX CMMBOJIOB B OJMHAKOBEIX I1O-
3ULUSIX X U Y TIPU OTCYEeTe cJieBa HaIlpaBoO, MMeeM
Ry(x,y) = |R(x) N R(y)| = 29I yro 1 TpeboBanoch
JloKa3aTh.

]

Teopema 11 ompenenseT aJrOpUTM BBIYUCIICHUS

Ry(x, y). ClloXHOCTb ajlrOpUTMa paBHa CJIOXHOCTHU

BbIUMCIIeHHs LO(X, y), KOTOpast, O4EBUIHO, JUISI M < 1

paBHa O(m), IIIOC CIOKHOCTH BO3BEACHUS YMCIIA

JIBa B CTereHb |UO(x, y)|, koTopasi Toxe paBHa O(m).
TeM caMbIM CIIOXHOCTH ajaroputMma paBHa O(m).

6.2. Cymma \\-0aun obusux R-6a0xcenui

Teopema 12. R|(x, y) = R, (x[2..m], y[2..n])), ecnu
X1 #* V1>

Ri(x, y) = 2R(x[2..m], y[2..n] + Ry(x[2..m],
y[2..n]), ecniu x; = y,.

Joka3aTeabCcTBO.

O603HauuM R= R(x) " R(y) u R_; = R(x[2..m]) N
N R(y[2..n]). Ecnu x; # y;, TO R-BlIOXeHUIO U € R_,
COOTBETCTBYET OOHO R-BloxXeHUE €u € R TOil ke
u-mwiusbl. Tem cambiM, R (x, y) = Z{|W(u)|: u € R} =
=X{|Www)|:ue R_,;} = R,(x[2..m], y[2..n])). Ecu x, =y,
TO R-BJIOXEHUIO U € R_| COOTBETCTBYIOT ABa R-BIIO-
XKeHUs €U € RTOM Xe |L-IJIMHBL U XU € R C [l-IJIMHOH
Ha 1 Gonbireit. Tem cambiM, R, (x, ¥) = X{|Ww(u)| : u €
€ R =Xl ue Ry} + (Su@)l:ue R} +
+ Ry(x[2..m], y[2..n])) = 2Z{ju@)| : u € R} +
+ Ry(x[2..m], y[2..n]) = 2R, (x[2..m], y[2..n] +
+ Ry(x[2..m], y[2..n]).

O

Teopema 12 onpenelnsieT ajJirOPUTM BBIYUCIICHUS
R(x, y), CTOXHOCTh KOTOPOTO IO TIOPSIAKY, OYEBUI-
HO, He TIPEBHIIIACT CIIOXKHOCTU aJITOPUTMA BbIYMCIIE-
HUs Ry(x, y), T.e. it m < n paBHa O(m).

Teopema 13. R,(x, y) = 1*C. + 2*C2 + ... + r*C.
(A001787), toe r = |ud(x, y)|.
JoKa3aTeabCTBO.

VYTBepxKIeHne TeOpPEMbI HEITOCPEACTBEHHO CIICIY-
€T U3 TOro (pakTa, YTO YUCJIO OOIIMX R-BIOXEHUH |-

IUIAHBI | PABHO Clluﬁ(x,y)l‘

O

Teopema 13 omnpeaensieT alrOPUTM BbIUUCIICHUS
R,(x, ¥). CI10XHOCTb aITOpUTMA paBHa CJIOXHOCTHU
ITPOTPAMMMWPOBAHHE
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BbIYMCIIeHHsI LO(X, y), KOTOpast, O4EBUIHO, ST M < 1
paBHa O(m), TTIOC CJIIOKHOCTh BbIUMCIEHUS (DAKTO-
puanoB ! nusii € 0..r, paBHast O(m), ITIOC CJIOXKHOCTD
CYMMMpOBaHUS r uncen, paBHasa O(m). Tem caMbiM
CJIOXKHOCTD aJiIropuT™Ma paBHa O(m).

6.3. Cymma MUHUMYMO8 U CyMMA NPOU3BeO0eHUll yucen
E-6roxcenuit oowux R-610xcenuii

Teopema 14. R,(x, y) = R;(x, y) = Ry(x, »).

Jloka3aTeabCcTBO.

YTBepXKIeHUe TeOPEMbl HEITOCPEACTBEHHO ClIeAy-
eT u3 Toro (akra, 4To R-BI0OXeHUIO u € R(X) COOT-
BETCTBYET POBHO OOHO FE-BIOXEHHE v TaKoe, 4TO
P(v) = u: Ry(x, y) = Z{min{|r(u, x)|, [(u, )|} : u € R(x) N
N RY)} = Z{min{l, 1} : ue R(x) N RG)} = |Rx) N
N RY)| = Ry(x, y); Ry(x, ) = [R(x, y)| = |U {r(u, x) %
X r(u,y) :ue Rx) N R =|R(Xx) N RY) = Ry(x, y).

]

Teopema 14 ompenensieT aJrOpUTM BBIYUCIICHUS
R>(x, y) 1 R5(x, y) TOI Xe CIOXHOCTU, YTO aJITOPUTM
BeIUMCIHEHUST Ry(x, y), T.e. T m < N CIIOXHOCTU
O(m).

6.4. DynKyus noxoxcecmu Ha 0cCHoge Hauboavulell
Oaunbl 00weeo R-enoicenus

Teopema 15.
lcR(x, y) = lcR(x[2..m], y[2..n]) + 1, ecnu x;, = y;
lcR(x, y) = lcR(x[2..m], y[2..n]), ecnu x| # y,.

HoxazaTenbcTBo. yHKIM O(x, y) ycTaHABINBA-
€T MO3UIIMOHHOE COOTBETCTBUE COBMAMAIONINX CUM-
BOJIOB X 1 y TIPU cYeTe TTO3UIINIA clieBa HampaBo. [1o-
atomy leR(x, y) = [ud(x, y)|. OTciona HemocpeacTBeH-
HO CJIEAYeT YTBEPKIACHNE TEOPEMBI.

O

Teopema 15 onpenelnsieT aJiIrOPUTM BBIYUCIICHUS
dyHkuumn Ry(x, y) = lcR(x, y) cinoxHoctu O(m) mist
m<n.

7. O-BJIOXKEHMUWA
7.1. Qucno obuux O-eaoxcenuil

Hns cnyyas x,, =y, = h o0603HauuM uepe3 [ = {i €
€ lL.m:x;=h}nJ={je l.n:y;= h} MHOXeCTBa UH-
JIEKCOB T10 KOTOPBIM HaXOAUTCSI CUMBOJI A BX U Y, CO-
OTBETCTBEHHO.

O6osnaumm st i € I, j e J. L;; = L(x[i — 1]) N
N Lyl —1)).

O6o3HauuM K = (I X H\{(m, n)} u Ly(x, y) =
= Lm, n\U {Li,j: (la./)e K}

Hnsiie In je JoOo3HAYMM YePE3 U; ; MAKCUMAJb-
Hoe obulee L-prnoxenue B x[i — 1] w y[j — 1]: u;; =
= k(vi’j), re v; ; obmee E-snoxenue Bx[i — 1] uy[j— 1],
omnpexaensieMoe yciosueM: V1= l.min{i,j} — 1 (x; _,=
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=Vi—=> Vi,j(i_t) =X_)&G_Fy > Vi,_/(i_ H=
= ¢). MHoxecTBO Bcex 001ux L-BiaoxeHuit B x[i — 1]
unyl[j— 1] paBHO lE(uiJ), T.€. MOJIy9aeTCsl U3 U; ; BCEMU
BO3MOXHBIMU 3aMEHAMM HEKOTOPHIX CMMBOJIOB Ha
IMYCTOM CUMBOJ U TMOCJIEAYIOIIUM yIaJleHUeM Mpe-
¢uKca mycThIX CUMBOJIOB.

