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O06cyXnaTcsi KOHCTPYKTUBHOE J10KAa3aTeIbCTBO 3aBepliiaeMocTu ajroput™Ma NF roctpoeHust HopMalib-
HO¥ (hOPMBI IJIST MHOTOWIEHOB HECKOJIBKUX NMTEPEMEHHBIX U CBI3aHHOE C HUM TTOHSITAE AOITYCTUMOTO YITO-
psinoyeHus: <, Ha MokasaTesisIX MOHOMOB. B kJaccruyeckoit MaTeMaTHKe CBOWMCTBO OOpbIBa yObIBatoLIeit
uenu (well-quasiorder) oTHo1eHUd <, BBIBOIUTCA U3 IEMMBI JIUKCOHA, U 3TOTO TOCTATOYHO ISl OOOCHO-
BaHUs 3aBepliaemoctu aaroputMa NF. B mokasaTesibHOM IporpaMMUpOBaHUM Ha OCHOBE KOHCTPYKTHUB-
Hoit Teopuu tumnos (Coq, Agda) tpebyetcst 6ojiee cuibHOe (B KOHCTPYKTUBHON MaTeMaTUKe) CBOWCTBO:
CBOICTBO BIIOJIHE-3aJJaHHOCTU OTHOIIEHUS Topsiaka (cooTBeTcTBYeT MoHsTuio well-founded — B KoH-
CTPYKTUBHOM OIIpeieJIeHU M, Kak mogobue cBoiictBa (pyHaupoBaHHocTH). [Ipemyiaraercss KOHCTPYKTUBHOE
JloKa3aTesnbcTBO 370l TeopeMsl (T) s <, , OcCHOBaHHOE Ha HEKOTOPOM M3BECTHOM METO[IE, KOTOPBIH 3/1eCh
Ha30BeM “MeTon 06pa3loB”. OTa TeopeMa O BIIOJTHE-3a1aHHOCTU IMTPOU3BOJIBHOTO IOTTYCTUMOTO YITOPSIIO0-
YyeHMs BaxkHa M caMma 1o cebe, He3aBucumMo oT aaroputMa NF. Ham He u3BecTHBI npyrue paboThl, B KOTO-
pPBIX (KOHCTPYKTUBHO) J0Ka3aHa 3Ta Teopema. OKa3bIBaeTCsI, OHA HE OYE€Hb CJIOKHO CJIEIyeT U3 pe3yJibTa-
TOB, TOCTUTHYTBIX IPYTUMHU MccaenoBarenasiMu eie B 2003-M rony. Jloka3aTeabCTBO 3alIpOrpaMMUPOBAHO
aBTopoM Ha sizbike Agda B Buzne 6ubnuoreku Adm ssi bl ePPO- wel | Founded nokasatenbHbix mpo-
rpaMM BBIYMCIIUTENILHOM anreopsl, pa3paboraHHOM aBTOpoM. Pa3zpaboTka BKJIIOUaeT B ce0sl MpUMeHEHUe
9TOI TEOPEMBI K oKa3zaTeJbHOMY nporpamMmmupoBaHuio agroputma NF. [loatomy 6ubimoreka Takxke co-
JIEP>KUT YacThb 1OKA3aTeJbHBIX IPOTPAMM ajre6pbl MHOTOWIEHOB, KOTOpasi 110 00beMy 3HAUUTEIbHO 00JIb-
11I€ TOTO, YTO HYXXHO JIJISl 10KAa3aTeIbCTBA TeOpeMbI T.

Karouesbie cro6a: KOMIIbIOTEpHAs ajiredpa, MHOTOYJIEHBI, MOIYCTUMOE YIOPSIIOUYeHNEe MOHOMOB, KOH-
CTPYKTUMBHOE [10Ka3aTeJbCTBO, JieMMa JIlukcoHa
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1. BBEAEHUE

CrnoBoynorpeo.jeHue.

MBI UCITOJTB3yeM CIIEAYIOIIEE CJIOBOYITOTPEOIeHIE.

BorutonieHue — nmporpaMMmHasi peaan3aiusi.

CBUIETEIBCTBO — M10KA3aTEILCTBO.

ClioBapHBIN TIOPSIIOK — JIEKCUKOTrpadpuiecKuii
MOPSIIOK.

CroBo “O0ubanoTeka” o603HavaeT Hallly OubJIno-
teky Adm ssi bl ePPO- wel | Founded [4] noka3a-
TEJIbHBIX IPOTPaMM BBIYUCIUTEIbHOMN ajareOphl.

Tepmun “xopoimii mpeanopsinok” — 3TO Iepe-
BOJ ¢ aHIHiickoro TepmuHa well-quasiorder (WQO),
HO — IJIsl €T0 KOHCTPYKTUBHOM Pa3HOBUIHOCTU (Oy-
JeT 00bsICHEH HIKe). Hammpumep, 3TOT nmepeBo Ipu-
MeHeH B [1].

TepmuH “BriojiHE 3aJaHHOE YIOpsimoYeHue” —
9TO HaIll IIEPeBON C aHIJIMMCKOro TepmuHa well-
founded ordering (WellFounded — B mporpammax) —

BEpPCUM CBOMCTBA QYHAMPOBAHHOCTH JJIsSI KOHCTPYK-
TUBHOM JIOTUKU — JUISI IPUMEHEHUSI KOHCTPYKTHUB-
HOTO BbIBOJA 1O TPAaHC(UHUTHOUW MHAYKUMU (Tep-
MUH OyIeT 00bsiCHEH HIKe ). MBI He HAllJIU B UCTOY-
HUKaxX MepeBoJa Ha PYCCKMUI s3bIK TepMuHa well-
founded B KOHCTPYKTUBHOM 3HaYe€HUMU.

Muorna npumensiem cokpaienue WF — BrosHe
3amaHHoe (well-founded).

Jlormueckme cBI3M Mexay noHATHIMH WQO n
WellFounded (xopoimii mpeanopsiagoK 1 BIIOJIHE-3a-
JIaHHOCTh) — HE TaKUe, KaK B KJIACCUYECKOM JIOTUKE
JUIS TIOHSATUS (pyHaupoBaHHOCTHU ([2] I1aBa 2, mapa-
rpad 2.2). I knaccuueckue ornpeneaeHus, coaepka-
IIe BBIPAXEHUS HaIomobue “B JIIOOOM HEITyCTOM
MMOIMHOXECTBE B X CYIIIeCTBYET MUHUMAJILHEIN 3JIe-
MEHT”, TIpeICTaBJIeHbI 3[IeCh B OoJice cl1aboM BUIE,
MIPUTOAHOM JJISI aJITOPUTMOB, M OHU MMEIOT He-
CKOJIBKO IpPYTHE JIOTUYECKUE CBSI3U.
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IMongarnsa well-quasiorder n well-founded relation, —
00a B KOHCTPYKTUBHOM CMBbICJIE, — YK€ JaBHO yIO-
TpeOJSIIOTCS B paboTaxX, M3TAaHHBIX HAa aHITIUICKOM
SI3BIKE, a TAKXKE B OMOIMOTEKAaX ToKa3aTeIbHBIX IIPO-
rpamM. Harmpumep, o6a oHu omnpeneneHsl B [18] (1ma-
parpadwl 2, 3). [Tonsarue WellFounded Takum xe 06-
pa3oM oIpelelieHO B CTaHAAPTHOI OMGIMOTEKE SI3bI-
Ka Agda.

IloHsiTHe MHOTOWIEHa oTmpenesieTcs st o0Ja-
CTU KO3((OUIMEHTOB — KOMMYTAaTMBHOIO KOJIbLIA.
31ech 3TO KOJBLIO CYUTAETCS aJrOPUTMUUYECKUM
(DecCommutativeRing): onepaluu 3aaaloTcst ajiro-
putMaMu ((YHKLUUSIMU B IIporpaMMe), 1M JaH ajiaro-
PUTM pa3pelleHus] paBeHCTBa.

ITpumeHsieM pa3pekeHHOe TIpeaCcTaBIeHUEe MHO-
roujieHa B BUJIE CIIUCKA HeHY/1e8biX MOHOMOG, YIIOPSi-
MOYEHHOTO TI0 oTpeaeeHHOMY 3aKoHy. [loka3aTenb
KaxkJ0ro MOHOMa TIpeCTaBJIsSIeTCs B TNIOTHOM BUJIE —
BEKTOP HaTypaJbHbIX UMces (TO €CTb — He MPOITycKast
HYJIV B 3aIIMCH).

Ha ciioxxHOCTh BEIYUCIEHUS BO MHOTMX METOAAX,
OINMUPAIONINXCS Ha apU(PMETUKY MHOTOWIEHOB, CY-
IIIECTBEHHO BJIMSIET BHIOOD YIIOPSIIOYEHMS IJIST CITMC-
Ka MOHOMOB B MHOTouJieHe. [laxe camo pelieHue He-
KOTOPBIX BBIYUCIUTEBHBIX 3a4a4 MOJIy4aeTcs Mpo-
CTO MOAOOPOM TOAXOASIIEro YIOpsAOYEeHUs Ha
MHOXECTBE MoKa3aTejieil MOHOMOB.

B 3T0ii cTaThe MBI MPUBOAUM OINMMCAHUE MAIIH-
HO-TIpOBepsieMoro ((POpMajIbHOTO) KOHCTPYKTUBHO-
TO TOKA3aTeIbCTBA TEOPEMBI O TOM, UTO BCSIKOE dony-
cmumoe ynopsdoverue Ha ToKa3aTeJIs9X MOHOMOB SIB-
JsieTcss  BOoiaHe 3amaHHbIM (well-founded — B
KOHCTPYKTUBHOM OTIPEICICHNN).

Ham He m3BecTHBI Apyrue paboTbl, B KOTOPBIX
(KOHCTPYKTMBHO) JJ0Ka3aHa 3Ta TeopeMa.

OkKa3bIBaeTCsl, YTO OHA HE OYEHB CIIOKHO CIEAyeT
U3 pe3yabTaTOB, JOCTUTHYTBIX APYTUMU UCCIEA0Ba-
teasimu [5] emre B 2003-M rogy — MBI Ha3bIBaeM UX
MeTon “meron obpasuoB”. Hamo nauinbs mo0aBUTH K
HEMY HEKOTOpbI€ ITOCTPOEHMSI — OHM ONMKCAHbLI B
Pasnere 6.

ITpu 3TOM MBI 31€Ch BBIHYXKII€HBI CHavyasa nepe-
dopMyIMpoBaTh IOCTPOeHUsI U3 [5], TMO-CBOoeMy
YTOYHUTH NOAPOOHOCTH, NOO MO-APYTOMY HE ITOIY-
YUJIOCh TTOCTPOUTH (pOpMaIbHOE 10KA3aTENbCTBO Ha
s3biKe Agda. [ToaTomy OyneM roBOpuTh O Halllei pas-
HOBUJIHOCTHU MeTo/a 0Opa3lioB.

IMonHble (hopMabHBIE KOHCTPYKTUBHBIE JOKA3a-
TEJIbCTBA COOTBETCTBYIOIIUX TEOPEM COHCPKUTCS B
OnOJIMOoTEeKe IIporpamMum [4], HaITMCaHHOM aBTOPOM Ha
s3pike Agda [6, 7].

Takke onuvchIBaeTCsl, Kak 3Ta TeopeMa IpUMeHsI -
eTcsl K JTIoKa3aTeJIbHOMY IPOTpaMMUPOBAHUIO aJITO-
pUTMa HOPMAaJTbHO# (DOPMBI IS MHOTOUYJIEHOB, IPU-
MeHsIEMOro B MeTojie 6a3uca IpédoHepa [8].

B cTaThe TOBOPUTCS HE TOJBKO 00 anredpe 1 JIorv-
Ke, HO M O MAaIIUHHO-TIPOBEPSIEMBIX ITporpamMmax

(.I)OpMa.J'[bHBIX JOKa3aTeJIbCTB Ha IMOAXOOAIIECM A3BIKE
IIporpaMMmnpoOBaHUsI. HOSTOMY MbI TaK2K€ BbIHYKIC-
HBI ITIPUBECTU KAaKME-TO HeoOXoouMble OOBSICHEHUS
OTHOCHUTECJIbHO CUCTEMBI IIPpOrpaMMUpPOBaHMA.

IMopsinok u310KeHus TAKOB.

Bo BBeagenun oOBSICHSIETCSI, YTO TaKO€ OOMYCTHU-
Moe yIopsimodeHue <e Irmoxkasartesieil B aaredpe MHO-
TOYWIEHOB, KaK OHO MCITOJIb3YeTCSI B aJITOPUTME HOP-
MajJbHOII (OpPMBI; YTO TaKO€ BIIOJHE-3aJaHHOCTh
(WF) oTHollIeHUsI mopsakKa M moyeMy JoKa3aTelab-
ctBo WF Hy>XHO 111 OKa3aTeJIbHOTO IIPOTPaMMUPO-
BaHMs aJITOPUTMA HOPMAJILHOM (DOPMBI IS MHOTO-
YJICHOB HECKOJIBKUX NepeMeHHEIX. Takke B Pazmeie
2.2 naeTcst HeOOMbIIIOE BBEICHUE B ITOCTpOeHUE (pop-
MaJIbHBIX JOKA3aTeJIbCTB Ha SI3bIKE C 3aBUCUMBIMU
TUTIAMHU.

B Pasnete 3 onuchiBalOTCSl HEKOTOPBIE TTOAXOIBI K
peIIeHHIO 3aTauH.

B Paznene 4 naHbI orpenesieHMs OHSITUSIM 13 Me-
Toma oOpas3loB: Oeass 06acTb, 0Opa3lbl, YPOBHU,
MYJIbTUMHOXECTBa 00pa3loB (cokpalueHue — PM).
Taxke onpenensgercd cBenéHNEe MO MoKa3aTeso 00-
pas3nos, ypoBHell 1 PM. OrnpenensieTcss ynopsiode-
Hue <pm Ha PM 1 00BsICHSIETCSI MOCTPOECHUE JJOKa3a-
tenbcTBa WF otHOIIEHMS <pm.

B Paszaeuie 5 onmichIBaloTCsI CBOMCTBA CBEAEHMS 00-
pa3uoB u PM. Beoaurtcst moHsITUE JIECTHULIBI ITOKa3a-
Teneit, oroopaxkenue “ esToPM : Jlecthuiiza — PM”,
BBoautTcss WF yrnopsimoueHue <pps Ha JIECTHULIAX.
Pazoupaercs npumep roctpoeHust PM 1o ectHulie.

B Pa3nene 6 ¢ HOMOIIBIO UCITOJIB30BAHUS YIIOPSI-
JoueHMsI <pps TOKa3bIBaeTCs KOHCTPYKTUBHO TeopeMa
O BIOJIHE-33IaHHOCTU JOIYCTUMOIO YIOPSIIOYEHMSI.
OnuceiBaeTcsl CTPyKTypa OMOIMOTEKH IIPOrpaMm, BO-
TUIOIIAIONINX 3TO JIOKAa3aTeIbCTBO U (PYHKIIMIO HOP-
MaJibHOIT (OpMbl MHOTOUJICHA.

1. 1. Jlonycmumoe ynopsdouenue nokazameneii

Bcrony ke PP o0o3HagaeT MHOXECTBO (M KOM-
MYTaTUBHBIIA MOHOU/I IO CJIOKEHMIO) ITOKa3aTeJIeid.

AKCHOMBI JOMYCTUMOTO yNopsiiodeHus <, Ha Mo-
Ka3aTeJIsTX TAKOBBI:

» STO-¢ | 310 cTpOrOE MMHElHOE (total)
ynopsnoyeHue (IsStrictTotalOrder <,),

« +,mono| Ve € PP, (e +,) coxpansier <,,

« >0 e=0,=2>¢>,0,.

Hanpumep, cnoBapHoe ynopsimouyeHre Ha BEKTO-
pax Haa N ycTaHOBJIEHHO# JUIMHBI N YIOBIETBOPSIET
S5TUM 3aKOHAM. YMHOXEHWIO MOHOMOB COOTBETCTBY-
eT cloXeHue +, nokaszareneit. Hanpumep, npu n = 2
MMPOU3BeACHYE

oy * (x'yY)
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JIOTMTYCTUMBIN MTOPAJIOK HA MOHOMAX BIIOJIHE 3AJIAH 5

MOHOMOB MMeeT IMoKa3aTeib [3, 5].

X <, y OTNIpeesUM Kak X <, Yy WU X =Y.
Taxoke 1151 Halllel eI BaXKHO YUYUTHIBATb nOMO-
ueyHoe ynopsidouenue Ha nokazamensx: Vi, e; < e..

O0o03HaYUM ero < o

CooTBeTCTBEHHO, € <, €’ ONpeie/iuM KakK € <, €’ 1
e*e’.

VYnopsinouenust <, u <, SIBISIOTCS YaCTUYHBIMU U
He SBJISIIOTCSI IMHEMHBIMU.

Kak nerko cinegyeT n3 akCoM JOITyCTUMOTIO YIIO-
pSIIOUeHUsI, TOPSAOOK <, SIBJISIETCS pacIIMpeHUEeM
s < o

VX, y, X<,y=>X<,y

Jarnee, 111 MOHOMOB m, m’ C 0OpaTUMBIMU KO3 -
dunueHTaMu
m JIeJUT M’ TOTAA U TOJILKO TOTAA, KOrma

exp(m) <, exp(m’).

ByneM roBOpuUTh B TakOM Clydae “IoKa3aTellb

exp(m) menut exp(m’)”.

Taxke B 3TOM ciydae exp(m) <, exp(m’) — B CUIIy
akcuoM +,mono, >0.

C BBIYMCIUTEIBLHOM TOUYKU 3PEHUSI OMHO U3 BHI-

TOOHBIX HpCZ[CTaBJ'[CHI/Iﬁ MHOI'O4JI€HAa — 9TO CIITMCOK
MOHOMOB, ynopﬂz[oqem{blﬁ 110 Y6BIBaHI/I]O OTHOCH -

TesbHO <,. [ToHATHA
crapiuuii mokasaresab |[Exp MHOTOUIEHA,
cTapiivii MOHOM Im, crapimmit koadduiueHT Ic
3alaHbl B CMbICIIE YIIOPSIAOYEHHUS <.

1.2. Aneopumm HOpmanbHOIL pOpMbL MHO20UAECHA

st uccaeqoBaHusl CBOMCTB CUCTEM ajirebpaunye-
CKMX YpaBHEHUI OT HECKOJIBKUX ITEPEMEHHBIX BaK-
HO yMeTh pelllaTh 3a1ady paclo3HaBaHMUs OTHOIE-
HUS

f € Ideal(gs).
DT0 3amaya IorcKa pasyioXeHUsI

S =ag + . Gu&m (D

IlIe gs — CIIMCOK MHOTOWIEHOB, g; € gS, a g; — UCKO-
Mble MHOTOWIEHbI (3a7aya pacro3HaBaHUs MPUHA/I -
JISKHOCTM MHoroujieHa uaeainy). OHa penraercs ¢
MOMOIIBIO AITOPUTMA BbIYUCITIEHUS Oa3uca [peEdHe-
pa [8]. YacTbio 3TOro MeToma SIBISIETCS aJTOPUTM
HOpMaJIbHO# (hOpMbI MHOTOUJICHA.

AnroputM NF npuBeneHust MHOTOWIeHa fK HOP-
MajabHOl OpME OTHOCHUTENBHO CIHCKA gs MHOIO-
YIEHOB HAaXOIWUT MHOTOWIEHH! A, qi,...,(,, TAKUE YTO
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Iae A SIBASIeTCS HOPMAaJIbHOM (DOPMOI OTHOCUTEIIFHO
gs, B TOM CMbICJIE, 4YTO A = (0 WIN HU OOUH U3 CTap-
X MOHOMOB MHOTOWIECHOB U3 gs HE IEJIUT CTap-
LA MOHOM A.

®opmyna (II) npencrasiaseTr coboit HEKOTOpOE
000011IeHNEe IeIeHNS MHOTOYWICHOB C OCTaTKOM: /1 —
OCTaToK, ¢; — “4acTHbIE”.

3amMeTHM, 4TO He [UIS BCEX CIMCKOB gs aITOPUTM
NF pacno3naer npuHamiexHoctb uaeaiy (I); ona

pacrio3HaeTcsi, HalpuMep, Koraa gs sIBJsieTcst 6a3u-
coM I'pébuepa.

3nech Mbl cdUTaeM, 4To obJyiactb K KoadduiimeH-
TOB SIBJISIETCSI HO/AeM, TO €CTb BCIKUIT HEHYJIEBOM KO-
s unmueHT 0OpaTNM (HampuMep, 3TO TaK JJISI pali-
OHaJIbHBIX 4mcen). CyllecTBYIOT pPa3HOBUIHOCTU
9TOTO ajJiroOpUTMa sl Gojiee OOIIUX ciaydaeB, HO U
3TOT CJIy4Yail y>Ke BecbMa OOIIUIA.

Aaroputm NF neiicTByeT ciemyrommm oOpa3om.

Hynesoit f cuntaeTcst HOpMabHOI (hOPMOIA.

H71s1 HeHyneBOro f B CIUCKE gs HaXOAUTCS Iep-
BbIii MHOTOYJIEH, CTaplIWii MoKa3aTejib ¢ KOTOpPOro
JIEJIUT CTapIInii ToKa3aTelb ¢ MHOTro4YIeHa f.

Ecnu Takoro HeT, ToO HOpMaJIbHOI (POPMOIL SIBJISI-
ercd f. Ecnm Takoit MHOTOWIEH g HalimeH, TO cTap-
it KooDOUIIMEHT MHOTOWIeHA g He paBeH HYIIO 1
MMOTOMY NEJUT cTapiiuii koaddumueHT f. [ToaTomy
CTaplIuii MOHOM m MHOTOYJIEHA g NIEeJIUT cTapliuii
MOHOM m' MHOTOYWIeHA f.

[Tycte MOHOM m,, SIBJISIETCS1 YACTHBIM 3TOTO JieJie-
Hus. Torma aaroputM NF npuMeHsieTcs peKypCUBHO
K apryMeHTam f~, gs, rae

S =f-mg (1)

B Hameit 6ubnmoreke (GyHKIMS HOpPMalbHOM

(opMbI TakKe HaKarIMBaeT YacTHBIE ¢;. 3IeCh XKe
paccMaTpuBaeM TOJBKO BBIUMCIIEHHME OCTATKAa U BO-
MPOC 3aBEPILIAEMOCTH ITPOTPAMMEL.

(IIT) — 210 OYEepemHOI 1Iar cBen¢HUs K HOpMasib-
HOW bopme.

CrnrcoK MOHOMOB B MHOTOUJIEHE YIIOPSIAOYEH CO-
acHoO JIIo6oMy BBIOpaHHOMY IJIS BCE 001acTH
MHOTOYJIEHOB TONYCTUMOMY YHOPSIIOYEHUIO <, MO-
KasareJjei.

Crapuiuit MOHOM f mipu cBenéHUU K f' Ha ode-
pemHoOM I11are cBen¢HMsT COKpaIaeTcsi, 1 UMeeT MECTO

Jlemma 1. Bce MOHOMBI B f' MEHbIIIE CTapIlero
MOHOMa f B cMmbIcie <,.

Toka3aTeabCTBO MPOCTO CAEOyeT M3 TaKOM 3Ke
MPOCTOM JIEMMBI:

Jlemma 2. Eciiu crapiiime MOHOMBI MHOTOYIEHOB f
W g paBHBI MOHOMY m, TO BCE MOHOMBI Pa3HOCTH
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f — g MeHbILIe m B cMbIcie <, (TIPU 3TOM [UTSI HYJIEBOI
Pa3HOCTH CITMCOK 3TUX MOHOMOB ITyCT).

Jloka3aTejJbCTBO OYEBUIHO CIIEAYET U3 aJITOPUTMA
CJIOXKEHUS CITMCKOB MOHOMOB M U3 YIOPSAOYEHHO-
CTH 3TUX CITUCKOB.

Teneps ny1st mokaszarenberBa JleMMbl 1 Hago 3amMe-
THUTb, YTO YMHOKEHHME HA MOHOM M, COXPaHsIeT MOpsi-
JIOK Ha MOHOMAX g — B CUJIy CBOiicTBa +,mono Aomy-
CTUMOTO yropsifoyeHus. Takke cTaplieé MOHOMBI
MHOTOWIEeHOB f 1 (M, * g) OKa3bIBAIOTCS PaBHBIMU, U
npuMmeHeHue Jlemmnl 2 mokasbiBaeT Jlemmy 1.

AnroputMm NF pabotaet 10 Tex mop, 1oka B CITHC-
K€ g8 HaXOOUTCSI CBOASIINI MHOrowIieH g. [Tony4daer-

cs1 yObIBaroLLasl MOCIeN0BATEbHOCTD €, >, €, >
CTapLUMX MTOKa3aTeyiell CBOLMMOTrO MHOTOUJIEHA.

e ot

Omnpenenenne. YacTUUHBIIM ITOPSIIOK < HA MHOXKE-
CTBe X Ha3bIBAeTCSI XOPOIIUM IIpenrnopsakom (well-
quasi-order, WQO), ecinu mist 11000ii 0eCKOHEUHOI
MOCJIeI0BAaTEIbHOCTH a, B X cyllecTByIOT i < j Ta-
KHe, 4To q; = a;.

3aeck MBI BCIOAY NPEANOJIATaeM, YTO CTPOTUI Ya-
CTUYHBII MOPAAOK < OIpenesieH Yyepe3 HeCTpOrui
YACTUYHBIA MOPSAIOK X KaAK X < y =X X YU X # ).

Onpenenenne. HazoBeM 4aCcTUYHBIN TIOPSIAOK <
00pbIBAIOWUMCA-GHU3, €CTIA OH HE JOIMYCKAeT HUKA-
KO 6ECKOHEYHO yOBIBAIOLICH MTOCIeI0BATEIbHOCTH.

3ameTumM, uTo U3 cBoiictBa WQO ciemyeT cBOii-
CTBO OOpBIBaHMe-BHNU3. Y160 11 71100011 OGeCKOHEed -
HOIl mocenoBaTeIbHOCTU 4, CYLIECTBYIOT i < j Ta-
KHW€, UTO @; = a;, & U3 3TOr0 HEPABEHCTBA B HAIIMX

YCIOBHAX CICAYET OTPUIIAHNUC OTHOIICHUA a; <a,un
9TO AOKAa3bIBACT, YTO BCAKaA OecKOHeYHas MOoCIen0-
BaTCJIbHOCTD HE ABJISACTCA Y6BIB3JOH_IGI71 B CMBICJIE <.

Hasee, mus ynopsimouenus <, ceoiictso WQO mo-
Ka3bIBaeTCsl Kak u3BecTHas Jjiemma JlmkcoHa, [9]
(Section 2.2), [5, 10, 11]. Ee MOXHO BBIpa3uTh TaK:
BCsIKasi OCJIEAOBATENIBHOCTD ¢; ToKa3aTeseil, B KOTo-
pOit KaxKAbIii WieH He OeJIUTCS HU Ha OOVH MPEIbIIy-
Iuii, oOpBIBacTCs.

YauBUTENbHO, YTO J0OKA3aTEIbCTBO ATOTO MO/CO-
3HATEJILHO OYEBUIHOTO BBICKA3bIBAaHUS HE TaK YX W
MPOCTO M300pecTu, TeM OoJjiee — Koraa Tpebdyercs
KOHCTPYKTMBHO€ J0Ka3aTeIbCTBO.

M3 nemmbl IMKCOHA TakxXe CAeOyeT, YTO Jr0oe

JOITyCTUMOE ynopsaoyeHue <, Ha MOKa3aTeNsx SB-
JIsieTcs oOpuiBawommMcs BHU3. 0o miist mo6oit 6ec-
KOHEYHOI IOCIen0BaTEIbHOCTU ¢; IoKa3aTejeil no
JemMe JlukcoHa HaxonsaTes i < j Takue, YTo €; IEJIUT

¢;. Tak KaK <, BKJIII0oYaeT B ceds1 <, T0 €; <, €.

CrenoBaTeIbHO, COIIACHO KAACCUYECKOU Mmame-
mamuxke, anropuT™ NF cunTaeTcs 3aBepIiaroninmMcs.

Ho aTOT0 HE MOCTaTOYHO IJIST CUCTEM AoKa3aTellb-
HOTO TPOrpaMMUPOBAHUsI, OCHOBAaHHBIX Ha KOH-
CTpYKTUBHOI Teopuu Tunos: Coq, Agda, ....

2. TPOBJIEMA JOKA3ATEJIbCTBA
SABEPIITAEMOCTHA AJITOPUTMA NF

MBI UMeeM JIeJIo ¢ JoKa3aTeJIbHbIM HNPOTrpaMMMU-
pOBaHMEM CUMBOJILHBIX BEIMUCIECHUI B aaredpe, oc-
HOBaHHBIM (10 YMOJYAHWIO) Ha KOHCTPYKTUBHBIX
MAalIlIUHHO-TNIPOBEPAEMbBIX JOKa3aTCIbCTBaxX. Hﬂﬂ BbI-
paXkeH’s aJTOPUTMOB U J0OKA3aTeJIbCTB MPUMEHSIEM
s3Ik Agda [6, 7].

B pa6orax [9] (Section 2.2), [10] paccmaTpuBaeT-
CsI CpeIy IPYruX IpeaMeT KOHCTPYKTUBHOIO JOKa3a-
TeJIbCTBO JIeMMBbI JIUKCOHa.

[11] moka3piBaeT Ha sg3bIKe Agda temMMmy XurmMaHa
IS andaBUTa U3 ABYX OYKB. BriojiHe BO3MOXHO, YTO
M3 3TOTO METO/Ia MOJIYYUTCS JOKA3aTeIbCTBO JIEMMBbI
HuxkcoHna. /11 aTOr0 Hamo Ioka3aTeab MOHOMA 3a-
MMACaTh B YHAPHOUM CHCTEME, UCIOJb3Ys IBE OYKBHI,
IJe BTOpasl MCIIOJb3YETCSI KaK pa3de/IMTe]Ib MEXIY
3aIIMCSIMU YKCEIl.

Haxkoneli, B [5] MbI yBUAEINU, YTO KOHCTPYKTHUB-
HOE JIOKa3aTeJIbCTBO JiIeMMBbI JIuKcoHa Ha si3bike AgQ-
da mrg coBpeMEHHOI Bepcuu OMOJIIMOTEKM SI3bIKA
Agda MOXHO TTOJIyYUTh, IPUMEHSISI METONI 00pa31ioB
u3 [5] (Section 2.2). D10 1 OBLIO HAMU CALIAHO. DTOT
METOJI BBIOpaH HAaMU TaK KaK OH, KaK BUIHO U3 JaJlb-
HEUIIEro WM3JI0XEHUsI, CIYXXKUT U APYTMM BaKHbIM
LIEJISIM TAHHOTO MCCIIEIOBaHMUS.

Ho B s3bIKaXx KOHCTPYKTHUBHBIX TOKa3aTelbCTB,
OCHOBaHHBIX Ha TEOPUH 3aBUCUMBIX TUTIOB, IIJIS TO-
Ka3aTeJbCTBA 3aBEPIIAEMOCTU aJropuT™Ma He A0cTa-
TOYHO OITMPAThCS Ha CBOMCTBO OOpPBIBaHNE-BHU3 He-
KOTOPOTO OTHOIIIEHUS TTOPSIAKA.

H3-3a Hexomopbix ceolicmé UHMYUUUOHUCMCKOL
meopuu MuUN08 0Ka3blaemcsi HeoOXo00UMbIM HEMHO20
bosee cunbHoe c80Licmeo YNopsa0oueHus: 6noAHe-3a0aH-
Hocmb (well-founded relation). B yactHoCTH 3TO Tpe-
oyercs B cuctemax Agda u Coq.

JLOCTIZKMMOCTD U BIOJIHE-33JAHHOCTb.

B cranmaprHOit 6ubanoTeke s3bika Agda Harm-
caHo Ha s3blke Agda cremyroliee ornpeaeacHue
(3mech 060O3HAUYCHUS 3aMeHsieM Ha GoJiee PUBBIYU-
HBIE).

WifRec : (_ < :Rel A) - RecStruct A

WfRec < Px=Vy(y<x—Py)

“The accessibility predicate: x is accessible

if everything which is smaller than x is also

accessible (inductively).”

data Acc {A: Set} (_ < _:RelA) (x:A): Set

where

acc: (WfRec < (Acc < )x) >Acc < X
WellFounded : Rel A — Set
WellFounded < =Vx(Acc < _X)

[MPOTPAMMUWPOBAHUE Ne 4 2023
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DTOT OTPBIBOK MTPOTrPAMMBI OIIPEEIsIeT CBOMCTBO
Acc docmuscumocmu daeMeHTa (X) OTHOCUTEJIbHO
ynopsinodeHusi _<_. B cTpouke acc ... BKOHCTPYKTOD
WfRec BTOpBEIM apryMeHTOM B HepeMeHHyo P cTa-
BUTCSI 3HaUeHHUe — cBOMCTBO (Acc < ). MToro momy-
yaeTcst

acc: (Vy(y<x—>Acc < vy))—>Acc_<_ X

IIpu stom omnpenencHue WfRec M mpousBoJjibHOE
cBolicTBO P Ha A mc4ye3aroT u3 onpeaeieHusT JOCTU-
xuMocTH. [1oaToMy 3TO ompenesieHre paBHOCUIBEHO
cJIeqyIollIeMy.