Jlemma 1. ITycTb x,, =y, = h. Berancinenue |L,(x, y)|
9KBUBAJIEHTHO BBIYMCJICHUIO YHMCIa CllaraeMbIX
CIH® HexoTOpoii KOHBIOHKIINN AU3BIOHKIIWIA Te-
pEMEHHBIX 0€3 OTPULIAHUIA, TI€ YUCTIO NMEPEMEHHBIX
pPaBHO YHCJIY HEMYCThIX CUMBOJIOB B MAaKCUMaJIbHOM
o011eM L-BIOXEHUN U,, , B X[m — 1] u y[n — 1].

JoxazaTeabCcTBO.

Lh(x’ y) = Lm,n\U{Li,/' . (l, ])E K} = Lm,n\U{Lm,n M
N L;;: (i, ))e K}. ns nonydenust L,(x, y) HaM Hy>XKHO
u3 L,, , ynanutb MHOXECTBO L, , M L;; M1 KQXKIABIX
(i,)e K.

Ompenenum “TiepecedeHue” u; ; BIOXEHUI U, , 1
u; ;, UIMelolIee JUIMHY |u,, | M COBMAAAIoLIee C i, , VI U;;
B TeX MO3ULHUSX, CUNTAsl CTIpaBa HaJeBO, B KOTOPBIX
OHU COBIIAAAIOT MEXIy COOOi, a BO BCEX OCTaJIbHBIX

HO3ULMSX CONEPKUT MyCTON CUMBOI: |u; | = |u,, | n
V 1= 1"|um,n| (t > |ui,/'| = ui/,\j(lum,n| - t) = 8) & (tS |ui,j| &

um,n(l”m,n| - t) = ui,j(lui,jl - t) = ui/,\j(lum,nl - t) = um,n(lum,nl -
—0) & (< |Ui,/| & Um,n(|”m,n| -+ ”i,/(l”i,j| - =>

= u; (|4, | — 1) = €). OueBunHO, U, , = U, ,.

Ynamum u3 BIOXEHHUS 1] ; CAMBOJIbI B TeX O3U1IU-
AX, B KOTOPBIX U,, , CONEPKUT ITyCTOI CUMBOJI, ¥ 060-
3HAUMM PE3YNBTAT W, ;: €CITH U] ; = U yiphy.... by yuy,
Uy = VIEV,E .V gV, mansaie Lklul=|v|nuv, e H,
TO W;; = Uylly...Uy _ Uy OUEBUIHO, W, , = W(Uy, ).

Bce w;; nMeI0T OMHAKOBYIO JUIMHY W, |, paBHYIO
YKCJIY HEMYCTBIX CUMBOJIOB B U, ,. Kaxnomy L-Bjio-
XeHuto us L,, , N L; ; BBANMHO-OTHO3HAYHO COOTBET-
CTBYeT E-BJIOXEHUE B W, ;, YUCIO TaKUX BJIOXEHUI
paBHo 2%, tie k = |u(w; J)| YUCJIO HETTYCThIX CUMBOJIOB
BW,

IMocraBum xaxnomy ¢ € 1..|w, | B cooTBeTcTBHE
OyJIeBy TIEpEeMEHHYIO O, O3HAYAIOIIYI0, YTO B MTO3U-
LU  MOXKET OBITh HEeIyCTO cuMBoJI. Torma E-BJio-
XKEHUs B W;; 3amalorcsa Oynesoit (ynkuueir F;; =
= &{—a,:te 1.|w,,| & w, (1) = €}, koTOpas npuHu-
MaeT 3HaueHue true Ha TeX M TOJIBbKO TeX Habopax o,
..., B KOTOpBIX O, = false 17151 BceX TeX MHAEKCOB £, MO
KOTODPBIM B W; ; M, CIIEJIOBATENBHO, B JIIOOOM E-BJIOXE-
HUM B W;; HAXOIUTCS IyCTOM cuMBoJI. Eciu no mn-
IEKCY [ B W; ; HAXOIUTCS HEITyCTO# CUMBOJ, TO B OI-
HUX E-Bl1oXeHUIX B w;; B 3TOI MO3ULIMU OyIeT Mmy-
CTOM CHMBOJI, a B IPYTMX HEIMYCTOM CUMBOJI, YTO
O3HaYaeT, 4to pyHKIwMs F;; He 3aBUCUT OT 0O, Ove-
BUIHO, uTO F,, , = & = true.

Pasnocts L, ,\U {L,, , N L;;: (i, ))e K} 3amaerca
OyneBoii dyukumeit F= F, \v {F;;: (i, ))e K} = &
{—F,;:(,))e K}, u—F;=v{o,:te 1.|w, | &w, (1) =¢}.
Takum o6pazom, F'— 3TO KOHBIOHKLUS AU3BIOHKIINI
IepeMeHHBIX 0€3 OTpUIaHUiA, 1 9ucio |L,(x, y)| pas-
Ho yuciy ciaaraeMbix B CIH® dyukuum F.

[

Teopema 16.

Oy(x, y) = Oy(x[m — 1], y) + Oy(x, yln — 1]) —
— Oy(x[m — 1], y|n — 1]), ecnu x,, # y,,.

Oy(x, y) = Oy(x[m — 1], y) + Oy(x, yln — 1]) —
- OO(x[m - 1]) y[” - 1]) + Lh(x’ y])a CCIIN X, = Vye

JoKa3aTeabCTBO.

O0603HaYMM cienyromne MHOXecTBa nap E-Bio-
KEHUI:

E=0,x,y),

Ey = O(x|m — 1], y|n — 1])(€, €) — mapa nocnen-
HUX 3JIEMEHTOB (€, €),

Ey = (Ox[m — 11, y)(g, O)\Ey — mapa mocen-
HUX DJIEMEHTOB (€, ,),

Ep = (04, yln — 11)(0), €))\Egy — napa nocses-
HUX DJIEMEHTOB (X,,, €),

E\, = E\(Ey Y Ey L E}y) — mapa nociuegHux sje-
MEHTOB (X,,, ¥,,), IOCKONBbKY £y, U Ey U E|, conepxar
Bce mmapbl E-BiaoxeHn o01mx O-BIIOKEHMWI, B KOTO-
PBIX Mapa NOCAEIHUX JIEMEHTOB COACPXKUT E£.

OueBunHo, E = Ey, U Ey U Ey U E|,. I1apsl n1o-
CJIeIHUX 2JIEMEHTOB Map FE-BJIOXEHUI U3 pa3HbIX
MHoOXecTB Ey,, Ey, Ey, E| pa3Hble, MO3TOMY 3TH
MHOXeCTBa IMOoMNapHoO He Iepecekatorcs. [losTomy
|El = |Egol + | Egy| + [Eyo| + |Ep|, [Ego W Egil = |Egol + | Eqyl,
|Ego VU Ejol = [Eqol + | Eyl-

IMockomnbKy 1151 TIOOBIX X, y UMeeT MecTo Oy(x, y) =
=10(x) N O)| =[04x, )l 1 Ly(x, ) = Ls(x, y) = |L(x, y)l,
YTBEPXKICHUE TEOPEMbI MOXKHO TIepeIrCcaTh B BUJIE:

|E] = (Bl + |Egil) + (1 Egol + |Eol) — |Egol = |Eol +
+ |E0]| + |E10|5 €CJIN X, ¢yns

|El = (|Ego| + [Eqil) + (Egol + | Eol) — [Egol + [LpCx, »)| =
= |Egol + |Eoil + |Eyol + [Ly(x, )|, ecnn x,, = y,.

Paccmotpum ciyyvaii x,, # y,. B aTom cityvae ), = I,
uto BieveT |Ey| = 0w |Ey| = |Eggl + |Egy| + |Eyol, uTO M
TpeOOBaIOCh 10KA3aTh B 3TOM CJyyae.