Dnemenm x € A aeasemcs ocmuicumviM 1O OMHO-
wenuro < Ha A, ecau u moabKo ecau éce y, MEHbUlIUe X NO
omHoueHuro <, A6AAHMCA 00CMUNCUMBIMU.

(3aMCTI/IM, 4YTO OTCroaa CJIEAYET AOCTMKMMOCTDL
BCAKOIO MUHHUMAJIbHOI'O SHCMCHTa).

Omnowenue < nopsidka Ha mMHoMcecmge A Ha3vléa-
emcs enoane 3adannvim (WF), ecau ece anemenmor A
A8AIOMCSL QOCUICUMBIMU 0451 <.

Z[IIH NpoOoCTOTBI MBI 3J€Ch pacCMaTpuBacM 3OTU
OMpeeIeHUsT — OTHOCUTENLHO JII060r0 YaCTUYHOTO
mopsinka <. Xors B cuctemax Agda u Coq (B KOH-
CTPYKTMBHOM TEOPUU TUIIOB) 3TO TaK OIpPEAeIIsIeTCsl
JUTSI TIOGOTO IByMECTHOTO OTHOIIICHUSI.

DTO HE YTO MHOE, KaK CBOMCTBO MPAHCHUHUMHO
undykyuu. To ecTb ST J1I000r0 BIIOJIHE 3aJJaHHOTO
YIOPSIAOYEeHMSI < Ha MHOXeCTBe A U II000ro CBOii-
cTBa P Ha MHOXeCTBE A 10Ka3aTeJIbCTBO 3TOTO CBOM -
CTBa CITOCOOOM TPaHC(UHUTHOM MHAYKIIUU IO OT-
HOIIIEHUIO < CYUTAETCsI 3aKOHHBIM. HekoTopkie yI1o-
psimodeHurs 00J1amaroT 3TUM cBoricTBoM. Hama mens —

9TO J0Ka3aTh BIOJHE-3aJaHHOCTh OTHOLIEHUs <,,
WJIN XOTSI-Obl KaK-TO J0Ka3aTb KOHCTPYKTHMBHO (Ha
a3bike Agda), uro dyukius NF 3aBepiiaercs.

CchIJIKM Ha 10Ka3aTeJIbCTBO JIeMMBI JIMKCcoHa 115t
3TOTro He JOCTAaTOYHO.

B pa6ore [10] mmmiercst o mokKa3aTelIbHOM IIPO-
rpamMmme Metoda Oasuca I'péOHepa (aJiropuT™M HOp-
MaJIbHOI (hOPMBI SIBJISIETCS YAaCTbIO 3TOrO METONA).
Ho B yacTu nokasaTenabcTBa 3aBEPIIAEMOCTH YKa3bI-
BaeTCsl HA HEKOHCTPYKTUBHOE JI0KA3aTEIbCTBO JIEM-
MBI JIMKcoHa. DTO He COOTBETCTBYET HallICH LICJIN.

B pa6ote [9] onuckiBaeTcsi MocTpoeHUe noKasa-
TeJIbHOM TTporpaMmael (B cucteMe CO() MeTona 6a3u-
ca IpébHepa. Ho npu 3TOM M3HAaYaIbHO Npearoiara-
10T BIIOJIHE-33JJaHHOCTb YMOPSIOYeHWsI HA MOHOMax
(Pazpgen 2. “We assume a compatible well-founded order
< on the monomials ...”). Cj1abbIM MECTOM TaKOT'O IO/ -
X071 SIBJISIETCS TO, YTO MOJIb30BaTEII0 TPOrpaMMbl ITPU-
JIETCST JIJIs KasKA0TO MPUMEHSIEMOTO IOITYCTUMOTO YITO-
PsIIOYEHUSI OTAEBHO JI0Ka3bIBaTh BIOJIHE-3aAaHHOCTh
(well-founded). A B 3aBUCMMOCTH OT 3aJa4yu IIPUMe-
HSIFOTCSI CaMble pa3HbIe YITOPSIIOYEHUSI MOHOMOB.

MBI ke KOHCTPYKTUBHO BBIBOAWM 3TO CBOWMCTBO
BITOJTHE-33JaHHOCTH B OOIIIEM CITy4yae, U3 aKCUOM JTO-
IYCTUMOTO YIOPSIAOYESHMUSI.

IMTPOTPAMMMWPOBAHUE

Ne 4 2023

2.1. Ilpumepsr 6noane 3a0annbix ynopsooueHui

OO6brunHbIii Topstaok < Ha N. 3mecs WF ob6partnaer-
Csl B OOBIYHBII MPUHLIMI UHAYKIIMU 110 TIOCTPOEHUIO
HaTypaJIbHOTO YUCIA.

IMopsinok < Ha Z (ueible Ynclia) He SBISIETCS HU
0oOphIBaIOILIMMCS BHU3, HU TeM 6oee — WE.

CroBapHbIil mopsanok 1mo < Ha MHoxecTBe N X N
map — BIIOJHe 3adaH. IlpemyaraemM 3To AoKas3aThb Kak
yIIpakKHeHUe. 3aMeTHUM, 4TO 3IeCh CYIIECTBYET OECKO-
HEYHO MHOTO I1ap MEHBIIINX, YeM, Harpumep, (1, 0).

M3BecTHO, UYTO MpsSIMOE TIOU3BEIeHUE BITOJTHE 3a-
JaHHBIX ITOPAIKOB < " -<' ABJISACTCA BIIOJITHE 3adaH-
HBIM TIOPSIIKOM Ha MHOXECTBE I1ap CO CJIOBApPHBIM
YIOpsSIAOYEeHUEM O TTopsiakaM < U <'. B wacTHOCTH
CJIOBapHOE YITOpSITIOYEHME Ha MHOXKECTBE N-K (BEK-
topoB) Haz N rmpu moctossHHOM n siBsteTcst WF (310
TaK>Ke JOKa3aHO B Halllei OMOIMOTEKE).

Hpyroii mpumep: CIOBapHOE yHoOpsaodyeHHe Ha
CIMCKax HaTypaJbHBIX uncen He sBisercsa WF. Ha-
npuMep, IociaeaoBaTenbHOCTh crickoB 1, 01, 001,
0001, ... beckoHEeYHO YOBIBACT B CJIOBAPHOM YITOPSI-
OYEHUM Ha CIIMCKaX, Yero He MoxKeT ObITh st WF
YIOPSIAOYSHHUSI.

,Z[JISI HEKOTOPbLIX YaCTHBIX CJIy4YacB AdOITYCTHUMOIO

ynopsinoueHus <, HeTpynHo nokasats WF. Hanpumep:
IJ1s1 cjioBapHoro nopsiaka <lex, misg nopsiaka deglex —
“cHayaJia 110 TTOJIHOM CTeNeHM, IIOTOM — CJIOBapHO”.
Ho sicHo, 4T0 31ech 60J1ee Bcero LieHHO OMHO JOKa3a-
TEJIBCTBO IUIST OOIIETO Cydast.

Takske U3BeCcTHA KilacCU(MUKALIUS BCEX NOMYCTH-
MBIX yriopsimoueHuii [ 12]. Ho oHa ocHOBaHa Ha OYeHb
CJIOXXHBIX OoCcTpoeHUsIX. M eciin moab30BaThCsT 3TOM
KJaccuduKalmeii, To cKopee BCero TpedyeMoe JoKa-
3aTeJIbCTBO OKaXXETCS CJIOKHEee, YeM IIPUBOAUMOE
HMKE, 9TO OyIeT IMpOoOJIEeMOIA.

2.2. O dokazamenbHOM npocpamMMupo8anuu
Ha asvike Agda

Hama nporpamma omnupaercst Ha 0a3oByl0 OMO-
JINOTEKY BBIYMCIUTENBLHON anre6per Adni ssbl e-
PPO- wel | Founded [3, 4] nokasaTelbHBIX IPO-
rpaMM, HalmcaHHBIX aBTOPOM Ha si3bike Agda [6, 7].
DTOT 93bIK OCHOBAH Ha YMCTOM (DYHKIIMOHATBLHOCTH,
“IeHnBOM” CITOCOOE BBIYMCJICHMS IO YMOJYaHMUIO,
noaaepxke 0000IIEeHHOIO MporpaMMHUpPOBaHus (ge-
neric programming), arnmnapare 3aBUCUMBIX TUITOB.
IMpubnn3nTeIpbHO MOXHO CUYMTATh, YTO 3TO SI3BIK
Haskel | , paciumpeHHBII arnmaparoM 3aBUCUMBIX
TUIIOB. 3aBUCUMBIE THUIbLI MO3BOJISIOT aIeKBaTHO
omnMcaTh ajredpandyeckyio 00JacTh, 3aBUCSIIYIO OT
oObIyHOTO 3HauyeHus ([3], BBeneHue), Hanmpumep, OT
uenoro uncia. Kpome Toro, a3ToT anmapat no3BoJisieT
BCTaBJISITh B TIPOTPaMMY JI0Ka3aTeIbCTBA YTBEPXKIC-
HUI1, ¥ 3TU AOKa3aTeJbCTBa OyayT MPOBEPSTHCS KOM-
musaTopoM. CTaHOBUTCSI BO3MOXHBIM OMNUCKHIBATH
METO/I BBIUMCJICHUSI B TPOrpaMMe TaK, KaK 3TO Aejia-
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CTCA B y‘I€6HI/IKaX 1 HAYYHBIX CTATbAX, BMECTC C JO-
Ka3aTcJIbCTBOM ITPpaBUJIBbHOCTH.

TexHuka MPOBEPKU TOKA3aTEIbCTB KOMITUISITO-
poM (TOUuHee — TMPOBEPSUIBIIUKOM THUIIOB, type
checker) ocHoBaHa Ha uzomopdusme Kappu—Xo-
Bapza [13, 14]. Besikoe yrBepxxaeHue S pencTaBiis-
€TCs TOIXOMAIIMM TUTIOM T (3aBUCSIINM OT 3HaYe-
HUi1). JIoKa3aTeJIbCTBO IS S ecTh J1106asg GyHKLMS
(3aBeplaroriicss aiTOpUTM), KOTopasi BbIIAET JItO-
6oe 3Hayenue V tuna 1. [IpoBepsabIIUK TUIIOB IIPO-
BepsIET OTHOIIIEHUE V T mocpencTBOM CUMBOJIb-
HbIX BBIYMCJIEHUI C BbIpaK€HUSIMU TUMOB. TakuMm
00pa3oM J10Ka3aTeIbCTBO YTBEPXKIAEHUS MTPOBEPSIET-
¢Sl 10 Havajia KOMOWJISILIMM B MCTTOJTHSIEMBIIT KOJI.

Henokazyemoe BbicKa3blBaHUE COOTBETCTBYET My~
CTOMY TUITY L ¢ ITyCTBIM MHOXECTBOM 3HadYeHU . OT-
pMlIaHUE BbICKa3bIBaHUSI COOTBETCTBYeT (DYHKIIUU,
OoTOOpaxalroleil COOTBETCTBYIOIIMI BbICKAa3bIBAHWIO
TUI B MycTO# TrI. UMITIMKALIMS BbIpaXkeHa TUIIOM S
— T Bcex dynkmmii u3 SB T, tne Su T peacTaBisiioT
COOTBETCTBYIOLIME yTBepXkAeHUs. KOHBIOHKIIMS BbI-
paxeHa rpousBeaeHueM S X T TUITOB, IU3BIOHKIINS
BBIpakeHa cyMMmoif S W T Tumos. Jloka3aTeabCTBO
WHIYKIIMEN MO MOCTPOSHUIO JAHHOTO BhIpaxKaeTcsl B
BUIE PEKYPCUBHO 3adaHHOW ¢yHKiuuU. [IpumeHne-
HYeE JIEMMbI BbIpaxkaeTcsl B BUlle BbI30Ba (DYHKIIMU,
MPEeNCcTaBJISIONIeH 10Ka3aTeIbCTBO JIEMMBI.

IToka orpaHMYMBaeMCsl TOJILKO KOHCTPYKTUBHBI-
MU JoKazaTeiabcTBamu [15, 16] (6e3 ucnonb3oBaHUs
npuHLMna MapkoBa 151 JOKa3aTeJbCTBa 3aBepiilae-
MOCTHU aJITOPUTMOB). B yacTHOCTH, BCSIKUIT OOBEKT
CYIIECTBYET JIMLIb KaK UTOT HEKOTOPOTO TAaHHOTO aJl-
ropuT™Ma, U JOJIXKHO ObITh JAHO 10Ka3aTeIbCTBO 3a-
BEPIIAeMOCTU 3TOTO aJAropuT™Ma. MBI 4acTO MOJIb3y-
€MCsl 3aKOHOM HCKJIIOUEHHOIO TPEThEero — 3TO BO3-
MOXHO B TeX cllyyasiXx, Korma MpUBEIeH aJilTOpUTM
paspelieHusl COOTBETCTBYIOIIETO OTHOIIIEHUSI.

ITo ymomuaHuio, toka3aTenabCcTBa B si3bIKe Agda —
KOHCTPYKTUBHbIe. KOHCTPpYKTMBHOE n0Ka3aTesb-
CTBO MMeEET TO MPEeUMYILIECTBO Tepen HEKOHCTPYK-
TUBHBIM, UTO, HAIIPUMEP, BMECTE C CYIIIeCTBOBAHUEM
00beKTa MPENbIBISETCS AJITOPUTM €r0 MOCTPOECHMUS.
Ecnu xe noka3zatebCTBO HEOOXOIUMO, a KOHCTPYK-
THBHOE H0Ka3aTeJIbCTBO TPYIHO MPENbSIBUTD, TO AQ-
da momyckaeT BBedeHUE aKCHOMBI MCKIIOUEHHOTO
TpeThero (4eM B Halllei OMdInoTeKe MbI TIOKa HU pa-
3y HEe BOCIIOJIb30BAJIUCh).

B kakom cMmpicie hyHKIMs Ha si3bike Agda mo-
KeT OBITh JOKa3aTeIbCTBOM?

Ecnun ¢dyHkuus 3amaeT noka3aTeabCTBO (Kak,
HalmpuMep, B HalleM cjlydyae OoKa3aTeJlbCTBa

<,wellFounded : WellFounded _<,_ Tteopemer o WF

OoTHoLIeHUs <,), TO 3ar0JIOBOK 3TO (YHKUIMU (BbI-
paxkeHue ee THUIIA, signature) sIBasieTcss GOPMYITUPOB-
KO TeopeMbl, a Tejio (implementation) 3Toit pyHK-
WU SIBJISIETCS JO0KA3aTeJIbCTBOM 3TOM TEOPEMEL. DTO
JIOKa3aTeTbCTBO MPOBEPIETC TTPOBEPSTIBIIIKOM THU -
OB B OOIIIEeM, CUMBOJIBHOM BHUIIE, TaK Xe, KaK YhTa-

TeJlb MPOBEPSET JA0Ka3aTebCTBO, WM3JIOKEHHOE B
kHure. Ecnu u xorna ata ¢pyHkuus (f) BIUMCISIETCS
BO BpeMs UCIIOJIHEHUSI, TO OHA BblAAeT NoKa3aTesb-
CTBO JIJI1 KAKOTO-TO YacTHOTrO ciayyas. U eciu ronos-
Hasi PYHKIIUSI HE TpeOyeT pa3zdopa CTPOEHUST 3TOrO
JloKa3aTebCTBa, TO BesiKast (yHKIUS — KIIMEHT a1 f
He pa3bupaeT 3TO CTPOEHUE TIPU UCTIOTHEHU U (31€Ch
TaKKe CYIIECTBEHHO “JICHUBOE” BBIUMCIICHHUE B SI3bI-
ke Agda). 3a cyer aTOrO0 3aTpaThl Ha MPOBEPKY HEOG-
XOAUMBIX J10KA3aTeJIbCTB [IJIs1 TOJOBHOW (PYHKIIMU He
BXOJSIT B 3aTpaThl Ha BBIUMCIIEHUE Pe3yJibTaTa TOJIOB-
HOW (hyHKIIMM BO BpeMsl pabOThI UCIIOJIHSIEMOTO KOa.