Paccmotpum ciyyaii x,, =y, = 4. B 9T0M citydae Kax-

m—lv|—k—1

Jast mapa E-pnoxeHuit u3 £, umeer Buz (€ ve'n,

EnilvlikilVSkh), e (gm—\vkk—lvak , Eni‘vlikilvgk ) c Lh(x, y)’

T.e. IIpu nepexone oT x[m — 1l u y[n — 1] K x u y aTa
napa oopazoBaHa JoOaBJIEHUEM CIIpaBa CUMBOJIA /1 K
nape E-BIOXEeHUU oOmumx L-BloxeHuit B x[m —1] u
y|n —1], HO TaKMX, KOTOPBIX HEe OBLJIO paHbIle, T.C.
KOTOpBIE HE SBISIOTCS mMapoii E-BIIOXEHHUI OOIIMX
L-pnoxenuii Bx[i — 1luy[j— 1], mmex;=y;=hni<m

m—lv|-k—1

unu j < n. bynem roBoputs, 4to mnapa (€ vekh,

[MPOTPAMMUPOBAHUE Ne5 2023
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||~k -1
(gm |v|-k Vﬁk,

€ ve"). DTo COOTBETCTBIE, OUCBUIHO, SIBISIETCS
ouekuueit MHoxectB Ey; u L,(x, y). Tem cambim,
|Ey| = |L,(x, y)|. Tloatomy |E| = |Egg| + |Ey)| + |Eyo| +
+Ey| = |Egl + [Egy| + |Eyol +|Ly(x, p)|, uT0 v TpeGoBa-
JIOCh TOKA3aTh B 9TOM CITydae.

—|vlk—1
e M ek )
n—{v|-k—1

COOTBETCTBYET IIape

O

TeopeMa 16 omnpeneseT aJrOPUTM BBIYUCICHUS
Oy(x, y). Yucno maros ajroputMma pasHo O(mn), 4to
omnpenensieTcs yuciom byHkuuit Buga Oy(x[m — i,
yin —jl), tne i € 0..m uj € 0..n, Ipu yCIOBUHU, YTO
Kaxnas (GyHKIIHS BEIYUCIISIETCS He 6oJiee OMHOTO pa-
3a (TTocie 9ero ee 3HaueHue coxpansercs). Ha kax-
JIOM I1Iare BBIYMCICHUST UMEIOT cJIoKHOCTh O(1). Tem
CaMbIM CJIOXHOCTb ajnroputma paBHa O(mn)*O(L,(x,
y)), tae O(L,(x, y)) CIOXHOCTb BbIUUCIIEHUS (DYHK-
uun [Ly(x, y)l.

JIlemma 2. I1ycts mMeeTcsa k He 00sI3aTeNbHO pas-
JIMYHBIX MHOXECTB a(s), s € 1..k. O6o3HauuM 11 S C
c 1.k, S # J, nepeceueHre MHOXECTB a(s), UHIEKCHI
KOTOPBIX MHpoOeraloT MHOXeCTBO S, depe3 c(S) =
=N{a(s) : s € S} U cyMMy 4mcia IIOAMHOXKECTB MHO-
xecTBa ¢(S) Mo BceM S, IS KOTOPHIX |S| = /, uepes
E(l) = (2O : § < 1.k & |S| = [}. Torna yucio pas-
JIMIHBIX MHOXECTB, BJIOKEHHBIX XOTSI OBI B OMHO M3
MHOXKeCTB a(s), s € 1..k, paBHO 4YepeayIomencs cyMm-
Me E(1) — E(2) + E(3) — E(4) ... (-1)** 1 E(k), a cymma
F pa3mMepoB 3TMX MHOXECTB, YBEJIWYEHHBIX Ha 1,
paBHa 4yepenytomeiics cymme F(1) — F(2) + F(3) — F(4)
o (=¥ TR, e F(I) = Z{(le(S)| +2) 2660I=1: § ¢
C 1.k & |S| = [}. DT yepenyroUIecs CYMMbBI MOTYT
OBITH BBIUUCIIEHEI 3a BpeMs O(2X) nipu yciaoBuu, 410
3a Bpems O(1) MOTYT BBIITOJHATHCS ONEpalluU IIepe-
CEUCHMUS IBYX MHOXKECTB (a TakxKe aprupMeTUYecKue
oIrepaliiy HaJ IeJTBIMHA YUCIaMU).

Jloka3aTeibCcTBO.

O0603HaYMM YUCJIO PA3TUYHBIX MHOXECTB, BJIO-
KEHHBIX XOTsI OBl B OMHO M3 MHOXECTB a(s), s € 1..k,
yepes E(a(l), ..., a(k)), acymMy uX pa3mMepoB, YBEJIU-
yeHHBIX Ha 1, yepe3 Fla(l), ..., a(k)).

bynem BecTu mokazaTeabCTBO MHAYKIIMEH MO K.
Hnst kK = 1 uMeeTcsa eTMHCTBEHHOE MHOXECTBO S C
cl.1, 8=, aumenno S = {1}, u c({1}) = N{a(s) :
se {1}} = a(l). Yucno pa3anyHbIX MOAMHOXKECTB
mHoxecTBa a(1) paBHo 2Dy E(a(1)) = E(1) = 21«0,
a cymMMa UX JUIMH, YyBeJWYEHHBIX Ha 1, paBHa
1*C) +2*C,' + .. +r*C,/ " + (r+ 1)*C. = (r+ 2)27~!
(A001792), u F(a(1)) = F(1) = (r + 2)2" ~ ', tne r =
= la(1)|.

ITycThb yTBepKIeHNe BEpHO WIS kK M JOKaXeM eTo
s k + 1.

Uncao pa3mMyHbIX MHOXKECTB, BJIOKEHHBIX XOTS
ObI B OTHO U3 MHOXKeCTB a(s), rne s € 1..k + 1, paBHO
YHCITY PA3IMIHBIX MHOXECTB, BJIOKEHHBIX XOTSI OBl B
OIHO M3 MHOXeCTB a(s), tae s € 1.k, 1.e. E(a(l), ...,

ITPOTPAMMUPOBAHUE Ne 5 2023

a(k)), TLUTIOC YMCIIO Pa3IUIHBIX MHOXECTB, BIIOXKECH-
HbIX B a(k + 1), T.e. 2]°¢ * V| KkpoMe Tex, YTO BIOKEHBI
B riepeceueHue a(k + 1) c ooObenMHEeHUEM MHOXECTB
a(l), ..., a(k), yuciao xkoroprix paBHo E(a(k + 1) N
Na(l), ..., alk + 1) N a(k)).

O6o3HauuM E, , | = E(a(l), ..., a(k + 1)), E, =
= Ka(l), ..., a(k)), E; = E(atk + 1)na(l), ...,atk+ 1) N
N a(k)). Ameem E, , = E, + 2/°&*D| — E.