Hpyroii mpumep: dyHkums polNF HopmanbHOI
¢dOopMBI MHOTOUWJIEHA M3 HaIllel OMOIMOTEKH 3a1po-
rpaMMUpPOBaHa C UCIIOJb30BAaHUEM I0Ka3aTesIbCTBa

<,wellFounded BeilieHa3BaHHO Teopembl (Pa3men
6). DTO mOKa3aTebCTBO OMUPAECTCS Ha HEKOTOPBIC
CUMBOJIbHBIE BBIYMCJIEHUS C TUTIaMU. VICTIONHsIeMblit
kon st polNF Beruuciser HopMayibHYI0 (oOpMy
MHOTro4ieHa, HO Ha 3TOM 3Talle HeT 3aTpaTr Ha Bbl-

yucIeHus 114 fokasatenbeTBa <, wellFounded.
O noka3aTebCTBE 3aBEPIIAEMOCTH

ITo ymomuanuio Agda moikHa yGeauThCsl B 3a-
BEpIIAEMOCTU KaxXAo¥ 3aJaHHO (yHKIMM (aJiro-
putMma). Hacto Agda cama ybexnaeTcs B 3aBepiiiae-
MOCTH IIyTeM OOHapyXeHHs CHHTaKCHUIECKOTO
yMEHBbIIEHUST PEKYPCUBHBIX BbI30BOB. Ho Takske ua-
cTo BblgaeTcs coobiieHue “Termination checking
failed”. B aToM cirygae HamoO ITOMOYb IIPOBEPSUIBIIIT-
Ky TUTIOB pacIio3HaTh 3aBepiiaeMocTb. OOBIYHO ITPO-
Il BCETO BBECTU B (PYHKIIMIO TOIIOJTHUTEIIbHBINA ap-
TYMEHT B BHIE CUYETIYMKA — HATYpPaJIbHOIO 4YMCIa.
Ho sToT monxon He SBASETCS JOCTATOYHO OOIIVIM.
Hampumep, oH He roguTcs IJIsI pacCMaTpUBaeMbIX
3nech pyakumii NF, polNF.

B HaboJtee ob111eM citydyae 3aBepIiaeMOCTh JOKa3bI-
BaeTCsl BBEICHMEM HEKOTOPOIO BIIOJIHE 3aJIaHHOIO
YIIOPSITOYEHUS < Ha HEKOTOpoM Ture T, mo6aBiIeHU-
eM B onpenencHue ¢pyHkuuu f aprymenTa tuna T u go-
Ka3aTeJIbCTBOM HEKOTOPBIX CBOMCTB 3TOIO apryMeHTa,
B YaCTHOCTHU TOTO, YTO 3TOT apIr'YMEHT YMEHbIIIACTCS B
OTHOIICHUHU < TIPU KaXXIOM PEeKYPCHUBHOM BHI3OBE f.
ITpuMep aTOMY MIPUBOAUTCS B NATLHEHIIIEM U3JIOXE-
Huu. Ho mBa mpocreilllinx moka3aTe/IbHbIX IIpuMepa
comepxarcss B monyisie WellFounded-help.agda 6mu6-
Juotexku [4].

3aech XXe MBI TOKa3blBa€M Cpeau IPYruxX yTBEp-
XKIEHWIA, 4TO IJISI JOKA3aTelbCTB 3aBEpIIacMOCTHU
¢yakunn NF HOpMaibsHOM (pOpMBI JOCTATOYHO HC-
nonb3oBaTh Teopemy WF 1 TOro moImycTMMOIoO
ynopsifodeHus <, Ha MoKa3aTeJisIX MOHOMOB, KOTO-
poe BBEIOpaHO ITapaMeTPOM TSI apU(PMETUKN MHOTO-
YJICHOB.

B 3T10if cTaThbe MBI HE MOXEM JaTh OoJiee MoAPOO-
HBIE OOBSICHEHMS 10 JaHHOM CHCTeMe IIPOrpaMMU-
poBaHusi. HekoTopble OOBSICHEHUSI U IPUMEPHL CO-
nepxatcs B [3, 7].

IMTPOTPAMMMWPOBAHUE

Ne 4 2023
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XopollluM BBEJIEHUEM [JII HAaYMHAIOLIUX B MPO-
rpaMMUpOBaHUE ajireOpbl Ha sI3bIke Agda sIBisieTCs
craths [17].

2.3. O 6ubauomexe
Adm ssi bl ePPO- wel | Founded

B 31014 cTathbe MBI TOBOPUM 00 aJITOPUTMAX, KOTO-
pble 3amporpaMMHUPOBaHbI C OMOPOM Ha apu(pMETUKY
KOMMYTAaTABHOTO KOJIbLia MHOTOWIeHOB (Tutt Pol ) Hax
MPOM3BOJIbHBIM nojieM K, BOITOIIEHHYIO B BUIE 1OKA-
3aTe/ibHBIX TIporpamMm. [losTomMy 3Ta OuOIMOTEKA
BKJIIOYAET B ce0sl 3aJaHre HEKOTOPBIX KaTeTOpUil aji-
redpanyecKmx 00s1acTeil JOMOMHSIOIINX UEPAPXHIO all-
reOpbl U3 cTaHIapTHoI OubMoteku: IntegralDomain
(LIeJIOCTHOE KOJIBLIO C pa3pellrMMBIM PaBEHCTBOM),
GCDDomain, EuclideanDomain, Field (rone) u He-
KOTOpBIe Apyrue. M3 KOHCTPYKTOPOB aireopanyecKux
o0JsacTeil peaan3oBaHbl KOHCTPYKTOp SVector BEKTO-
POB HajJl MOHOWIIOM B pa3pe>KeHHOM IIPEICTaBICHUN,
KOHCTpYKTOp Pol KoJiblla MHOTOYJICHOB HECKOJIbKUX
IepEeMEHHBIX HaJ, KOMMYTATUBHBIM KOJIBLIOM.

D10 Ha caMoM Jiene yactu oudiamoreku DoCon- A
JI0Ka3aTeJIbHBIX IIPOrpaMM ajire0pbl, pa3padboTaHHOM
TEM K€ aBTOPOM; B3SThl T€ YAaCTU, KOTOPbIE HYXKHbBI
JUIST TIPOrpaMMHOIO BOILIOLIEHUSI JOKAa3aTelbCTB,
00CyXIaeMbIX B 3TOM CTaTheE.

2.4. O cunmakcuce sa3vika Agda

MMeHa omnepaTopoB M OTHOILIEHUM OTHEISIOTCS
npobemamu. Hanmpumep, B CTpoke

atb=0: a + b=0#

mporpaMMbl a+b=(0 ecTh MMsI 3HAYCHMST, TBOCTOUME
OTAE/SIET UMSI 3HAUCHMSI OT BBIpAXKEHUSI TUIIA, CUM-
BOJIBI ‘+’ M ‘=’ B BBIpaXXCHWM THUIIA CYThb COOTBET-
CTBEHHO MMSI OTiepaTopa CIOXKEHUS M UMST TByMECT-
HOTO OTHolIeHUsI, 0# ecTb UMSI HYJEBOI ITOCTOSTH-
Hoit. Bca 3Ta cTpoka o3HadaeT OOBSIBICHHUE:
3HaueHue a+b=0 umeer tTun a + b = 0# (1 >TOT TUN

3aBHCUT OT 3HAUYCHMUI a, b, 0#).

3HaK nomuepkKa B UMEHU OTHOILIEHUSI UJIX orepa-
LIMM O3HA4yaeT, YTO B CHUHTAKCHCE IIPOrpaMMBbl BO
BXOJHOM BBIPAaXX€HUM Ha 3TOM TMO3ULIMA CTAaBUTCS
BBIpaKeHUE apTyMeHTa 3TOIl oIepaLyun.

Hekoropbie 3amMeuyaHusi 0 A3bIKe M CTAHIAPTHOI
OMoIMoTEKE:

x : T o3HavaeT “x mpuHaIIEKUT TUIY T~ (KOH-
CTpyKIus si3bIKa Agda).

3HaK ‘=’ 3T0 IIpUcBanBaHue, KOHCTPYKILIUS SI3bIKA.

PaBeHcTBO = 3TO 3HaK aOCTpaKTHOIO OTHOIIIE-
HUSI paBEHCTBA Ha HEKOTOPOM 00JIaCcTH, IJIST KaxKIOM
00J1aCTM 3TO OTHOILIEHME MOXET 3aJaBaThCsl MPO-
TpaMMOM TTOJIB30BAaTEN WM CTaHIApPTHOIT OMOIIMO-
TEKO.

1 2To (PYHKIMS U3 CTAHTAPTHON OMOJIMOTEKMU,
X I XS O3Ha4YaeT MPUCOCIUHEHHUE X K CITUCKY XS.
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[IpormcHbie M cTpoYHBIE OYKBHI B IIPOrpamMme
pa3IuyaloTcsl MpPOBEPSJIBIIMKOM TUMOB. OOBIYHO
MMEHa TUIIOB HAYMHAIOTCS C IPOMNUCHOM OYKBEI, a
nMeHa (PyHKIIMN HA9MHAIOTCS CO CTPOYHOIT OYKBBHI.

@ 3TO 3HAK IIpUCBauBaHUS B oO0pasie (KOHCTPYK-
11 sg3bika). Hanmpumep, B mporpamme
foo f@nkPol nons cs#0 ord-exps) g =
f + (foo' nobns) * g where
dyHkusa foo mpuHUMaeT apryMeHr f, pasdupas ero

mo oOpa3slly, 1 B IIpaBOil YaCTHU MCIIOJB3YETCS KaK
ums f, Tak 1 yacTb mons obpa3sua 1 f.

2.5. Hcnoavzosarnue enoane-3adanHocmu
<, 6 npoepamme NF

IIpencraBuM cebe, 4TO MBI MOJAYYMIN AOKa3a-
teabcTBO <,wellFounded Toro, 4To BCSIKUIA TOMYyCTH-
MBI TOPSANOK <, Ha MIOKA3aTeNsIX SBISIETCS BITOJTHE
3alaHHbBIM.

Torna ¢yukuust NF B mpocreiinieM Buae Mpo-
rpaMMHUpPYyeTCs IIPUMEPHO TaK (YCIOBHBIN KOM, OIS
oKaza 3aMbICiia):

NF gs f = nfgs f (<,wellFounded e[f])

where
e[f] =1Expf
gs0 = gs

nf: (gs: List Pol) (h : Pol) —
let e[h] =1Exp h hm
in
Acc _<,_e[h] — Pol
nfgsh (accrc) = ...
TO €CTb BbBI3bIBACTCSA MECTHas BCIIOMOTIraTe/ibHasl

dysxumsa nf, koTopast OyoeT HUXe IPOrpaMMUPO-
BaThCsl pEKYPCHUBHO.

(<,wellFounded e[f]) aTto céudemeascmeo (noka-
3aTeIbCTBO) TOTO, YTO ITOKa3aTesb e[f] mocTukum 1o
<,. B npennoxenusx s nf umeeM cienyrouuye 060-
3HAYEHUSI.

h 3TO TeKylIrii OCTaTOK, KOTOPBIA CBOAMUTCS IO
CIHUCKY gS Y B KOHIIE OKa3bIBaETCsSI HOPMAaJIbHOM hop-
MOIA.

(acc rc) aTo CBUIETEIBCTBO TOrO, UTO ITOKa3aTelb
e[h] crapmiero moHoMa u3 h goctuskum (1151 cirydasi,
Korna h He HyIeBoI1).

A BCSIKOE€ CBUACTEIBCTBO ITOCTHKMMOCTU MMEET
BUJI (acc rc), Te acc 3TO CTaHAAPTHBIM KOHCTPYKTOD,
rc (GyHKIUST W3 ONpeneeHUsT TOCTKMMOCTA BO
BIIOJTHE 3aTaHHOM TTOPSIIKE.

B cnygae h # 0 MmHOTrO4JIeH h MMeeT cTapimii Mo-
HoM. OGo03HauYMM ero m, a ero nokasareab — elh].
Korma B gs BCTpeTHJICS MHOTOWIEH g, CTapIINii MO-
HOM KOTOPOTO JIEJIUT m, paboTaeT TaKoe MpeaIoxKe-
Hue u3 ¢pyHKIMMU nf';

nf'gs h (acc rc) = nfgs, h’ (rc h’ e[h’]<e[h])
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B HpaBOﬁ qacTu: gs, 9TO 3allOMHEHHO€ II€pBOHAa-
YaJIbHOC 3HAYCHUEC IJIA g8,

h’ =h — g*g 10 uTOT 11ara cBenéHUsI, KOrma crap-
LMK MOHOM COKPAlaeTCsl.

e[h’] =1Exp h’ (ecnu h’ He HyJIeBOI).

e[h’]<e[h] aTo cBUOeTenbcTBO TOTO, UTO €[h’] <,
e[h]. D10 moka3aTeabCTBO MOJIydaeTCs B Tejle (PyHK-
o nf npuMmeHeHMeM (QYHKIIMM, BOIUIOIIAOIICH
Jlemmy 1.

HanHoe (rc h’ e[h’]<e[h]) 3TO cCBUOETEILCTBO TO-
ro, 9To Ioka3aTeib e[h’] mocTikum.

Takmm o6pa3oM oT h M CBUIETEILCTBA TOCTVKU-
MocTu e[h] dyHkuMs nf peKypcuBHO TiepexoauT K h’
u poctrikuMoctu e[h’]. IIpoBepsuibluK TUIIOB (type
checker) cuctembr Agda pacio3HaeT 3aBepIlIaeMOCTh
9TOl pPEeKypCUM, TaK KaK BUIUT J0Ka3aTeJIbCTBO
<,wellFounded, poka3arenbcTBO IOCTUXXKMMOCTU
e[h’] u mokazarenbcTBO e[h’]<e[h].

BT0 camblii TpOCTOii cNOCO0 3aIporpaMMUpPOBaTh
MeTon NF B cucrteMe mokasaTelbHOTO MpOTrpaMMU-
pOBaHMSI HA OCHOBE 3aBUCUMBIX TUIIOB.

YToyHeHue nmporpaMmmbl NF

Korna ouepenHoii g He cBooUT h, 1 CIIMCOK gs He
IyCT, METOM BhI3bIBAET nf Ha apryMeHTax gs’ = XBOCT
gs, h, acc’ — aTo mar “rpodoBaTrh CIAeOYIOLIUA 3J1e-
MeHT 13 gs”. [Ipu aToM MHOTO4YIEeH h ocTaeTcst Hen3-
MEHHBIM. DTO HapyIIUT H0Ka3aTeJIbCTBO 3aBepIllae-
MOCTH, TaK KaK TPETUI apryMEHT JOJIKEeH colepxKaTb
JI0Ka3aTeIbCTBO YMEHBIICHUSI COOTBETCTBYIOIIETO
apryMeHTa OTHOCUTENbHO BBIOpaHHOro WF yIops-
JIOYEeHUSI.

ITosTomy B aprymeHThl nf moGaBiaeHBI JTaHHBIC
cnt : N, eq : cnt =length gs, Toe cnt — CYESTYUK JUTUHBI
TEKYIIEero crucka gs. Tak 4To mpu Kaxaoi peKypcuu
YMEHBIIIaeTCs IMOO cCTapIInii mokasarteb h (B cMbIc-
ae <,), 160 3HaueHue cnt. YToObI 0OECIIEUYnuTh Tpe-
OyeMoe yMeHbIIIeHe, IIporpaMMa cHaJdajia oIpeae-
JISIET CJIOBApHBIN ITOpsIAoK Ha MHOxecTBe PP X N
nap. [1apwl (e, i) u (e’ , j) cpaBHUBAIOTCS CHaYaJja Mo
TepBOIi cocTaBisIoLIEl yepes3 <,, U B clly4ae paBeH-
CTBa, CPAaBHUBAIOTCSI BTOPBIE COCTABIISIIONINE 10 YIIO-
psooueHuo _<_ Ha N. BT0 BeIpaxkeHO KOJIOM

_<,<_:Rel (PP xN) _

<< =x-Lex_=__<, <,
rme X-Lex ¢pyHKOMS M3 cTaHIApTHOIT OMOJIMOTEKM,
3ajaroniasi cIoBapHoOe MPOU3BeIeHNE IBYX YIIOPSII0-
yeHuii. [lorom mporpamMMa qoKa3bIBaeT YTO ITOPSIIOK
<,.< BIIOJIHE 3aIaH:

<,<-wellFounded : WellFounded _<,<_
<,<-wellFounded =
x-wellFounded <, wellFounded <-wellFounded

DTO pgellacTCcs BBI3OBOM OOIIEH (QYHKOUUA X-
wellFounded, koTopasi mpMHMMAaeT CBUIOETEILCTBA
WF niag xKaxmoro u3s IBYX ITOPSOIKOB M BO3BpalllaeT

cBunerenbcTBO WF 17194 TIpsiMOTO  TIpOM3BEAEHUS
3TUX TMOPSAKOB (IPOCTOE N0KA3aTEJIbCTBO U3 CTaH-
napTHoi oubnotekn). HakoHelr, BMecTo aprymeHTa
(<,wellFounded e[f]) B HayanbHOM BBI3OBe nf cTa-
BUTCS

(<,<-wellFounded (e[f] , length gs;))

M npu peKypcuu B COOTBETCTBYIOIINT apTyMEHT CTa-
BUTCSI 10KA3aTeJIbCTBO YOBIBAHUS 110 YIOPSIIOUYESHUIO
<.< Imapsl IpU MePeXoe

(e[h] , mmHa gs) -> (e[h’] , mHa gs’)

B nonpo6HocTsax aty ¢yHkiuio ( polNF) moxHO
YBUAETH B MOJyJIe
source/GroebnerBasis/Field/PolNF-sample.agda
Halei 6noamnoTeku [4]. DTo YacTHEIN ciaydail MEeTO-
nma NF, cayxammit njist SCHOTo 1mokasa MeTona.