Paccmorpum SC 1.k + 1. Tlycrs |S| = 1, Torma S= {i},
ie l.k+ 1. Anaie 1.k cnaraemoe 29 = 210l onyn
pa3 BXOAuUT B cyMMy Ej, co 3HaKoM “+”, B pe3ysibTare
mnsti € 1.k + 1 cmaraemoe 2191 = 24l oy pas Bxo-
ouT B cyMMmy E| , | ¢ Tem xe 3HaKoM. [Tyctb |S] > 1. Ec-
mi k + 1 ¢ S, To cnaraemoe 2 onuH pa3 BXOIUT B
cymmy E; co 3HaKoM “(—1)S1* 1 g pesyabrare mis i €
€ l..k + 1 cnaraemoe 2l oquH pa3 BXOAUT B cyMMy
E, ;| c tem xe 3HakoM. Eciu k + 1 € §, 10 ¢(S) =
={a(iy) N ... "valig_y) Nnak + 1)} = {(atk + 1) N
Na(i)) N ...n (atk + 1) Na(ig_,))}. [ostomy cna-

raemoe 2 onun pas Bxomut B cymmy E;' cO 3HAKOM

“(=1)M”, Ho, mockonbKy cymma E, BbIYMTaeTCH,
cnaraemoe 2 onun pas Bxoout B cymmy Ej . co
3HaKOM “(—1)S1+ 17,

AHQJIOTUYHO CyMMa JUIMH, YBEJIWYEHHBIX Ha 1,
Pa3IMYHBIX MHOXECTB, BJIOKEHHBIX XOTsI ObI B OITHO
U3 MHOXeECTB a(s), e s € 1.k + 1, paBHO cymmMe
IUTWH, YBEJIMYEHHBIX Ha 1, pasIMIHBIX MHOXECTB,
BJIOXKEHHBIX XOTsI Obl B OMHO M3 MHOXECTB a(s), Tae
se l.k,t.e. Fla(l), ..., a(k)), mioc cymMMa JJIMH, YBe-
JIMYeHHBIX Ha 1, pa3InMYHBIX MHOXECTB, BIOKEHHBIX
Ba(k + 1), r.e. (Ja(k + 1)| + 2)2e* D=1 gpome Tex,
YTO BJIOKEHHI B ITIepecedeHue a(k + 1) c oObenmHeHU -
em MHoxecTB a(l), ..., a(k), cyMMa IJIMH KOTOPBIX,
yBeJIMueHHbIX Ha 1, paBHa Fla(k+ 1) na(l), ..., a(k +
+ 1) na(k)). O603nauumM F, , | = Fa(l), ..., a(k + 1)),

F,= Fa(l), ..., a(k)), "= Fak + 1) na(l), ..., a(k +
+1) N a(k)). Umeem F, , | = F, + (atk + 1)] +

+ 2)2lak +Di=1_ g Paccmorpum S 1.k + 1. TycTb
|S|=1, Torna S={i}, i€ l.k+ 1. Ansa i € 1..k cnarae-
moe (le(S)| + 2)2®I =1 = (|a(i)| + 2)24®I =1 onun pas
BXOIIUT B cyMMy F CO 3HaKOM “+”, B pe3yibTaTe JJisl
i € l.k + 1 cnaraemoe (lc(S)| + 2)2<O =1 = (la(i)| +
+ 2)214DI=1 oy pas Bxoaut B cymmy Fj ;| C TeM ke
3HakoM. Ilycts |S| > 1. Eciu k + 1 ¢ S, To cimaraemoe
(e(S)| + 2)21 =1 onun pa3 Bxoaut B cymmy F, co
3HaKoM “(—1)¥1T1” ppesynbrare mnsiie 1.k + 1 cna-
raemoe (|c(S)| + 2)2<91— 1 onun pa3 BxoauT B cymmy
F + c Tem xe 3HakoM. Ecniu k£ + 1 € S, To cnaraemoe

(le(S)| + 2)2<1 =1 onun pa3 Bxoout B cymmy F;' co

3HakoM “(—1)M”, Ho, mockonbKy cymma F,* BblumMTA-
ercs, ciaaraemoe (jc(S)| + 2)2® -1 onun pa3 Bxonut B
cymmy F, . co 3HaKOM “(—1)SI+ 17,
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VTBepxKIeHne JOKa3aHo.

Yucno (He 06s3aTeIbHO Pa3IMYHBIX) MHOXECTB
¢(.S) paBHO YHCJTy HEITYCTBIX IIOAMHOXKECTB S MHOXKE-
ctBa l..k, KOoTOpOE paBHO 2¥ — 1, TO3TOMY CJIIOXKHOCTD
BolunciieHuss E pasHa O(2) mpu yciaosBuu, 41O 3a
Bpems O(1) MOTYT BBIIIOJIHSTHCS OIEPAlIMM Iepece-
YeHUsI IBYX MHOXECTB (a TakxKe apudmMeTuyeckue
ornepanuy Hal LeIbIMU YMCITaAMU).

O

O0603HaYMM MHOXKECTBO HWHIEKCOB IOCJIeI0Ba-
TETLHOCTH X, IO KOTOPBIM HAaXOOWUTCSI CUMBOJ H:
K(h)y={ie l.m:x(@)=h}. Anaie K, (h) o6bo3HaunM
MHOXECTBO Map (CUMBOJ B X, MIO3UIIASI CUMBOJIA B X
OTHOCUTENILHO TIo3uLIMU i), Kpome mnapbl (h, 0):
P()={(x(®,t—1i):te l.m & t=i}. [lyctb cumBON £
Bxonut |K (h)| > 0 pa3Bxu |K (h)|>0pa3By. O603Ha-
unM k = |K(W*|K(h)|. Anaie K(h)n je K (h) nna
KpaTkocTh 0603HauuM P(i,j) = P.(i) N P,(j). lna S <
c K.(h) X K,(h), S # @ o6o3HaunMm c(S) = N{P(i,)) :
(i,)) € S}

Teopema 17. Yucito pa3mmaHbIx 001X O-BIOXEHUIM
B X U y, COAEPXKAIINX CUMBOJI A, PABHO YepeIyIOIeiics
cymme E = E(1) — EQ) + E(3) — E@4) ... (=1)* T E(k),
rae ciaraemoe E(/) aTo cymMMa 4yucia Bcex MOIMHO-
XecTB MHOXecTBa ¢(.S) 1o BceM S pasmepa [, |S| = [:
E() =X{2<ON: § < 1..k & |S| = I}. C10XHOCTb BBIYKC-
neHus pasHa O(n25).

JloKa3aTeabCTBO.

PaccMmoTpum ob6mmiee O-BiioXXeHHWE u M TIapy €To
E-Bnoxenuii v(x) € o(u, x) u v(y) € o(u, y) Takux,
aro v(x); =x; = huv(y);=y;= h. DTOMY B3aUMHO-O1I-
HO3HAYHO COOTBETCTBYET ITOIMHOXKECTBO MHOXe-
ctBa nap P(i,j). Ham Hy>XHO BBIYUCJIUTH YMCJIO pa3-
JIMYHBIX MHOXECTB, BJIOKEHHBIX XOTs Obl B OHO U3
MHOXecTB P(i, j), tne i € K(h) uje Ky(h). Yuco Ta-
Kux MHOXecTB nap P(i, j) paBHo k. I1o memme 2 oHO
paBHo E= E(1) — EQ2) + E(3) — E(4) ... (=1)* T 1E(k),
e E() =22 Sc 1.k & |S|= 1}, [ = 1.k, cymma
Yyuciia BceX MOIMHOXECTB MHOKecTBa ¢(.S) mo BceM
Sc K(h) x K,(h) pasmepal, T.e.|S| =1, ac(S) = N{P(,
N ,)) € Sh

IIpocmaTrpuBaeM TociefoBaTeIbHOCTD X IJTUHOM
m, BoruucisieM K (h). [Ipocmarpusas K, (4), BBIUUCIIS-
eM MHoxectBa P(i). Bbruucienue mHoxectBa P(i)
TpeOyeT MPOCMOTpa MOCJICAOBATEIBHOCTU X IJTUHOM M.
Tem cambiM, Bce MHOXecTBa P(i), i € K (h), BBlUUCIsI-
orcsa 3a O(m|K . (h)|). AHaTOrMYHO BCe MHOXECTBA
P,(j),j € K (h), Berancasiorcs 3a O(n|K,(h)]). MoxHo
CUYUTATh, YTO MHOXECTBO P (i) = {(x(?), 1 —i):te lL.m&
t # i} TMHEHHO YIIOPSII0YEHO MO BO3PaCTaHUIO OTHO-
CHUTEITPHOTO WHAEKCA ¢ — i; pa3Mep STOT0 MHOXKECTBaA
paBeH m — 1. AHaJIOrMYHO [UIst MHOXKeCTBa P,(/); pas-
Mep BTOro MHoxecTBa paBeH n — 1. Torma mist mo-
crpoenust nepecedenus P(i, j) = P(i) N P,(j) TpeOy-
€TCSI IIPOCMOTP 3TUX MHOXECTB, T.€. Bpems O(n + m),

a Bce MHOXecTBa P(i, /), i € K (h) uj€ K (h), Bbrunc-
Jsitorces 3a BpeMs O(k(n + m)). AHaTOTMYHO KaxKa0oe
rnepecedyeHrue MHOXeCTB P(i, j) cTpouTcs 3a BpeMs
O(n + m). C10XHOCTb BBIUMCICHUSI CyMMBI E 110
nemme 2 pasHa O(2F), HO mpH yCII0BUM, YTO IEpECEYe-
HUE IBYX MHOXECTB cTpouTcs 3a Bpems O(1), moatomy
B JaHHOM ciiydae norpedyercs Bpems O((n + m)25).
OGii1ast cnoxHocTh paBHa O(m) + O(n) + O(m|K (h)|) +
+ O(n|K (b)) + O(k(n + m)) + O((n + m)2*) = O((n +
+ m)2%), uro g m < n paBHO O(n25).