Hacrosmas ¢yukuus polNF HopmanbsHo# dop-
Mbl OTHOCUTEJIBHO CIIMUCKA MHOTOYWIEHOB COJIEPKUT-
ca B Mmonyne PolNF.agda toro xe pa3znena. OHa emie
HaKarJIMBaeT CIMCOK YaCTHBIX U B UTOTE BbIIAET 3a-
nuch (record), comepxkaliryro HopMajabHYyI0 (hopmy h,
CIHCOK YacTHBIX, CcBUAETeNbCTBO paBeHcTBa (II)
(Pazmen 1.2), cBUIETENbCTBO HOPMAJILHOCTH h 10 gs.

Takum 06pa3oM DIaBHBIHN ycTieX MPEIIPUITHS 3a-
BUCHT OT TOTO, CYMeeM JI1 MBIl KOHCTPYKTHUBHO TOKa-

3aTh Teopemy <,wellFounded BnosHe-3agaHHOCTU
OTHOILIEHUH <,.

Bra TeopeMa BaxkHa 1 cama 1o cebe. Tak Kak 1mo-
HSITHE IOITYCTMMOTIO YIIOPSIIOUYEHMS Ha IToKa3aTesx
MOHOMOB YaCTO MCIIOJIb3YeTCSI B BBIYMCIMTEIIHbHOM
ajreope.

HN3noxum pPEIICHUC 3TOM 3aa4yM.

3. IOAXOH K IOKA3ATEJIbLCTBY
BITOJIHE-3ATAHHOCTH
YITOPAOOYEHUA <,

M3BecTHO, YTO B KJJaCCUYECKOI JIOTMKE CBOMCTBA
WQO (unu cBoiicTBO OOpbIBaHUE-YOBIBAIONIEH) U
BITOJIHE-32IaHHOCTb PaBHOCWJIbHBI. HO B KOHCTpYK-
TUBHOM JIOTMKE BMOJHE-3aaHHOCTb HE BBIBOAUTCS
13 CBOICTBA OOpbIBaHME-YOBIBAIOIICH.

B crarwe [18] B Pa3znmene 3.1 ormucaHo, KakuMm 00-
pa3oM B JOBOJILHO OOIIEM ciTydae 151 OTHOILIEHUSI CO
cBoiictBoM WQO MOXHO KOHCTPYKTMBHO HOKAa3aTh
BIIOJIHE-33JJAHHOCTb — MpPU HEKOTOPOM JOIOJHU-
TEJIbHOM YCJIOBUM HAJIWYUSI HEKOTOPOTO BIOJHE 3a-
nmanHoro gepeBa — well-founded tree (WFT).

Ho MBI He BUIUM, KaK CTPOUTH TAKOE NEPEBO IS
OTHOIIEHHUA <,.

EcTb e1ie Takoi BbIXod U3 IoJioxKeHus. st noka-
3aTebCcTBa 3aBepuiacMoct pyHkumu NF He 00s13a-
TEJIbHO UCIIOJb30BaTh BIOJHE-3aAaHHOCTh <,. [o-
CTAaTOYHO CBs3aTh (MMPaBUIbHBIM 00pPa3oM) C XOIOM
BerunciaeHus: NF Hekoe naHHOe, KOTOpoe C KaxXaoi
peKypcHeil OyIeT yMEeHbIIAThCS B CMBICIE HEKOTOPO-
ro TTOAOOPaHHOTO YITOPSTOYeHUSI < HAa MHOXECTBE

ITPOTPAMMMUPOBAHUME

Ne 4 2023



JIOTMTYCTUMBIN MTOPAJIOK HA MOHOMAX BIIOJIHE 3AJIAH 11

TaKNX OaHHBbIX. HpI/I 9TOM OOJIKHa OBITH JOoKa3aHa
BIIOJIHE-3aJaHHOCTD <.

M okazanock, 4TO METOI MYILTUMHOXKECTB 00-
pasuoB (multiset of patterns) u3 Paznmena 2.2 cratbu
[5] xak pa3 IpUMEHUM B TAKOM BUJIE K KOHCTPYKTHUB-
HOMY JIOKa3aTeILCTBY 3aBepiuaeMoctu Mmetoga NF.

ABTODHI [5] moKa3bIBaIM TOJBKO JieMMy JIKcoHa,
npuyemM ucrnonb3oBaiu 136k ACL2* | ¢ KOTOPBIM MBI
He 3HakKoMbl. HaM moctaTouHO OBLIO 0003peTh 00-
LM 3aMbIce]l METoda OO0pa3lloB B JIBYX CTpaHMIIAX
paszaena 2.2, 4ToObl JOMBICIUTH IIOJIPOOHOCTU U 3a-
IIporpaMMHpoOBaTh Ha s13bIKe Agda aToT Meton. Hamm
anroput™m reducePM cBenéHust MHOXecTBa o0Opa3s-
oB (reduction of pattern set) oTinyaercst OT TOTO aJji-
ropuTMa, KOTOPHI nMeeTcs B BUAy B [S] (1 moapo0-
HOCTHM KOTOPOTo HaM He sicHbl). Ho 310 oTinuune He
CYLIECTBEHHO, TaK KaK IJISI HAIllerOo aJITOPUTMa MbI
JI0Ka3aJIi CBOMCTBA, KOTOPBIX JOCTATOYHO JJISI KOH-
CTPYKTUBHOIO JOKa3aTeJbCTBA BIIOJIHE-3adaHHOCTHU
JIOITYCTUMOTO YIOPSIAOYSHMSI Ha IOKa3aTeJIsIX a TaK-
Xe JjeMMbI JIMKCcoHa.

ITpu npuMeHueHuu storo Metoaa reducePM mno-
JIydaeTcsl JaHHOE€ pm B BUAE MYJIBTUMHOXECTB 00-
pasuoB, MOpSaAoK <pm Ha 3THX JaHHBIX U JOKa3a-
TenbcTBO cBoiictBa WF 11 <pm. Eciam 310 1aHHOe
pm 1 HEKOTOPhIE €My COIYTCTBYIOLIME TaHHbIE 100a-
BUTH K aprymMeHTaMm pyHkonu polNF, To momyuurcs
JloKa3aTeJIbHO 3aBepliaroiasics (yHKIIS.

Ho »ta nmporpamMa BhIIsiaena 6bl ropa3ao CIOX-
Hee, yeM 1ieseBas mporpamma NF nipuBeneHHas BbI-
IlIe: MHOTO JOMNOJHUTEIBHBIX apr'yMEHTOB B (PYHK-
LIMM 1 TOKA3aTEIbCTB CBSI3U MEXIY HUMU.

K cuacTtpio oka3zajochk, 4To yepe3 cBoiicTBo WF
oTHouleHus1 <pm U cBoiictBa cBeaéHust reducePM
JaHHBIX PM HETPYAHO JOKA3aTh BIIOJIHE-3aJaHHOCTh

oTHOIIeHUsT <, — YTO W TMPUBOAUT HAC K TPOCTOi
nporpamme NF, mokazaHHOI BBIIIIE.

Huxe onvceiBaeM 3TOT ITOIXOM.

4. OBJIACTH, OBPA3LIbI, YPOBHU

ITycTh es crnucok mokasateneil. 3aTeHeHHO# 06-
nacteio Sh(es) HazoBeM (cnenys [5]) MHOXECTBO MO-
KazaTejeil € TakKux, 4To € AEJIUTCS Ha KaKoi-JInbo
MokKasarejib M3 es. DTO 00beAUHEHUE HECKOIbKUX
OpPTaHTOB.

Hazosem Oenoii obynactbio W(es) IOOMOJHEHUE
PP\ Sh(es).

HazoBeM s1ecmuuuyeii Takoii CITMCOK €s ImoKa3aTe-
JIEH, B KOTOPOM KaxXAblii ITOKa3aTeab He JeJIUTCS HU
Ha OWH MOCJIEeIYIOIIN B CIINCKE.

Jnsg necTHULBI es Oejiass 00JIaCTh OKa3bIBaeTCsI
TOM yacThlo IpocTpaHcTBa PP, kKoTtopas Haxomurcs
“TIom necTHULEH”, 3aJaHHOM TTOKa3aTeIsIMU €S KaK

CTYIICHbKaMU.

Hanpumep, 1151 n = 2 iecTHULIA CTIMCKA [€,, €;] =
=[(3,2), (1,5)] nuzobpaxkeHna Ha puc. 1.
ITPOTPAMMMWPOBAHHE
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Puc. 1.

(O6a mpuMepa mmpeacTaBlIeHUsI OeJIbIX 00IacTeil B
9TOM cTaThe B3ITHI U3 [5]).

Ha puc. 1 n3obpaxena yactb kBagpaHTa 0 <x, y<6.
3nech 6e1ast 00J1acTh COCTOUT U3 ABYX TOPU30HTAIb-
HBIX ¥ OMTHOTO BEPTUKAILHOTO JIydeil U ellle HECKOJTb-
KHX TOYEK.

HobGasneHue K JIECTHULIE CIIepeau JIIoOoro rmoka-
3areiis e,, npuHaexaiiero Wley, €,], naer 6enyio
o0JnacTp MeHbIIY10, YeM WJe,, €], B CMBbIC/IE BKJIIOYE-
HHUSI C MHOXecTB. U Tak nanee.

ITycth <st yacTUYHOE YMOPSIAOYEHUE HA MHOXKE-
CTBe StC JIECTHMII, IPU KOTOPOM es <st es’ 03HaYaeT
W(es) c W(es’).

OuepenHoil 1LeJIbIOo SIBJISETCS Moao0paTh MOAX0-
JIsiee KOHEYHOE CUMBOJIBHOE MpENCTaBJICHUE OJIs
GeJioii 00JIacTM M [0Ka3aTh, YTO OTHolIeHue <st
BoyiHe 3agaHo. OKa3bIBaeTcsl, YTO U3 3TOTO MOXKHO
BBIBECTH BCE OCTAJIbHBIE LI CTAThU.

OO6paTtumcs K MeToay 00pa3noB U3 padoTHI [5].
O603HaYNM

Ny = NU {*}

MHOXECTBO HaTypaJIbHbIX UMCEJI, pACILIPESHHOE 3J1e-
MEHTOM *, Ha3bIBAEMBIM €80000011.

O6pas3uyom HasbiBaeTcs BeKTop B Ny

KonnyecTtBo cBOOOI B 00pa3lie Ha3bIBAeTCs pas3-
MepHocmblo 0Opa3slia.

PaSMepHOCTL Kaxaoro 06pa3ua HC MCHbLIIEC HYJIA
U He OOJIbIIIE N — YKcia IICPEMCHHBIX B anre6pe MHO-
TO4YJICHOB.

OO6pa3zel; 6e3 cBOOOABI Ha3bIBa€M OCHOBHBIM (B
nporpamme — Ground), oH UMeeT pa3MepHOCTh 0.

OO0pa3sel p peacTaBIsIeT MHOXECTBO TTOKa3aTe-
JIei € TAKNX, 4TO BEKTOP P COBMANAET C BEKTOPOM € B
KaKI0i MO3MLIMK, KPOME TEX, YTO COIEpKaT *.
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Kak B crathe [5], 0003HAaYMM 3TO MHOXKECTBO
S(p). duis1 criucKa Wiv MHOXKECTBa ps 00pa31oB 000-
3HaunM S(ps) oowenuHenune U {S(p) | p € ps} (cokpa-
meHue: Subset in PP defined by Patterns ps).

Takum o6pa3om Bcsikast 6esast 00J1acTh IMoaydyaeT
KOHEYHOE CHMMBOJILHOE TIpEACTaBI€HUE B BUIE KO-
HEYHOT0 MHOXKecCTBa 00pa3loB (TaKux IIpeacTaBiie-
HU1 MOXET ObITb MHOTO).

HMmeet cMmbIca coOupaTh B OOUH yposeHs 00pa3iibl
OITHOM Pa3MEPHOCTH U TIPEACTABIISTh OeTyIo 00IacTh
B BUJIE CIIMICKA YPOBHEM, YOBIBAIOILIETO MO Pa3MEPHO-
CTHU, TIPOITYyCKas MMyCTbI€ YPOBHMU.

Taxkoii cnucoK ypoBHE#l HazbIBaeM MY/AbMUMHO-
acecmeom obpasuyos (PMultiset, Kopotko — PM) (B [5]
0JIM3KOE 3TOMY ITOHSATHE Ha3bIBaloT multiset).

3amMeTuM, YTO JJIMHA CIMcKa ypoBHeill B PM He
MPeBOCXOIUT 1 + n, TaK KaK 3TU YPOBHU YIIOPSIIOYE-
Hbl 1O YOBIBAHMIO pPa3MEpPHOCTU, a pPa3MEpPHOCTb
YPOBHSI HE TPEBOCXOJIUT N.

VYpoBeHb U YHNOPSIIOYSHHBIA CIHUCOK YPOBHEM
BBEJE€HbI aBTOPOM, 3TUX IOCTPOSCHU HeT B [5]. B Ta-
KOM BUJ€ Mbl IOHMMAEM MX OTHOIIIEHUE K MOCTPOE-
HUIO MYJIbTUMHOXECTBA IO oOpa3liaM, K CBeIEHUIO
MYJIbTUMHOXECTBA M HAKOHEll, K I0Ka3aTeJIbCTBY
LEeJIM, U CYMEJIM 3alporpaMMHUpOBaTh O0Ka3aTellb-
CTBO Ha s13bIKe Agda. XOTs 30eCh MbI BCE 3TO OIUCHI-
BaeM Ha He(hopMaJIbHOM MaTeMaTUIYECKOM SI3BbIKE.

Ob6mactb S(pm), 3agaBaemasi oopas3liaMu B Halleit
Pa3HOBUIHOCTH METOMA, He 00S3aTeJIbHO COBHAAAET
¢ W(es), Ho oHa BkJrouaeT B ceds1t W(es). Bmecrte ¢
BITOJIHE-32IaHHOCTBIO yropsinoueHust <pm (omnpeae-
JIIEMOTO HIKE B 3TOM pasJielie) 3TO JaeT OCHOBY IJIst
JIOKa3aTeIbCTBA LIEJIH.

M3 [5] MBI B3sUIM TOJILKO INIABHOE — 3aMbICE
MpeIcTaBICHUS 00JIacTH B BUAE 0OPa31I0B U IOCTPO-
€HUSI U3 3TOr0 MYJbTUMHOXECTBa, KOTOPOE MOXHO
MIPEICTABUTD B BUIIE BEKTOpa HATYPAIBHBIX YMCE.

YPOBGHL — OTO IMapa "3 3Ha4YCHHUA pa3SMECPHOCTU N
COOTBETCTBYIOIICTO CITMCKaA 06pa3u0B.

Hanpumep, o1 n = 2, o6pazen [*, *] (generalPat-
tern) mpencranisieT Bce PP — Genyio obmacts mst 1my-
CTOrO CITMCKA.

Hpyroii npumep: 6enas obaacts Wle,, €;] Ha puc. 1
MOXET OBITh IIpeIACTaBlieHa, HaIpUMep, TaKUMU
YPOBHSIMM pa3mMepHocTH 1 u 0:

{(1, [O0*, *0, *1]),
(0, [10, 11, 12,
22, 33, 24])}

B aTOM M TIOCTIeAyIONIMX TIpUMEpaxX paciieyaTku 00-
pa3lioB MBI YacTO IMUIIIEM ij KaK KpaTKoe 000o3Haue-
Hue It napsl (i, j), korma i, j < 10, u i* BMecto (i, *).