]

Teopema 17 omnpenensieT CleAyOIIMI aIrOpUTM
BoiumncieHust Oy(x, y):

1. SUMMA = 0.

2. IIpocMaTpuBasi mocyieqOoBaTeIbHOCTD X, UIIEM
HEITYCTOU CUMBOJI /1, BXOMSIIIUM B X.

2.1. Ecau He HaIJIM, TO KOHEIl aJIrOpUTMa.

2.2. Ecnu Halu, To UIleM CUMBOJI /1 B y.

2.2.1. Eciim He HauIn, TO B X 3aMeHsIeM A Ha ITy-
CTOI CUMBOJI U TIEPEXOAUM Ha II. 2.

2.2.2. Ecau Hauim, To:

2.2.2.1. Beruucnsgem MHOXecTBO K (/) UHIEKCOB B
X, TIO KOTOPbIM HaXOIUTCsI /1, U MHOXECTBO K (/) MH-
JIEKCOB B y, IO KOTOPbIM HaXOAUTCS A.

2.2.2.2. qna kaxnoit mapsl (i, j) € K(h) X K,(h)
CTpOUM MHOXecTBO nap P(i, j).

2.2.2.3. JIns Kaxmoro MHOXeCTBa Iap MHAEKCOB
S c K. (h) X K,(h), S # & ctpouM nepecedenue c(S) =
=n{P@,j): ()€ S}

2.2.2.4. Beruucisiem E = E(1) — E(Q2) + E(3) — E(4)
oo (=D TLE(K).

2.2.2.5. SUMMA = SUMMA + E.

2.2.2.6. B x u B y 3aMeHsIeM /1 Ha TyCTOM CUMBOIT 1
MepexoauM Ha 1. 2.

7.2. Cymma \L-0aun o6uwux O-6.10xcenui

Teopema 18. CymMma [-IJIMH pa3iUYHBIX OOIIMX
O-BIIOXEHUI B X U Y, COAEPKAIINX CUMBOJI /1, pABHO
yepenytomieiics cymme F= F(1) — F(2) + F(3) — F(4)
oo (=1 T 1K), Tne F(1) = Z{(|e(S)| +2) 2¢0I=1: §
c 1.k & |S| = I} cymMa MOIIHOCTE BCEX MOAMHO-
KeCcTB Bcex MHOXeCTB ¢(S) mist |S| = I. CioxHOCTb
BbiunciaeHus O(n2k).

Joxka3zaTeabCTBO aHAJOTMYHO J0Ka3aTeIbCTBY
TeopeMsbl 17.

O

Teopema 18 ompenensieT ClaeayIOIIA aJITOPUTM
BoluuciaeHus O,(x, y):

1. ITpocmaTpuBas IOCIeTOBATESABHOCTD X, UIIEM
HEMyCTOU CUMBOJ /1, BXOASIIUA B X.

1.1. Ecyiu He HallLUIM, TO KOHELl aJIT0OpUTMa.
1.2. Ecnu Hamwiu, To UIleM CUMBOJ /1 B ).

[MPOTPAMMUPOBAHUE Ne5 2023
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1.2.1. Ecm He Hanii, To B X 3aMeHsIeM /A Ha Iy-
CTOIf CUMBOJI M TIEPEXOAMM Ha II. 2.

1.2.2. Ecnu Hanum, To:

1.2.2.1. BeruucnseM MHOXecTBO K (/1) UHIEKCOB B
X, TI0 KOTOPbIM HaXoAUTCst 1, U MHOXeCTBO K (/) UH-
JIEKCOB B ¥, IO KOTOPbIM HaXOAUTCH A.

1.2.2.2. Tna xaxnoit mapsl (i, j) € K(h) X K, (h)
CTpOMM MHOXKecTBO 1ap P(i, j).

1.2.2.3. Ins1 KaxXa1oro MHOXeCTBa Iap MHAEKCOB
S c K. (h) X K,(h), S # & ctpouM nepecedenue c(S) =
=n{P@,j): ()€ S}

1.2.2.4. Beruucnsiem F= F(1) — F(2) + F(3) — F(4) ...
(=D ' F(k).

1.2.2.5. SUMMA = SUMMA + F.

1.2.2.6. B x 1 B y 3aMeHsIeM /& Ha ITyCTOM CUMBOJT 1
nepexoarM Ha 1. 2.

7.3. Cymma munumymos uucen E-er0icenuii oowux
0-610xcenuii

Teopema 19. CymMa MUHUMYMOB unces E-Bioxe-
HU 001X O-BIOXEHUN B X U ), COIEPKAIINX CUM-
BoJ h, paBHa X{min{[l], |J|} * 24D =1: T K (h) & I #
#D & JC K(h) & J# D}, tne A, J) = (N{PG, )) :
i€ I,je JO\(APG,)): i€ K(W\IVvje K(h\J}).

CHOXXHOCTb BblUMCIeHUS paBHa O(n2%).

HoxazarenbctBo. MHOXecTBO A(/, J) mpencras-
JIs1eT Bce ob1ame O-BIOXEHUs, CoaepKallie CUMBOJI
h, KoTopble UMEIOT E-BJIOXKEHUS B X, MpPENCTaBIsie-
Mble MHOXECTBOM /, I E-BJIOXEHWS B y, TIPENCTaBIIsA-
eMbIe MHOKeCcTBOM J. JIJIsT Kaxkmoro u3 Takux O-BJIO-
SKEHU MUHUMYM 4urcen ux E-BloXeHui Bx U B y pa-
BeH min{|l], |J]}. Yucno takux O-BIOXEHUIA paBHO
MU 1o3TOMY CyMMa MMHMMYMOB uucest E-Bioxe-
HMIT Takux obiux O-BioxeHuit pasua min{|l|, |J|} *
W Nl Cymmupyst o BceM MapaM MHOXecTB  C
c K(h), 1#DnJc K(h),J# D, nonydaeM UCKoO-
MYIO CYMMY MUHHUMYMOB 4YMceN E-BIoXEeHU 00IInX
O-BJIOXXEHUI B X 1 y, COIEPKAIINX CUMBOJ /.

ITpu BeIUMCIIEHUH 3TOM CYyMMBbI OIlepaliuy CJI0Ke-
HUSI, YMHOXEHHSI, BO3BEICHHS B CTeTIeHb Yncia 2 1
BBIYMCIICHNE MUHUIMYMa U3 IBYX YMCEJT BBITTOTHSIOT -
cs1 O(2%) pas. s seruuciaeHus scex A(, J) onepa-
IIMY BBIYMCIIEHUS Pa3HOCTH IBYX MHOXECTB, TIepece-
YeHUs] IBYX MHOXECTB, OOBCOMHEHUS IBYX MHO-
KecTB BhIMonHATca O(2%) pas, a kaxnasg Takas
orepaiiysi BoIToJHsAeTcs 3a BpeMst O(n + m).

ITpocMaTrpuBaeM MOCIeI0BATEIbHOCTD X IJTMHOM
m, BbraucnseM K (h). [lpocmarpusas K(h), BEIMUACTIS-
eM MHoxectBa P(i). Bbruucinenue mHoxectBa P(i)
TpeOyeT MPOCMOTPa MOCIIETOBATETLHOCTH X JUTMHO /1.
Tem cambiM, Bce MHOXecTBa P (i), i € K.(h), BbIUUCIIS-
1otcs 32 O(m|K (h)|). AHanornuno Bce MHOXecTBa P(j),
J € K(h), soruncasiores 3a O(n|K (h)]). MoxHo cun-
TaTh, YTO MHOXeCTBO P.(i) = {(x(¥),t—i):te l.m & t#i}

ITPOTPAMMUPOBAHUE Ne 5 2023

JIMHEWHO YMOPSAOYEHO MO BO3PACTaHUIO OTHOCH-
TEJILHOTO MHAEKca ! — i; pa3Mep 3TOro MHOXECTBa
paBeH m — 1. AHaJIOTMYHO I MHOXeCTBaA P,(/); pas-
MEp 3TOT0 MHOXecTBa paBeH n — 1. Torma nis mo-
crpoeHust nepeceuenus P(i, j) = P(i) N P,(j) Tpeby-
€TCsI IIPOCMOTP 3TUX MHOXECTB, T.¢. BpeMmst O(n + m),
a Bce MHOXecTBa P(i, /), i€ K(h)uj€ K,(h), Bbrauc-
nsotes 3a Bpems O(k(n + m)). 1A BbIUUCIICHUS
MHoxecTBa A(1, J) oriepaliy BBIYUCIEHUS pa3HOCTU
JIByX MHOXECTB, MepeceyeHnsl IByX MHOXECTB, 00b-
€IUHEHUs] NBYX MHOXECTB BBIMOJHSIOTCS 3a BpeMs
O(n + m), a ynucno Takux MHoxecTB A(/, J) paBHO

0O(2%). B pesynbraTe Bce MHOXecTBa A(/, J) cTposiTcst
3a BpeMs O((n + m)2K), nmocie 4ero U BEIYUCIEHUA
CyMMBbI apudMeTHYecKue orepaluu BbIMTOTHSIOTCS
0(2%) pas. Obwag ciaoxHocTb paBHa O(k(n + m)) +
+ O((n + m)2% + 02K = O((n + m)2%), yro s m < n
pasHO O(n2X).

]

Teopema 19 ompenensieT ciaeayrolIdil aJIropuTM
BelumnciieHUus1 O,(x, y):

1. IIpocMaTpuBasl IOCIEIOBATEILHOCTD X, UILEM
HEITYCTOM CUMBOJI /1, BXOOSIIIA B X.

1.1. Ecii He HAIIA, TO KOHEIT aJITOPUTMA.
1.2. Ecnu Hammiu, To UIeM CUMBOJ /1 B ).

1.2.1. Ecau He HalLUIK, TO B X 3aMEHsIEM A Ha Iy-
CTOI CUMBOJI U TIEPEXOAUM Ha II. 2.

1.2.2. Ecnu Hauuu, To:

1.2.2.1. Beruucnsiem MHOXecTBO K (/) MUHIIEKCOB B
X, T10 KOTOPbIM HaXOAUTCs /1, U MHOXeCTBO K(/) UH-
JIEKCOB B Y, IO KOTOPbIM HaXOAUTCH A.

1.2.2.2. s xaxnoit mapsl (7, j) € K(h) X K, (h)
CTpouM MHOecTBO map P(i, j).

1.2.2.3. lna xaxabix I € K(h), I # D, J < K(h),
J# & crpoum A, J).

1.2.2.4. Beruucasem M = X{min{|l], |J]} * 244 D=1
ICcK(h) &I#D&JCK(h) &J#D}.

1.2.2.5. SUMMA = SUMMA + M.

1.2.2.6. B x u B y 3aMeHsIeM /4 Ha ITyCTO CUMBOJ U
IepexoarM Ha 1. 2.

7.4. Cymma npouseedenuti uucen E-eroxcenuii
o0buux O-6100ceHuil

Teopema 20. O;(x, y) = O;(x[m — 1], y) + Os(x,
yln —1]) — O3(x[m — 1], y[n — 1]), ecnn x,, # y,;

03(x, y) = Os(x[m — 1], y) + Os(x, yln — 1]) —
— Os(x[m — 1], y[n — 1]) + Ly(x[m — 1], y[n — 1]), ec-
T X, =V,

HoxazatenbcTBo. O603HAYMM CIIENYIOIIIE MHO-
XecTBa nap E-BIoXeHUI:

E=0(x,y),

Ly = L(x[m — 1], y[n —1]),
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Ey = O(x[m — 1], y[n — 1])(¢, €) — napa nocnen-
HUX BJIEMEHTOB (€, €),

Ey = (O(x[m — 1], y])(g, ()))\Ey, — mapa mocnea-
HUX 2JIEMEHTOB (€, ¥,,),

Eyy= (O(x, y[n — 11)((), €))\ Ey — napa nocieaHmx
3JIEMEHTOB (X,,, €),

E, = E\(Ey v E, U E|j) — mapa 0ocieqHux 3Jje-
MEHTOB (X,,, V,), TOCKOJbKY Ey, U Ey U E|, cogepxar
Bce Mapbl E-BoXeHU 00111ux O-BIOXEHUI, B KOTO-
PBIX [Tapa NOCIEAHUX 3JIEMEHTOB COIEPKUT €.

OueBunHo, E = Ey, U Ey U Ey U E|,. Ilapsl n1o-
CJIEMHUX 3JIEMEHTOB Map FE-BIOXEHUI U3 pa3HbIX
MHOXecTB Ey, Ey, Ey, E) pasHble, MO3TOMY 3TU
MHOXECTBa IONAapHO He nepecekarorcs. Ilostomy
|E1 = |Egol + | Eg)| + [Eo| + |Ep|, [ Ego W Egi| = |Egol + |,
|Ego U Eol = |Egol + | Egl.

B »Tux 00603HaYCHUSX YTBEPKICHUE TEOPEMBI
UMEET BUJ

|E1 = (ool + |Egl) + (Egol + |Eol) — [Egol = | Eool +
+ || + |Eyol, ecn x,,, # ,,,

|El = (|Eg| + |Egil) + ([Eool + [Eol) — [Egol + [Lool =
= [Egol + [Egy| + [Eo| + [Logl, €crm x, = .

Paccmotpum ciydaii x,,, = y,,. B aToM citydae £, =,
uto BeveT | Ey| = 0 u | Ey| = |Eqgl +|Eqy| + | Eyl, uTo v Tpe-
00BaIOCh JOKA3aTh B 3TOM CJIy4ae.

Paccmotpum cyyaii x,, =y, =h. Kaxnas napa E-pio-

xennit w3 E,, umeer Bux (€™ ek h, e ek,

m—|v|—k—1 n—|v|-k—1

k
Ve , €
—|v|-k—1

ve¥)e Ly, Bynem roBoputs,
—v|-k-1

rae (€
ve‘h, e ve*h) coorBeTcTBYeT
n—{v|-k—1

yrto napa (g”

—|v|-k—1 k k
nape ("M vek| € ve"). DTO COOTBETCTBUE,

OYEBUITHO, SIBISIETCSI OUEKIIUEN MHOXECTB £} U L.
Tem cambiM, |Eyj| = [Logl. [ToaTomy |E] = [Eqg| + |Eg| +
|Evol + 1E0| = |Egol + [Egi| + | Eol + |Lool, 4T0 11 TPEGOBa-
JIOCh 10Ka3aThb B 3TOM CJly4ae.