Kpamnocmoro (IMulty) ypoBHSI Ha30BeM JIMHY
CITMCKa 3TOTO YPOBHSI.

3aMeTuM, UTO IIJIMHA CITUCKA He 00si3aTeIbHO paB-
Ha TIOPSIIKY MHOXeCTBa 3JIEMEHTOB cIicka. Ho s
HAIITMX TTOCTPOSHUI 3Ta pa3HUIIA He CYIIIeCTBEHHA.

13, 14, 20, 21,

O npuMeHsAeMBIX YIOPSITOYEeHHSIX:

YTOOBbI OOJIErYUTh YTCHUE CTaThbU, MEPEUUCIUM
3Iech BCe MCTONIb3yeMble HaMU YITOPSIIOUEHUS.

<, £ — yropsiaoueHUsT Ha HaTypaJIbHbIX YMCTIaX.

<, — TOKOOPIMHATHOE YIOPANOYEHUE MO < Ha

BekTopax Hax N (4JacTHIHOE).
<, — TIPOM3BOJIBHOE TOITYCTUMOE yIOPSIOYeHUE
Ha PP (Bextopax Hag N).

<* — oTHoOIIeHWe MexXay smeMeHTaMu N U 371e-
MeHTaMu Ny (oTipeneeHHOe HITXKe).

<ep — OTHOIICHHWE MEXAy MOKa3zaTesIMH (TUIa
PP) u o6pasuamu (tuna Pattern), 3aganHoe (HIKe)
MMOKOOPAMHATHO Yepe3 <* (YJaCTUYHOE).

<nn — ynopsaoyeHue Ha ITapax HaTypaabHbBIX YM-
ceJl, 3aJJaHHOe CJI0BapHO yepes <.

<lev — ynopsimoyeHre Ha YPOBHSIX, 3alaHHOE (H1-
Ke) 4yepe3d ynopsgodeHue <nn map (pa3MepHOCTb
YPOBHSI, IJIMHA CIIMCKa 00pa31oB YPOBHS).

<ls — ynopsimoueHue CIIMCKOB YPOBHEH, 3aJaHHOE
(H1ZXe) CIOBapHO OTHOCUTENIBHO yriopsinoueHus <lev.

<pm — yIopsmouYeHrne Ha MyJIbTUMHOXKECTBax 00-
pasuoB (PM), 3aganHoe (HuxKe) yepes <lIs (rmouTtu To
xe, urto <Is).

<pps — yIopsIoUYeHrEe Ha CIIMCKax MokKa3aTeJiei,
omnpeneeHHOe (HMXe) yepe3 <pm U OTOOpaxKeHue
esToPM! : List PP — PMultiset.

HexoTopble U3 3TUX yropsinoyeHuit, — B 0OIIEM
cllydae CKaxeM < Ha X, — OIpeNesIoTCs Yepes Apy-
roe ynopsimoueHue, cKkaxeMm <' Ha Y, ITyTeM IIepeHe-
ceHHns 110 TTogoopaHHoMy otoopaxkeHuio f: X — Y.
I1pu 3ToM X < X’ onpenesieHo Kak fx <' fx’.

B cranmaptHOIi OMOAMOTEKe 3Ta KOHCTPYKIIUS
OCYIIECTB/ISIETCS OepaToOpoM _on_:

< =<' onf

Ecnu <' BrionHe 3agaHo Ha Y, TO < BITOJIHE 3aJJaHO
Ha X. OTa npocTas JeMMa JoKa3aHa B CTAaHIAPTHOM
OUOINOTEKE.

HazoBeMm pazmepom ypoBH# lev mapy HaTypaabHBIX
qucen I1Size lev = (d , |pats|)

— pa3MepHOCTh YPOBHS lev 11 ero KpaTHOCTb.

ITycth <nn 3TO CIOBapHBIA HOPSIIOK HA MHOXE-

ctBe N X N. Yepe3 Hero ornpeneiuM IOpSIOK Ha
YPOBHSIX:

_<lev_:Rel DimLevel _

_<lev_= <nn_ onlSize

— TO €CTh COOTBETCTByMOIIME 3HadeHUs ISize
CPaBHUBAIOTCH 10 <nn.

IMopsimoxk <Is Ha CIMCKax ypoBHEM 3amaeM Kak
CJIOBApHBIN TTOPSIOK Hal MOpsaKoM <lev :

~<lIs_:Rel DimLevels

<Is_ =Lex-<_ _<lev_

IMPOTPAMMMWPOBAHUE

Ne 4 2023
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IMopsmok <pm Ha MYITBTUMHOXKECTBaX 00pa3IoB
3a7aeM Tak:

_<pm_ : Rel PMultiset _

_<pm_ = <Is_ondimLevels

— CPaBHUTb CIUCKW YPOBHEH B CJIOBAapHOM IIO-
psIIKe Ha TTopsakoM <lev.

Bunxo, yto <pm — 3T0 mopsgok Ha PMultiset
n3oMopHBI nopsaaky lex(<nn) Ha MyJIbTUMHOXE-
ctBax Han N, TIpeACTaBIeHHBIX B BUIE YIIOPSIOICH-
HBIX TI0 YOBIBAaHUIO pa3MEePHOCTHU CITUCKOB map (pas-
MEpPHOCTbB, KpaTHOCTB), rie 0 < pasMepHOCTh <n.

To ectb <pm MO CyTH Aeia 3aJaeT IMOPSIOK Ha
CIIMCKax BUOa

(dl’ml)a--'z(dksmk): (IV)

rne d;, m;e N, n>d, > ... >d, 20, u Bce kpaTHOCTH
m; HEHYyJIEBBIE.

DTOT NOPSAIOK BKJIAABIBACTCS B CJIOBAPHBIIA ITOPSI-
JIIOK Ha MHOXecTBe BeKTopoB Han N mimHbl 1 + n.
ITpu sTOM BiioxeHunu d; CyTb HOMepa MeCT B BEKTOpE,
a COCTaBJISIOIINE B OCTaJbHBIX MECTaX 3aIIOJIHSIOTCS
HYJISIMU.

M3BecTHO, YTO TAKOM MOPSIIOK SIBJISICTCS BITOJTHE
3aJaHHBbIM.

B crangaprHoii 6ubmmoreke | i b- 1. 7 a3pika Ag-
da HeT mokazaTeabCTBa 3TOMY. DTO J0Ka3aTeILCTBO
3alporpaMMUpPOBaHO B Hallleil OMOJIMOTeKe IS pa3-
peXeHHOro npeacTaBicHUs BekTopa B Buae (1V).

Tak 4yTo mporpaMMa Tenepb cchiiaeTcsd Ha PyHK-
muio <pm-wellFounded KOHCTpyKTUBHOTIO JoKa3a-
TeJIbCTBA BITOJIHE-3aJAHHOCTU YIOPSIAOYEeHUsT <pm
Ha MYJIbTUMHOXECTBaxX 00pa31oB.

Hanee, 3amyMaHHOEe HaMU J0Ka3aTeIbLCTBO BITOJI-
He-3aJaHHOCTU [OITyCTUMOro Topsinka <, MMeeT
craenytomnii Bum. Ilycts e : PP — m1060i1 mokaszarens.
Hano nokasats ero noctmxxkumocts Acc _<,_e. To
€CTb J0KAa3aTh, YTO BCSIKUIA MoKa3atesb €’ <, € SIBJIsI-
€TCA JOCTUKUMBIM.

€ He JeJUT €’, B CUIY 3aKOHOB OTHOILIEHUS TOITy-
ctuMmoro yropsanodenus 1 <, (Pazgen 0.1).

ITosToMy mosryyaeMm necTHuUlly m3 €’ :: e :: [] u3
JIBYX Mokasareseii (cMoTpu Havajno Pasnena u pucy-
HOK 1).

Hanee, Hano nokasatb Acc _<,_ €” mjs KaXaoro
e” <, ¢e’. OTHoueHue <, TpaH3uTUBHO. [1oaTOMY BBI-
MoJiHEHO €” <, €, U IOTOMY CITUCcOK €” :: €’ i1 e :: [] sIB-
JisieTcs JiecTHUIleil. PaccMoTpum Bce TociienoBa-
TeJIbHOCTU JIECTHUILL BUa

(L.le], € e ], (€ e e, ...

— ouepenHas JIECTHULIA TIOIyJaeTcs W3 IIpeabIaylIeii
J06aBJIeHUEM TOJIOBHOTO TTOKa3aTesisl, KOTOPHIid MEHb-

11e 1o <, BCEX OCTAJIbHBIX ITOKAa3aTeeH JIECTHULIBI.

ITPOTPAMMUPOBAHUE Ne 4 2023

Kaxmoit mecTHUIIE St 3 TAKOM TTOCIETOBATETLHO-
CTH coITOoCTaBJIsIeM ee 0enyio obnactb W(st). OueBu-
HO, YTO 3TU MHOXECTBa yObIBAIOT MO BKJIIOYEHUIO:

W(I) D ... > W(st,) D Wist,,,) D ...

Huxe MbI 110 3aKOHY CBeIEHUSI KaXKI0M TaKoi 00-
JacTu (JIECTHUIIE) COIIOCTABIISIEM MYJIBTUMHOXKECTBO
pm(st) 06pa3110B Tak, uto pm(st(1+i)) moayvaercs us
pm(st(i)) HEKOTOpBLIM cBenéHreM o0pa3loB (pattern
reduction) 1o ouepeHOMY OKa3aTeNIO €; U IepeMe-
IIEHUEM MOJYIEeHHBIX 00Pa3L0B MEXIY YPOBHSIMMU.

Hixe ompenensiem 310 cBeméHUe M OOKa3bIBaeM,
yTO Kaxaoe ceenénue pm(st(i)) — pm(st(1+i)) ymeHb-
1IaeT MYJIbTUMHOXECTBO B CMBICJIC MTOpsiAKa <pm.

B Hanreii pa3HOBUIHOCTU MeToda oOpa3loB 00-
Jmactb S(pm), 3agaBaeMasi oopas3namu, He 00s13aTeb-
Ho coBnagaetT ¢ W(es). Ho oHa BkiwouaeT B cebs
W(es). B MeTone, onmchiBaeMOM HILKE, ITOCIEI0BA-
TEJIbHOCTb pPm, >pm pm; >pm ... yObIBa€T B MOI0-
OpaHHOM HaMM BIIOJIHE 3aJaHHOM TOpsiakKe <pm, 1
9TO JIaeT OCHOBY IJIs1 TOKA3aTeIbCTBA 1ICJIH.

4.1. Ceedénue obpasua, ypoeHs,
MYALIMUMHOICECMBA 00pa3LU08

OtHomenne <* mexmy aneMmenTamMu N 1 N orrpe-
JeJIUM TaK:

i <** s 1r000T0 HATYPAaJIbHOIO 1,

" i <* j 3HaUmT, 9TO i < j AJ1 HATYpaJIbHOTO j.

OtHollleHUe <ep MeXay MoKa3zaTessiMu U o0pas-
mamu (tuna Pattern) onpenenum kKak <* nmpumMeHeH-
HOE MOTOYEeYHO. DTO YACTUUHBIUN MOPSIAOK.

p : Pattern Ha3biBaeTcst ceodumbim 110 € : PP (e Re-
duces p), ecim e <ep p.

DTO omnpeneseHue PaBHOCWIBHO OMpPEAEIEHNIO
oTHoleHus “p is reducible by e” u3 ([5], 2.2).

s obpasuia p, CBOOIMMOTO IO TloKa3aTesio e,
GYHKIINS CBENEHUS

reducePattern : PP — Pattern — Patterns

BBhIJAaeT CHMCOK OOpa3lioB, Ha3bIBAEMBIX HaMU pe-
JIexcaMu. B 1ieeBoM moKa3aTenbCTBE OHA IIPUMEHSI-
€TCSI TOJILKO KOTa € CBOIMT P.

Ecau p comepxut * B HEKOTOPOM MeCTe BEKTOpa,
M € COIEPXKUT j B 3TOM MECTE, TO CHUCOK PEACKCOB
IIJIST 9TOTO MecTa — 3To Bce oopasusl p’(0), ... p’(-1),
rae p’(k) monydeH u3 p 3aME€HOIi * B 3TOM MecTe Ha
yucio k.

Hcknrouenue nenaercs mist j = 0, B KaKOM ciydae
* Ha 3TOM MecTe 3aMeHseTcs Ha 0.

31ech UMeeTCsl OTJIMUME OT cBenéHus B [5], roe
MUIIETCSI O MHOXKECTBE BCEX YMCEI MEHBIIINX j, TOLIa
Kak npu j = 0 3T0 MHOXECTBO OKa3bIBACTCS MTYCTHIM.
CHauaza Mbl IIBITAJIMCh CJIEAOBAaTh 3TOMY MOCTPOE-
HUIO, HO TIPU 3TOM MOJy4aeMO€ MHOXKECTBO 00pa3-
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LIOB MHOTAA OKA3bIBAJIOCH HeJOCTATOUHBIM. [ToaToMy
MBI TIPUMEHWJIA OITMCAHHOE BBIIIE UCKITIOUESHUE IS
j = 0. Ilo kpaitHeii Mepe, J0Ka3aTeJILCTBO 1IN —
MPOXOIUT.

BOTo meiicTBUE WIS * MPOU3BOAUTCS TI0 odepenu
JUTIST BceX MecT ¢cBoboabl B p. [lomydeHHBIE CTUCKU
PEIEKCOB COEOUHSIIOTCS BCTaBKOW HpUMEHEHUEM
¢dyHkuuM insertPatterns Tak, 4ToO BO3BpalllaeMblii
CIHCOK PENEKCOB HE CONEPXKUT MOBTOPOB.

Hamr aaroputM cBenéHUs yCTpOEH TakK, YTO IS
OCHOBHOTO 00pa3ia, CBOOUMOTO IO €, BhIIASTCS Iy~
CTO! CIIMCOK.

Jloka3bIBaeM B IporpamMMe, 9To IJIs oOpasia pas3-
MepHOCTH d CBOAMMOIO TIO € BCE OCTaTKU B
(reducePattern e p) umeror pazmepHoctb d — 1.

DyHKLUSA

reducePatternToLevel : (e : PP) (p : Pattern) —

e Reduces p — DimLevel

TpeOyeT, YTOOBI p ObLI CBOAUM T10 €. OHa IPUMEHSIET
(reducePattern e p) u BbIIAeT YPOBEHb, COCTOSIIMNIA
U3 BTUX OCTATKOB, U BCE OHM MMEIOT Pa3MEepPHOCTb
(dimp) — 1.

CBOIMMBI OCHOBHOI 00pa3ell JaeT IIPU TaKOM
cBeéHUM TTyCTOI YpOBEHb.

VYpoBeHb lev Ha3pIBaeM CBOAMMBIM IO TOKa3aTe-
mo e (e ReducesLevel lev), eciiu e cBoOUT HEKOTOPHIA
obpaser B lev.

DOyHKLIUS

reducelLevel : (e: PP) (lev: D nevel) —»

D nLevel s
CBOJIUT YPOBEHb, OHA BhIAACT CIUCOK He OoJjiee, 4yeM
M3 IBYX YPOBHEN CIEOYIONINM 00pa3oM.
Ecnu lev He cBomuM 110 €, TO BhimaeTcs | lev |.

HMHaue, eciin lev comepXXuT oguH oGpasell p, TO
Boeigaercs [ reducePatternToLevel e p rd |.

pr eReducelevel s
preReducelLevel s _ []
pr eReducelLevel s e (I

_=_[]

| evs)

B

ﬁh‘l\)
—_

|

\S—

|

S —

Puc. 2.

MHuaue B lev HaxoauTCs mepBbIit 0Opaszell p CBOIU-
MBI 1O €, BBIYUCIISIETCS YPOBEHbD

rLev = reducePatternToLevel e p e-reduces-p,
u BeigaeTcs cnucok (delPattern p lev) :: rLev ::[]

U3 IByX ypoBHeii. [1epBblil U3 HUX TTOJIy4eH yaaJleHU -
eM m3 lev TIepBOTO BXOXIEHHMS oOpasmna p. B mrore
MEPBBIM YpOBeHb MMeeT padMmepHocTh dim(lev) u
KpaTHoCTb IMulty(lev) — 1,

BTOpOii — umeeT pasMepHocTh dim(lev) = 1 (3mech
CTOUT 3HAK YCEYEHHOrO BBIYUTAHUSI HATypaJbHBIX
YlCeNl: eCIM YMEHbIIIaeMOe MEHbIIIEe BbIYMTAeMOTO,
TO UToroM cuutaercs 0).

Boob6iue, cBenéHue o0pas3loB, YPOBHEM U CIIHC-
KOB YpOBHEI YCTPOEHBI TaK, YTO ObLIO JIErde JOKa-
3aTh COIVIACOBAHHOCTH CBENEHUS C YIIOPSIOYCHUEM
<pm U ¢ OTHOILIEHHEM BKITIOUEHMUSI OeJIbIX 00JIaCTE.

DOyHKLUS

PP — Di nLevel s — Di nLevel s

with e reducesLevel ? |

..] no _ =1
.| yes rd-1 =
i nsertLevel s (reducelLevel

NpUHMMAET MoKa3aTelJlb € U CIIMCOK levs ypoBHEl u
BO3BpalllaeT CIMCOK ypoBHeli. OHa uIleT B levs mep-
BBII CBOIMMBIN TI0 € ypoBeHb. Eciii Takoro HeT, TO
BO3Bpaiaert levs.

MHaue oHa CBOAUT HaiiAEHHbBI yPOBEHb B CIIUCOK
levs’ ypoBHel 1 BCcTaBIIsIeT levs’ B OCTaBIIMIACS XBOCT
crnucka levs.

el)

(preReducelLevel s e | evs)

| evs

3nech dyHKIMs insertLevels BcTaBisieT ypoBHU B
CIIKCOK IT0 OMHOMY, IpUMeHsIsI yHKIMIO insertLevel.

insertLevel BcTaBiisieT ypoBeHb 1 B CITMCOK corviac-
HO yOBIBaHUIO pa3MepHocTH. Ecim BcTpeTnTest ypo-
BeHb |’ TO#i ke pasMepHOCTH, TO 1 u I’ ciiuBaloTcs B
onuH ypoBeHb (joinLevels' 11’ d=d’), mpu aToM criic-

[MPOTPAMMUWPOBAHUE Ne 4 2023
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KM 00pa3loB MPUCTABIISIOTCS APYT K IPYTY, COOTBET-
CTBEHHO, KPaTHOCTH CKJIaJAbIBAIOTCSI.

@dyukuusg reducelevels mnpumensier preRedu-
celLevels u ymansieT U3 pe3ysibTara IIyCThie YPOBHU.

_ReducesPM_ REL PP PMul ti set
_ReducesPM_ e pm =

HanmoMHuM, 4YTO MYIHLTUMHOXKECTBO 0OOpa3loB
(PMultiset, PM) cocTouT 13 cricKa HEMyCThIX YPOB-
Hel, yIOpSAOoYeHHOTO IO YOBIBAHUIO Pa3MEPHOCTU
YPOBHSL.

OTHoLlIeHUEe

Any (e ReduceslLevel ) (dinlevels pm

03HAyaeT, YTo MokKasaresib € cBoauT PM, To ecThb CBO-
JIUT HEKOTOPbIi ypoBeHb B PM.

reducePM: (e

Csenénne PM BeIpaxaeTcst QyHKIIMEH

PP) - PMultiset ->PMiltiset

reducePM e pm@ nkPM | evs al | HasHead- | evs ord- | evs)
with e reducesPM? pm

.| no _ = pm
.| yes any-rd-levs =
nkPM | evs' al | HasHead- | evs'
wher e
| evs' = reducelLevels e | evs
ord-levs' =

al | HasHead- | evs'

OnHa ocrasisieT pm : PMultiset (c ypoBHsIMU levs) He-
W3MEHHBIM, €CJTA € He CBOIMT pm.

WNuave ona BeimaeT pm’ : PMultiset, B koTopom
YPOBHHU NoJIydyeHHbI BEI30BOM (reduceLlevels e levs).

3necy allHasHeadoreducelLevels aTto ¢yHKIUMS,
KOTOpasi CTPOUT J10Ka3aTeIbCTBO TOTO, UTO KaXKIIblit

reducePM<pm : {e PP} {pm:

= al | HasHeado.r educelLevel s e

ord-| evs'

reducelevel s- preserves- <d- Decr O der ed

e ord-1|evs
| evs

YpOBeHb, BblAaBaeMblii pyHKkuuen reducelevels, He
MyCT.

5. CBOMCTBA CBEJJEHUA
MVJIBTUMHOXECTBA OBPA3LIOB

B nameit mporpammMe moka3aHa Ha sI3bIKe Agda
TeopeMa

PMul tiset} —

e ReducesPM pm—
reducePM e pm <pm pm
reducePMcpm {e} {pm e-rd-pmwith e reducesPM? pm

.] no —rd = contradiction e-rd-pm —rd
reducelLevel s<Is (decrOrdered pnm) rd

.| yes rd =

— €CJIM € CBOAUT MYJBTUMHOXECTBO pm 00pasIioB,
To (reducePM e pm) BbimaeT pm’ : PMultiset, koto-
poe MEeHBIIIe pm B CMBICIIE <pm.

Jloka3zaTeabCTBO OCHOBAHO Ha CJIEAYIOIIUX COO0-
pPaKEeHUSIX.

Ecmm cBomuTCSt ypOBEeHB HYJICBOM pa3MepHOCTH, TO
9TO BbIpaXkaeTcsl B yIaJeHUU OAHOTO 00pasiia 13 3TOro
ypoBHSL. [1pr1 5TOM yMeHBIIaeTCsl KPaTHOCTD YPOBHSL.

Ecnu cBomutcst ypoBeHb HEHYJIEBOII pa3MepHO-
CTH, TO IUOO OH 3aMEHSETCsS Ha YPOBEHb MEHbIIIEH
pa3MepHOCTH, TUOO OH 3aMEHSIETCSI HA YPOBEHb TOU
K€ pa3MEpPHOCTU C MEHBIIIEH KPAaTHOCThIO U ellle Ha
YpOBE€Hb MEHbIIIEH pa3MEPHOCTHU.

IMTPOTPAMMMWPOBAHUE

Ne 4 2023

Hano nmeTs B Bumy, 4To B Hallleii 3agadye cBeaé¢He
CIMCKA YPOBHEM IPUMEHSIETCSI TOJIBKO K TEM CIIMCKaM,
KOTOPBIE YK€ YIIOPSIIOYEHBI IT0 YOBIBAHUIO pa3sMepHO-
¢ty ypoBHS. [1oapoOGHOCTH TAKOTO poJa CyIIeCTBEHHEI
P IOCTPOSHUU J0KAa3aTeJIbCTB.

5. 1. Coomeemcmeue
NeCMHUUA —> MYAbMUMHONCECME0 00pA3L08

EcTh BaxkHOE CBOIICTBO COTTIACOBAHHOCTU MEXKIY
PM, nectHuuamu (ux OeabIMU OOJACTSIMU) U JEii-
crBueM cBenénus. B xone neiictBuit Han PM (cBemé-
HUE 00pa3lioB, BCTaBKa YPOBHEM, U TOMY ITOJO0OHOE)
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nogBIgroTcd pa3Hbie PM. [l Hatmei 1ieiam Heooxo-

JIUMO yOEIMTbCS B COXPAaHEHUM BaXXKHBLIX CBOMCTB

cBs13U nossisiomuxcsa PM u 6eabix o01acTeii.
T'oBopuM, YTO TTOKa3aTeb € IPUHALIEKUT 00pa3-

uy p (e epat p),

€CJIY € MOJIy4aeTcsl MOACTAHOBKOI HEKOTOPHIX YMCEIT

BMECTO BXOXIECHUI * B p.

3aMeTuM, 4TO eciiu € € pat p, To ¢ Reduces p.

Level sCover Regi on
Level sCover Regi on | evs es =
V(e

ecels | evs

3HAYUT, YTO CITMCOK levs ypoBHEI MOKPBIBAeT OEIIyIO
obnacth (“Region”), 3amaHHYIO CIIMCKOM IIOKa3aTe-
Jeit. To ecTh BCSIKUI ITOKa3aTenb €, IpruHaIIeKalli
obmactu W(es), Takxke NPUHALIEKUT HEKOTOPOMY
YPOBHIO U3 levs.

OtHoieHue “ pm : PMultiset mokpriBaeT 6enyro
obmacte W(es)” (PMCoversRegion pm ¢) o3Hadaer,
YTO CIIMCOK YPOBHEN 13 pm nokKpbiBaeT W(es).

Hanee, pyHKIIMS

esToPM : (es: List PP) —»

J(\(pm : PMultiset) - PMCoversRegion pm es)
COIIOCTAaBJISIET CHUCKY €S IMoKa3aTelieii HEKOTOpOoe
PM, kotopoe nokpsiBaeT W(es). DTo 3agaet oTobpa-
XeHue \ eS — pMu ellle 10Ka3aTeIbCTBO COOTBET-
CTBYIOILIIETO YTBEPKICHUSI OO0 3TOM OTOOpaKeHUU.
Brta GyHKIUS YyCTpOeHa cienyoluM oopazomM. Ha-
yanbHOoe PM (generalPM) coctout m3 cBoboOm, I10-
KpBIBaeT Bce IMpocTpaHcTBO PP 11 cooTBeTCTBYET ITY-
CTOMY CIIUCKY mokasareeii. [To pekypcun, eciu Te-
KYILIMiI CIMCOK €S OTOOpaxeH B pm, KOTOpoe
nokpniBaeTr W(es), To Torma (reducePM e pm) 1o-
KpbIBaeT 00acTh W(e :: es). DTOT 1Iar UHAYKIIUU J0-
Ka3bIBaeTcs B Telie pyHKIuu esToPM.

Dyuknus

esToPM! : List PP — PMultiset

esToPM! es = proj, (esToPM es)

otaunyaetcs oT esSToPM TeM, 4To Bo3BpalllaeT TOJIbKO
PM.

IIpumep. 3ananum Tpu mokKasaTes:
€= [3a 2]a € = [1: 5]: €= [2a 1]
IMpumensia pynkuuwo esToPM! (onuparouryrocs

Ha cBenénue PM), moctpoum tpu PM, cooTBeTCTBY-
Io1IKeE JIECTHULIAM [€], [e, €], [€,, €}, €] :

pmle,] = esToPM! [ e, |
pm-e e, = esToPM! (e, ::e5:: [1)
eo:: D)
Bemast o6macThb 1u1si IECTHULIHI [€,, €, €] TOKa3aHa
Ha puc. 2.

pm-e,e e, = esToPM! (e, :: e i

COOTBETCTBEHHO CYMUTAEM, UTO € IMPUHAMJIEKUT
CIIUCKY ps 00pa3lioB (e € pats ps),

ecin e €pat p T HEeKoToporo p u3 ps (Any
(e epat_) ps).

CunTaeM, 4TO € IIPUHAIIEXKUT YPOBHIO lev, eciu e
NPWHAJICKUT CIUCKY 00pa3noB lev. CauraeM, 4To €
npuHamIexxuT pm : PMultiset (e €epm pm), ecnu e
MPUHAIIEKUT HEKOTOPOMY YPOBHIO U3 pm.

OmnpeneneHue

REL Di mLevels (List PP) _

PP) — es —EsDivides e —

HemoHcTpanimonHass ¢yHkuus (Momynb Pol.
Dickson.Test Haiueit mporpaMMbl) 3TOTO IIpUMepa
MMOKAa3bIBaeT TaKue 3HAYCHUS 111 3Tux PM:
prme] =PM[ Lev [*1, *0, 2*, 1*, 0*] ]
pmee, = PM[ Lev [*1, *0, 1*, O0*],

Lev [24, 23, 22, 21, 20] ]
pme,e;eq = PM[ Lev [*0, 1*, 0*],

Lev [ 11, 01, 24, 23, 22, 21, 20]]
CormacHo anroputmy esToPM! stu pu PM noinyye-
HBI ITOCIeTO0BATEIbHBIM MIPUMEHEHEM (DYHKITUY re-
ducePM :

[*, *] —reducePM e;—> pm]e;] —reducePM e,—>

pm-e,e, —reducePM e,—> pm-e,e e,

ITpu 5TOM BBITOJTHEHBI HEPABEHCTBA

pmley] >pm pm-e,e, >pm pm-e,€,€,.

benmas obnacte W[ey] npeacraBumMa B BUAE IBYX
TOPU30HTAJIBHBIX U TPEX BEPTUKAJIBHBIX JIy9eii. DTO B
TOYHOCTHU BbIpaXKaeT 3HauUeHue pm|e,].

Wle,e,] npencraBuma 1ByMsI TOPU30HTAIBHBIMUA U
OIHYM BEPTUKAJIBHBIM JIy4aMU, U eIlle HECKOJIbKUMU
TOYKaMU. pm-€,€, COIEePXKUT oOpa3zell 1*, u3-3a yero
pm-ee, 3amaeT 00JacTb, CTPOrO0 BKJIIOYAIOLIYIO
Wle,ey]. D10 monyctumMo — ycioBUE MPaBUIBHOCTHU
aJIrOpMTMa Ha3BaHO HITXKE.

Wle,e e,] mpeacraBuMa OfHUM TOPU3OHTAJIBHBIM
Y OOHYM BEpPTUKAJIbHBIM JIydaMU, U €Ile YEThIPbMS
TOYKaMU. PM-€,€,€, 3a1aeT 00J1aCTh, CTPOTO BKJIIOYA-
o1y Wle,e, ey]. Kpome Toro, B 3aTom PM umerorcs
HajnoxeHusi. Hanmpumep, oopasernr 1* BkitouaeT oopa-
3en; 11. Ha mpaBMJIbHOCTD IIPUMEHEHUSI METOIA 3TO
He BIIUSIET.

JocTaToyHble YyCIIOBUS IPaBMJILHOCTU 3TOTO Me-
Tona 0Opa3loB TAKOBBHI.

* OuepegHoe PM mokpniBaeT COOTBETCTBYIOIIYIO
Oenyro 001acTh.

* QuepenHoe PM meHbiie npenpinyinero PM B
cMbIcae <pm.

IMPOTPAMMMWPOBAHUE

Ne 4 2023
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I[lepBoe M3 3THX CBOMCTB CIIEAyeT M3 JIEMMBI O
MPUHAIIEXXHOCTU MoKa3aTesl CBeA¢HUIO (I0Ka3aH-
HOIi B Hallleii GUbJIMOTeEKe):

ef e’ A €’ € pat A e-reduces-pat = e’ reduce-e-pat :

{ee’: PP} {p: Pattern} —

e,é’S’e’—)e’epatp%eSepp—)
Any (e’ e pat_) (reducePattern e p)

— “Ecnu e He JenuT €, €’ MpuHAaIJIeXKUT 00pasiy p 1
€ CBOJIUT P, TO € MPUHAIJIEKUT HEKOTOPOMY U3 00-
pasnos reducePattern e p”.

6. TEOPEMA O BITOJIHE-3AJAHHOCTHU
JOITYCTUMOTO YIIOPAJOYEHUWA
3amaauM NOpsAOK Ha CIIMCKaX IMoKa3aTeseii:
_<pps_ Rel (List PP) _
_<pps_ = _<pm_ on esToPM
To ecTb 0151 CIIMCKOB €s U €s’ cpaBHUBAIOTCS 1Ba PM,

noJIydeHHbIe TpuMeHeHneM esToPM K criimckam es n
€s’ COOTBETCTBEHHO.

Tak kak mopsimok <pm BITOJIHE 3aAaH, TO U <ppS
BriosiHe 3agaH. CraHmapTHass OMOIMOTEKa BeChbMa
MIIPOCTO JOKA3hIBAeT 3TO B OOIIEM ciTydae, KaK CBOM-
CTBO OTOOpaKeHUsI _ONn__ Ha YIOPSIOYCHUSIX.

DyHKIMS
e:es<pps-es: Vees > All (e <,_) es >
(e ::es) <ppses
nokasbiBaeT Jlemmy:
€CJIM ToKa3aTesib € MeHbIIIe BCceX ToKasaTesiein u3

€s IT0 IOMyCTUMOMY yHOpsno4YeHnIo <,, To (€ :: es)
<pps es.

B yacTtHOCTH, pu 10OaBIEHUU TAKOIro IMoKa3aTe-
JISI CIIEpey K JISCTHUIIE MOJy9aeTCsl MEHbIIIasl JeCT-
HULIA B CMBbIC]IE <pps.

Jloka3aTeabCTBO JIETKO CieayeT U3 CBOMCTB (pyHK-
muu reducePM, noka3aHHBIX paHbIIIE.

Teopema WF-admissible.
Bcakoe donycmumoe ynopadouenue <, noxaszame-
Jell 6nojaHe 3a0aHo.

Crnenyromas rmporpaMMma Ha s13bike Agda popmy-
JIMPYET U JOKAa3hIBACT 3Ty TEOPEMY.