O

Teopema 20 ompenelisieT alrOpuTM BbIUMCICHUS
Os(x, y). Yucno maros ajiroputMa pasHo O(mn), 4to
omnpenensieTcs yuciom byHkuuil Buga O;(x[m — i,
yvin—jl)u Ly(x[m —i],yln—i]),tneie 0..mwu je 0..n,
MPU YCIIOBUU, YTO KaxKaast (DYHKIIMS BIUUCIISIETCS] HE
0oJiee 0OHOTO pa3a (Mmocje Yero ee 3HaueHUe coxpa-
HsieTcst). Ha KaxmoM I1mare BBIYMCIECHUSI WMEIOT
cioxHocTb O(1). Tem caMbIM CJTOKHOCTh aJITOpUTMa
paBHa O(mn).

7.5. DyuKyus noxoxcecmu Ha 0CHo8e HauboabuLell
Oaunbl 06weeo O-610%ceHust
Teopema 21.

IcO(x, y) = max{lcL(x[m — 1], yln — 1]) + 1,
lcO(x[m — 1], y[n — 1])}, eciu x,, = y,;:

lcO(x, y) = max{lcO(x, y|n — 1]), lcO(x[m — 1], y)},
€CIIN X,, # J,,.

HoxazatensctBo. Ecnu x,, = y,, TO camble TIpaBbie
E-Bnoxenusi obuiero O-BIOXEHUSI MOTYT UMETb B
MO3ULIMU M B X U B O3ULIUM /1 B y TU00 1) CUMBOII
X,, =Y,, In00 2) nyctoii cumBo. Eciu o61iee O-Bio-
JKeHUEe HauOOoJbllIel JIMHBI OTHOCUTCS K ciydato 1,
TO OHO MMEET BUJ UX,,, Toe u olliee L-BlIOXeHUE
npedukcos x[m — 1] u y[n — 1], T.e. ero U-mIrHa Ha
1 Gosbliie HAUOOMBILIEN TTUHBI 00IIEro L-BIOXEHUS
npedukcoB x[m — 1] u y[n — 1]. Ecnu obiiee O-Bio-
XKeHHe HanOOJIbIIEeH JIUHB OTHOCUTCS K CIIy4aro 2,
TO OHO SIBJIsIeTcsl O-BIOXEHUEM HauOoIbIIei TJIMHBI
npedukcoB x[m — 1] u y[n — 1] 1 UMeeT Takyro ke
U-miuHy. OTcloma ciaenyeT yTBEpXKIAEHUE TEOPEMbI
IUISL CIIYYast X,, = Y.

Ecnu x,, # y,, To camble nipaBble E-BJIOXEHUS 00-
mero O-BJIOXKEHUSI UMEIOT ITyCTOi CMMBOJI JInOO 1) B
MO3ULIMU M B X, TN00 2) B Ho3unu # B y. Eciim oO1iee
O-BrnoxeHre HauOOIbIICH IUIMHBI OTHOCUTCS K CIIy-
yaio 1, To oHO siBIIsIeTCs O-BIIOXEHUEM HAaOOIbIICH
JIUIMHEL Ipedukca x[m — 1] 1 mociienoBaTeIbHOCTH Y
U MMEET Takylo Xe \L-1uHy. Ecinu obiee O-Biaoxe-
HUE HAaMOOJIbIIECH NIMHBI OTHOCUTCS K CJIy4alo 2, TO
OHO sBisieTcss O-BIOXEHHEM HaMOOIbIICH IIMHBI
MOCJeI0BaTEIbHOCTHU X U ITpeduKca y[n — 1] u umeet
Takylo Xxe WU-1ruHy. OTciofa cienyeT yTBEpXKIEHUE
TeOpEMBbI JJIs ClTydasi X, = y,,.

O

Teopema 21 ompenensieT aJITOPUTM BBIYUCIICHUS
dyukuuu O,(x, y) = lcO(x, y) cnoxHoctu O(mn).

8. BAKJIIOYEHUE

HekoTtophblie 13 BBeAeHHBIX HaMu (GHyHKIIU TTO10-
Ous UrparoT BCIOMOTATENIbHYIO poJib. Hanpumep, L,
UCTIOJNIb3yeTCs sl BblunuciaeHus Oy, a el ucnonab3y-
ercs 1 BeluucieHus lcO, A, MeeT Kak caMOCTOsI-
TeJIbHOE 3HaUeHME, TaK U UCIIOJIb3YEeTCs TSI BHIYMC-
JieHust A;. XOTsI MOTYT ObITh ITIPUJIOXKEHUSI, B KOTOPBIX
9TU BCIOMOraTeabHble (hyHKIIUU OKaXyTcs Kak pa3
OCHOBHBIMHU. L-BJIOXKEHMUS TIOJIE3HBI TaM, TAe BaXKHO
HE TOJILKO PacCTOSTHUE MEXIYy CHMBOJIAMU BJIOXE-
HUS$, HO U PACCTOSIHHE OT MOCJIENHEro CMMBOJIa BJIO-
JKeHUSI OO KOHIA IMOCJeI0BaTe/IbHOCTU, COOTBET-
CTBEHHO, R-BJIOXEHMUSI MMOJIE3HBI TaM, TlIe BaXHO pac-
CTOSIHHE OT Havajla IocjieloBaTeIbHOCTU 10 MEPBOTO
CUMBOJIa BJIOXEHUSI.

CpaBHUBAasI pa3Hble TUITBI PYHKIMIT (HE3aBUCUMO

OT TUIIA BJIOXKEHUS), MOXHO OTMETUTH CJICAYIOIIEE.
Yucno obmux BaoxeHui (pyHkuus 0) sSaBasieTcst Xo-
pOLIEN YUCIOBOM XapaKTEPUCTUKOM, HO OHA HE yUU-
ThIBaeT JJIMHBI BloxeHuii. Hanpumep, mociaemona-
teabHOCTH 11112222 1 1122111 umerot 9 o0mux noma-
nocienoBaTe/IbHOCTe (BKJIO4Yasl MyCcTyl0), a cymMMa
MX JUIMH paBHa 17, B TO Xe BpeMsI IIepBasi II0CIeA0Ba-
TEJILHOCTb UMEET C IOCJea0BaTebHOCThIO 22221111
IMTPOTPAMMMWPOBAHUE
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NBAILATDH ®YHKIIMI TTOJIOBUS 17

TOXe 9 00X MOAIIOC/IeA0BAaTEILHOCTE, HO CyMMa
nx 1uH paBHa 20 3a cYeT TOro, 4YTO e€CTh ABE IJINH-
HbIe TToarociaenoBareabHocT 1111 1 2222. ITosToMy
cyMMa JJIMH OO0IIuX BiIoxkeHU# (DyHKIUs 1) umeet
CaMOCTOSITEJIbHOE 3HAYCHUE.

O06e atn xapaktepuctuku (dhyHkuuu 0 u 1) He
YYUTHIBAIOT TOT (pakT, YTO OOHO OOIIee BIIOXEHUE
MOXET BXOIUTh B ONHY IIOCIEI0BATEILHOCTH MHOIO
pas, a B APYyryto Majio. OTO MbITAETCS YYECTh CyMMa
qyucja Iap BXOXIASHWUII OOIIMX BIOXEHUI (cymMma
MPOU3BEACHUIA YMCIa BXOXACHWI OOIIMX BJIOKEHUIA —
¢dyukius 3). 1151 Toro e mprumepa: mocjieaoBaTesb-
Hocty 11112222 m 1122111 umerot 279 map BXOXKACHUIA
OOIMX BJIIOKEHWI, a TmociaenoBaTenbHocTr 11112222
n 22221111 — 139 map 3a cueT TOro, 4TO B IIEPBOI IMape
MMOCJIEJOBATEIBHOCTEM OYEeHb MHOTO BXOXICHUU B
o0e mocieaoBaTe/IbHOCTU OOIIMX BiIoXeHuM 12, 112
U 122, OTCYTCTBYIOIIMX [IJISI BTOPOIi Maphl.