<, wellFounded : WellFounded _<,_

<,wellFounded e =
aux e [] [] (<pps-wellFounded [])
where
aux : (e : PP) (es: List PP) —»
All (e <,_)es — Acc _<pps_es —

Acc_<, e
aux e es e<es (acc rec-es) = acc rc
where

b

rc:Ve’—e’<,e >Acc_<, e

ITPOTPAMMUPOBAHUE Ne 4 2023

rce’e’<e=
aux e’ (e :: es) e’<ees (rec-es _ees<pps-es)
where
ees<pps-es = e.es<pps-es € es e<es
e’<ees =
e’<e:
(AlIM.map (\e<x — < trans e’<e e<x) e<es)
BDTO KOPOTKOE T10Ka3aTeIbCTBO BhIpaxkaeT (pOpMaib-
HO cieaylolee HedpopMaibHOE pacCyKIeHUE.
Bsenem cokpanieHust 1 0003HaUYEHUSI:
ees = € :: es — JJIsI TIoKas3aTeJs € 1 CIIMCKa €s,

AccE = Acc _<,_ — IOCTMXMMOCTb IOKa3aTesst
no <,,

AccPPs = Acc _<pps_ — DOCTMZKMMOCTH CIIMCKaA
rnokasarejiei mo <pps,

e<alles=All (e <,_) es — OTHOLLEHUE “ € MEHBLLIE
Bcex Iokasareeil U3 crmucka es”.

(onpenenenue poctmxkumoctu (WellFounded, Acc)
naHo B Paznene 2).

Ilycth € — 1100011 mokaszatenb. Hamo nokasaTh ero
nmoctiknuMocTh AccE e. To ecth mnokaszaTh, 4TO BCSI-
KU mokazateisb €’ <, € SIBJISIETCS JOCTUXKMMBIM (1O
OIpeJlieIEHUIO, 3TO eAMHCTBEHHbII CITOCO0 10Ka3aTh
JTOCTVKUMOCTD).

Jlemma Aux. /1151 1100BIX ITOKA3aTes € U CIIMCKa es
nokasateneit, ecom e <all es m ecima AccPPs es, To
AccEe.

JokazkeM JjeMMy Aux TpaHC(UHUTHON MHIYKIIU -
el o oTHo1IeHUIo <pps W1 crnucka es. MHayKTuB-
HOE MPEanojaokeHre 31eCh O3HAYAET:

JileMMa Aux BBIIIOJIHEHA IJIsl BCEX CITMCKOB €s’, OIS
KOTOpBIX €5’ <pps es.

DopMaJIbHO 3TO BhIpaXkaeTcsl Kak

(Ind)

Ves’ — es’ <ppses —

(Vu > u<alles’ — AccPPses’ — AccE u)

Hano u3 stux ycnosuii BeiBecTu AccE e. 1o onpe-
JICJICHUIO TOCTVKUMOCTHU, JIJISI 3TOr0 JOCTATOYHO BbI-
BECTH TO, YTO [UTs1 Jitoboro e’ <, e BbIosHeHO AccE e’.

ITo nemMe e:es<pps-es, u3 yciaoBus e<es : ¢ <all es
BBIBOIUM ees<pps-es : ees <pps es

(ceBa OT IBOETOYMS TIUILNEM WMS YTBEPXKIECHWUS,
cIipaBa — BBIpaKE€HHUE €r0 CMBICIIA).

N3 ycnosuii e’ <, e, e <all es 10 TPAaH3UTUBHOCTHU
cienyet e’<ees : e’ <all ees.

B yrBepxknenue (Ind) moacrasisiem es’ = ees, BO
BTOPOIi apryMeHT IOACTaBJsSIEM J0Ka3aTeIbCTBO
ees<pps-es, MOACTABIISIEM U = ¢’, J0Ka3aTeJIbCTBO
e’<ees mmoncrasisieM B ycioBue u <all es’. Panbiie no-
Ka3aHo, UTO OTHOIlIeHHEe <ppS SBJSIETCS BIIOJHE 3a-
naHHbIM. IToaToMy, pa3 AccPPs es u ees <pps es, TO
BbinoaHeHO AccPPs ees.
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MeTod 00pa3IoB

(1—% \(z~+)

JIEMMa ﬂ,I/IKCOHa BITIOJIHE-3aJaHHOCTb <e

AN 7\
(3) / 4) (5 (6+)
/ N N\
00OpBIB 00OphBIB 3aBepiraeMocTtb NF
1o < » 1o <,
Puc. 3.

ITo npeanoaoKeHUo UHAYKIIMY, U3 3TOTO CJIENy-
eT AccE ¢e’.

Jlemma dokaszana.

Hoxa3zarenbctBo Teopembl WF-admissible Temnepb
ToJIyJaeTcsl MpUMEHEeHUEM JIEMMbI AUX K apryMeHTaM

e, [], [], (< pps-wellFounded []).

To ectb noncrasnsiercs es = []. Cnenyloiiiee BeIpakeHIE
[] mpencTanseT ToKa3aTeabCTBO TOTO, UYTO € MEHBIIIE BCEX
3JIEMEHTOB IycToro crnucka, a (<pps-wellFounded [])
5TO A0KA3aTeJIbCTBO JOCTUKUMOCTH ITyCTOTO CIUCKA
OTHOCHUTEILHO YITOpsSiAoYeHUs <pps.

Terepb TIpemaraeM 4UTaTEIO0 CPAaBHUTH 3TO pac-
cyxaeHue ¢ TekctoM ¢pyHkuuu <,wellFounded.

I[7maBHBIMU YacTSIMU 3TOTO A0Ka3aTejbcTBa TeO-
peMnl sBisioTcs JemMa <pps-wellFounded o Bmo:-
He-3aJaHHOCTHU OTHOLLUEHUST <ppS Ha CIMCKAaX MMOKa-
3areseil (KOTopoe OBOJILHO CJIIOXKHO YCTPOEHO) U
JIeMMa e:es<pps-es 00 YMEHBIIIEHUHU CITMCKa €S IT0Ka-
3arejieil B OTHOIIEHUM <pps NpU J00aBJICHUM MOKa-
3aTelist U3 benoil obnacmu s es (ornpeneaeHue 1aHo
B Paznmene 4). Bugumasi mpocToTa mokasaTesIbCTBa
9TOI TEOPEMbI JOCTUTHYTA TEM, YTO OT PacCMOTpe-
HUSI TOCTVDKMMOCTHU MOKAa3aTessl € AeaaeTCs Iepexo
K PaCCMOTPEHUIO NOAXOASIINX AeCMHUY €S, U TIPUME-
HsroTCcsa IeMMBI <pps-wellFounded u e:es<pps-e or-
HOCHUTEJIbHO YIOPSIOUYEeHUS HA 3TUX JISCTHULIAX.

Jlormyeckast 3aBUCHUMOCTD IO KOHCTPYKTUBHOMY
BBIBOY MEXIY pacCMaTpUBaeMbIMU 3I€Ch TEOpPEMa-
MU IOKa3aHa Ha puc. 3.

3nech “O0phBIB 110 < ” 03HAYaeT CBOMCTBO OOpPHIBA-
HUe-yObIBAOIIECH MO < LEHH.

Bce Ty BBIBOABI MOTYT OBITb BbIpaXX€HbI KOH-
CTPYKTUBHO. M3 HUX 3HAKOM ‘+’ OTMEUYEHBI T€, KOTO-
pble KOHCTPYKTUBHO J0Ka3aHbl Ha si3bike Agda B Ha-
et 6ubdInoTEKE.

Bxutan aBTopa cOCTOUT B CEAYIOIIEM.

* BormomieHue Ha s13biKe Agda MeToa oOpa3loB
u3 [5] (ero BUAOU3MEHEHMS), IPY STOM 3aMblcesl Me-
Tona MpUHAICKUT [5].

* BoiBogwl (1+), (2+), (6+). (1+) monydyaeTcs u3
MeTona oOpa3lloB MyTeM BBEACHUS YIOPSIOYEHUS
<pps Ha JIeCTHMLAX U (PYHKLUU JT0KA3aTeIbCTBA C

JIECTHUILIEN B KayecTBE JOIMOJHUTEIHLHOTO apryMeH-
Ta. (2+) npuBeaeH BhIIIE B 3TOM pasaeie. (6+) saBisi-
eTcsl TIPOCThIM clieAcTBueM (2+) (Paznen 2.5).

* BoruromeHnne Ha s13b1Ke Agda pa3andHBIX OTIpe-
JIeJICHUIi, aJITOPUTMOB U JIEMM, KOTOPbIE MCIIOIb3Y-
JOTCSI B 3TOI paboTe, HO TaKKe BXOIAT B HaIly OMO-
JIMOTEKY U B CUJIy CBOEM OOILIHOCTU MPUMEHUMBI BO
MHOTHX JIPYTUX CIIyYasix.

Otnuuue ot noaxona [9] K 3aBepIiiaeMoCTH ajiro-
putMa NF HopManbHOI (pOPMBI COCTOUT B TOM, 4TO
[9] n3HaYanbHO MpeamnoJaraloT BIOIHE-3aJaHHOCTh
YIOpSIAOYEHUS] HAa MOHOMax, 4YTO BeIeT K Heymoo-
ctBam (Pazmen 2, niepen 2.1). 3aech ke Mbl TPUBEIU
KOHCTPYKTMBHO€ MalIMHHO-IIPOBEPsIEMOE JI0Ka3a-
TEJIbCTBO BIIOJIHE-33JaHHOCTH BCSIKOTO JOMYCTUMO-
IO yIopsiIOYeHUsI MOHOMOB — B OOIIIEM cllydae.

6.1. O npoepamme dokazamenvcmea 6 bubauomexe

TouyHoe BbIpaxkeHne Ha3BaHHBIX 3[0eCh OIpeaeie-
HU, OeicTBUii, PYHKIIUNA JT0Ka3aTeJILCTB BXOIUT B
nporpammy Adni ssi bl ePPO- wel | Founded [4],
HaIlMCaHHYo Ha sg3bike Agda.

AJirebpa MHOTOUYJIEHOB 3amporpaMMHUpOBaHa B
MomyJisix pasnaena source/Pol/ aToit OubanoTeku, 1mo-
HSITHE TTOKA3aTelIs U IOITyCTUMOTO YITIOPSIIOUEHHs TToKa-
3aTesieil BbIpakeHbl B MomyJie source/Pol/PowerProd-
uct.agda.

Mopynu noanepXKu 1oKa3aTeIbCTBa BIOJTHE-3a-
JAHHOCTH JOIYCTUMOIO YIIOPSIAOYEHMS COAEPKATCS
B paszneJie source/Pol/Dickson/.

INepeurcM MOy 3TOTO pasena OMOIMOTEKN.

I.agda comep:kuT NoHsSITUS 0Opa3la, ypOBHSI, BBO-
JIUT pa3INnYHbIe OTHOIIEHUS Ha 3TUX JaHHBIX.

Il.agda comepxut dyHKIMU cBenéHUs1 oOpasla,
YPOBHSI, CITMCKa YpOBHEl, JOKa3aTeJlbCTBa CBOWCTB
cBeN¢HUS TSI 9TUX TaHHBIX.

OfPMultiset.agda BBogut nmousitue PMultiset (PM —
MYJIBTUMHOXKECTBO 00pa3lioB), yrnopsaodyeHue <pm
Ha PM, dpyHkiuio ceenenust PM 1o mokazaresnto, 10-
Ka3aTeJbCTBa Pa3IMYHBIX CBOMCTB CBSI3U MEXITY 9TH-
MU CYLIHOCTSIMW, HalpuUMEp, BMOJHE-3aIaHHOCTHU
YHOPSAOo4YeHU <pm.

ForAdmissiblePPO.agda BBOOWUT yIopsmodyeHMNe
<pps Ha JeCTHMILIAX, J0Ka3blBacT BIIOJHE-3adaH-
HOCTb <pps, BBoauT pyHKIMIO esToPM mocTtpoeHus
PM wu3 necTHMIBI, MOKa3bIBACT, YTO KaxKIBIM IIIar
MPOAOJIKEHUS IECTHULIBI 1aeT MEHBIIIYIO JIECTHUILY B
cMmbpIcie <pps, MOKa3bIBacT BIIOJIHE-3aJaHHOCTh

<,wellFounded Bcskoro OOMyCTUMOTro yHopsiioye-
HUs <, HA TOKA3aTeJsIX.
Dickson.agda comepXuT BbIBOA JieMMbI IMKcoHa

MyTEM TIPUMEHEHUS JIEMMBI O BIIOJIHE-3a0aHHOCTU
YHOPSAOOYECHU <pml.

Test.agda cogep>KUT ITOKa3 BEIYUCIIEHUS ITOCIEN0-
BareJibHOCTH PM mo jiecTHMIIE U3 TpeX IToKa3aTeseit.
IMTPOTPAMMMWPOBAHUE
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B monyie source/Vector/Sparse/LexOrd.agda Bo-
IJIOIIEHO JOKAa3aTeJIbCTBO TEOPEMbl O BIIOJIHE-3a-
JMIaHHOCTH CJIOBAPHOTO YMOPSIOUEHUsI Ha BEKTOpax

u3 N" 1715 yCTaHOBJIEHHO pa3sMepHOCTHU N IS pas3-
PEXXEHHOIo MpeacTaBieHUs BeKTopa. [1aBHas yacThb
BCEX BBIIIETIPUBEASHHBIX IIOCTPOEHMIT BCe-TaKM CBO-
JUTCS K 9TOI TEopeMe.

B Monyne source/Pol/NormalForm/PolNF.agda Bo-
TUIOIIIeHA JoKa3atelbHast PyHKims polNF Hopmaib-
HOI (pOPMBI OTHOCUTEIBHO CIIMCKA MHOTOUYJICHOB.

buGnuoreka mnposBepeHa B cucreMe Agda
2.6.2.2, ghc-9.2.1, MAl onzo, Ubuntu
Li nux 18. 04.

Omna momkHa paboTarth B J1I000ii cucTeme, TIe pa-
6oraeTr Agda 2.6.2.2, MAl onzo.

daiin install.txt cogep>KUT MHCTPYKILIMIO 110 COOp-
Ke nmporpammsl B cucteme Agda. KomaHnbt

> cd source

> agda $agdalLi bOpt $agdaFl ags
TypeCheckAl | . agda

IIPOU3BOMAST IIPOBEPKY TUIIOB Bceil OMOIMOTEKM, B
YaCTHOCTH MPOBEPSIIOTCS BCE TOKA3aTEIbCTBA.

3aTeM KoMaHAa
> agda -c $agdali bOpt $agdaFl ags
Pol / Di ckson/ Test . agda

coOupaeT UCIOJHSIEeMbIA MOIYJIb AJIsS MpPOrpaMMbl
nokasa roctpoeHusi PM no nectHuile.

3aTparthl Ha cOOpKYy: Ha MamnHe 9acToThl 3 GHz ¢
8 Gb omepaTuBHOI NMaMITH KaXIbIid M3 3TUX ABYX
BBI3OBOB ‘agda’ 3aHMMAaeT MEHbIIIE 5 MUHYT.

3arem komaHna > ./ Test

OBICTPO BBIYMUCIUT Tp PM mo necTHulle, 3agaHHOMI
B Test . agda, u pacneuaraer ux (ITpumep us Pas-
nenaS.1).

7. BAKJIFOYEHUE

IlpencraBieHo ¢opMabHOE KOHCTPYKTUBHOE
MallIMHHO-ITPOBEPSIEMOE 10Ka3aTEJIbCTBO Ha SI3bIKE
Agda cBoiicTBa BriojiHe-3agaHHocTH (well-founded B
KOHCTPYKTUBHOM  OMpeJeeHUN) TPOU3BOJIbLHOTO
JOTTYCTUMOTO yTOpsIioYeHus <, mokasaTesieii MOHO-
MOB MHOTIOYJIECHOB HECKOJBbKUX IepeMeHHBIX [8].
OHO 0OCHOBaHO Ha MeTofe 00pa3LoB u3 [5].

Ham He wu3BecTHBI Apyrue paboThl, B KOTOPBIX
(KOHCTPYKTMBHO) JJOKa3aHa 3Ta TeopeMa.

Jloka3aTeabCTBO TIPEICTABIIEHO OMOIMOTEKOMN
Adm ssi bl ePPO- wel | Founded [4] noka3aTenb-
HBIX, pa3pabOTaHHOI aBTOPOM.

Ha ocHoBe 3T0i1 TeOpeMbI Ha s13b1Ke Agda cocTas-
JIeHa JoKa3aTelbHas IIporpamMma ajropurMa HoOp-
MaJbHOM (OpMBI I MHOTOYICHOB [8], Teopema
obecrneynBaeT IMPOCTOE 10Ka3aTeIbCTBO 3aBepliiae-
MOCTH.

ITPOTPAMMMWPOBAHUWE
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