B 10 xe Bpems GyHKUUS 3 HE YIOBJIETBOPSIET
€CTECTBEHHOI akxcuome HanpaeseHHocmu (direction)
cxodcmea |5)], nHaye Ha3BIBAEMOM 02paHU4EeHHOCMb
camonodobuem (bounded by self-similarity) [4]: f(X,
y) < min{f(x, X), AY, ¥)}. B yuactTHocTH 3Ta QyHKIIUS
CTPOTO BO3pacTaeT, KOTJa OJHAa U Ta Xe HEeITyCcTasl 1o-
cle0BaTeIbHOCTh X CpPaBHUBAETCSl C TOCea0Ba-
TEJIbHOCTSIMU XX, XXX, XXXX, ... DTOT HEIOCTaTOK Ipe-
onoJieBaeT GyHKIUSI 4 — cyMMa MUHHMMYMOB 4YMCIIa
BXOXIEeHUI obiux BiaoxeHuil. K coxaneHuto, sTa
(GyHKIMS MJI0X0 MOAJAETCS aJITOPUTMUYECKON OTIl-
TUMU3ALMM, B YAaCTHOCTHU, IUISI A-BJIOXEHUM, T.e.
MOANOCAeA0BATEILHOCTEM, MBI HE 3HAeM aJITOPUTMA,
OTJIMYHOTO OT MOJIHOTO nepedopa. HacTUUHYIO ONTH-
MU3aLUI0 MOXHO ObLIO Obl TPOBECTH Ha OCHOBE (-
(eXTUBHOTO aropuT™Ma repeyrciaeHus ooIIMnX Mo-
noclienoBaTeabHOCTel ciaoxHocTu C(x, y) MEHBIIIEH,
YyeM CJIOKHOCTB IOJIHOTO Ttepedopa. [1oCKoIbKY BBI-
YUCJIEHUE YMC/ia BXOXICHUM TaHHOTO BJIOXKEHUS U B
JaHHYIO TIOCJIeIOBATEIbHOCTh X HMMeEEeT CJIOXHOCTh
O(|ul*x]) [3, memMma 8], MBI MMeTH GBI AITOPUTM BhI-
qucaeHus: ¢pyHkuun 4 cioxHoctu C(x, y)*O(mn).
Taxoke ecam O6b1 ObLT 2 (MEKTUBHBIN (BO3MOXHO, Ha
MOAKJIAaCCe MOCIeA0BaTEIbHOCTEI) alrOpUTM TIepe-
YUCJIEHUS TOAMNOCIEN0BATEIILHOCTEN TOJBKO OIHOM
JNIaHHOM TocjienoBaTebHOCTU cioxHocTu C(x, ),
TO MBI UMEJIU OBl AJITOPUTM BBIYUCIICHUS PYHKIINU 4
cinoxHoctu C,(x, y)*O(mn).

DyHKIMS 5, ocCHOBaHHAsI Ha HaMOOJIbIIICH TMHE
OOI1IETO BJIOXKEHMSI, TAKXKE YIOBJIETBOPSIET aKCMOME Ha-
npasieHHOCTU. Ho y Hee TOT HeoCcTaToK, YTo He y4u-
TBIBAIOTCSI OOIIIME BJIOXKEHMsI, HE SBJISIIOIIMECS YACThIO
HauOoJblIero (Mo IInHe) oO0lero BioxeHus. B Ha-
eM ImpuMepe nocieaoBateabHocT 11112222 m 1122111
MMEIOT HauOOJIBIIIYIO OOIIYIO TTOAIIOC/IEIOBATEIbHOCTD
1122, 4acThlo KOTOpPOU HE SIBJISIETCS MOMIOCIIEI0BA-
TesbHOCTL 111, a mocienoBatenbHOCTH 11112222 1
22221111 uMmeroT ABe HauOOJbIIIME OOILIIUE TTOAITOCIEI0-
BaresbHOCTH: 1111, HE YYWUTHIBAIOIIYIO BCE ITOMITOCTIE-
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JIOBaTEIbHOCTU 13 ABOCK, U 2222, He YYUTHIBAIOIILYIO
BCE TIOAIIOC/IENOBATEILHOCTH U3 €MUHULI.

IIpobnema nepedyrciieHUsT OOIIMX BIOXECHUMN TaK-
Xe ucciemyercs. B kauyecTBe mpumepa MOXHO IIpU-
BECTU paboTy [6], B KOTOPOIi IIpemiaraeTcst ailrTOpPUTM
MepeYrcCICHUSI MaKCUMAJIbHBIX 110 BJIOXXEHHOCTHU (a
He I10 JJIMHE) OO0IINX ITOANOCIeI0BATEIbHOCTEM, KO-
TOpPOMY TpeOyeTcs ITOJIMHOMMAJIbHBIE BpeMs U Iia-
MSTh Ha KaXXAyl0 HaWJIEeHHYI0 MaKCHUMaJbHYIO 00-
IIYI0 MOAIIOCIEOOBATEIbHOCTL. Takne MaKCcHUMajlb-
HbIe OOIIMe BJIOXEHHS 00JagaloT TeM II0JIE3HBIM
CBOIICTBOM, YTO KaxXJI0¢ 00IIee BIOXEHUE SIBJISIECTCS
YacThl0O OMHOTO WJIM HECKOJIbKMX MaKCHUMAaJIbHBIX
BIOXeHU. MOXHO OBLIO OBI ITPEATIOXKUATH (GPYHKIINIO
nmoao6usi, OCHOBAaHHYIO Ha MaKCUMAJIbHBIX ITO BJIO-
KEHHOCTU OOIIMX BIOXEHUSIX: YMCIO0 TAKUX BIOXKE-
HH, cyMMa UX IJIMH U Op. DTO MOIJIO OBl CTaTh Te-
MO IaJIbHEMILNUX UCCIIEIOBAHUMA.

JpyruM HampapjieHUeM AaTbHEHIINX KMCCIeaoBa-
HUI MOIJIM ObI cTaTh (PYHKLIMM MONOOUS MOCIenoBa-
TeJILHOCTEI B ajihaBUTE, B KOTOPOM CUMBOJIAM IPUIIM-
CaHbI Te WX UHBIE Beca. [1ycToMy CUMBOITY MOXKHO ObI-
JJo OBl mpunucarh HyneBoil Bec. COOTBETCTBEHHO,
BJIOKEHMIO COOTBETCTBYET HE YMCJIO BXOOAIIMX B HETO
CHMBOJIOB, a CyMMa UX BecoB. OTpULaTeNTbHbBIN BEC MOT
OBl O3HayaTh “mITpad” 3a MCITOJIB30BAaHHME TaKOTO
CHMBOJIA B O0IIIEM BJIOXEHUU.
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The article discusses the various numerical functions that determine the degree of "similarity” of the two given
final sequences. These similarity measures are based on the concept we define of embedding in a sequence.
A special case of such an attachment is the usual sub-subsequence. Other cases further require equality of dis-
tances between adjacent sub-sequence symbols in both sequences. This is generalization of the concept of a
sequence segment (substring) in which these distances are unit. In addition, equality of distances from the
beginning of the sequences to the first embedding symbol or from the last embedding symbol to the end of
the sequences may be required. Except these last two cases, the attachment can be in a sequence several times.
The literature uses functions such as the number of common attachments or the number of attachment oc-
currence pairs in a sequence. In addition to them, we enter three more functions: the sum of the lengths of
total investments, the sum of the minima of the number of occurrences of a common embedding in both se-
quences and the similarity function based on the largest number of symbols of the common embedding.
In total, 20 numerical functions are considered, for 17 of which algorithms (including new ones) of polyno-
mial complexity are proposed, for two more functions, algorithms have exponential complexity with reduced
a measure of degree. The Conclusion gives a brief comparative description of these investments and func-
tions.
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