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Pa3zpaboTka HOBOTO IMpoOrpaMMHOro obecrneueHust 1151 pelleHns 3a1a4 CUHTEe3a U aHaIu3a YIIpaBiseMbIX
MoJeeit C yueToM IeTepPMUHUPOBAHHOTO M CTOXaCTUYECKOTO ONTUCAHMS SIBJISIETCS aKTyaJIbHBIM HayYHBIM
HarpaBJieHMeM. B cTaTbe npeacTaBieHbl pe3yabTaThl pa3padoTKU MPOrpaMMHOTO KOMIUIEKCa MOAEIUPO-
BaHMST IMHAMHWYECKUX CUCTEM, TIOBEIeHNE KOTOPBIX MOXKET OBITh OIMMMCAHO OJHOIIATOBBIMU MPOIIECCAMMU.
B kauectBe MpuUMEpOB paCCMOTPEHBI MOAEIU MOMYJISIIMOHHON nuHAaMUKU. [IporpaMMHBIIT KOMIUIEKC C
HCTIOIb30BaHMEM Ha BXOZE NeTEPMUHUPOBAHHOTO OMMCAHUS MOIEIIM TTO3BOJISIET MOJYYUTh COOTBETCTBY-
IOIILYIO CTOXaCTUYECKYIO MOJIe/Ib B CUMBOJIBHOM BUJIE, & TAKXKe MPOBECTU AETAIbHBIN aHAU3 MOJeu (pac-
YeT TPAaeKTOPUil B JETEPMUHUPOBAHHOM M CTOXaCTMUECKOM CIIydasiX, ITOUCK YIPABISIONINX (DYHKIIMIA,
rpaduyeckasi BU3yaausalusl pe3ysibTaToB). BakHbIM aclieKToM pa3paboTKM MPOrpaMMHOTO KOMILIEKCA
SIBJIAETCSI IPUMEHEHE METOIOB KOMITBIOTEPHOM ajreOphl B 3a1avax aHaIM3a MOJIEI U CUHTe3a yIpaBJie-
HUi1. B IiporpaMMHOM KOMILIEKCE peain30BaHbl METOIbI U aJITOPUTMBI, Oa3MpyOLIMeCcsS Ha AETEPMUHUPO-
BaHHBIX U CTOXaCTUYEeCKUX MeTonax PyHre—KyTThI, MeTOmax TeOpUM YCTOMUYMBOCTU U TEOPUH YITpaBie-
HUSI, METOJIe ITOCTPOCHUSI CAMOCOIJIACOBAHHBIX CTOXaCTUYECKUX MOJIEJIei, aITOpUTMAaX YMCIIEHHOM ONTH-
MM3allMU ¥ UCKYCCTBEHHOTO MHTEJUIeKTa. [1pemioske HHBII ITporpaMMHBIN KOMITJIEKC pa3pabaThIBaeTcs Ha
OCHOBe SI3bIKOB BBICOKOTO ypoBHsI Python u Julia. B kauecTBe 6a30BOro MHCTPYMEHTAIILHOTO MTPOTPaMM-
HOTO OGecIedyeHrs] UCITOIb3YIOTCS BBICOKOTIPOM3BOIUTEIbHBIC OUOIMOTEKU IS BEKTOPHO-MATPUIHBIX
pacyeToB, 6UOJIMOTEK CUMBOJIbHBIX BBIYMCICHUI, OMOIMOTEKH ISl YUCIIEHHOTO pellieHUsI OOBIKHOBEH -
HBIX nuddepeHIaTbHBIX YpaBHEHUIT, OMOIMOTEKH aJITOPUTMOB ITTOOATEHOM ONITUMU3AIINH.

DOI: 10.31857/50132347423020085, EDN: MFTAWU

1. BBEAEHHE

Pa3paboTrka WHCTPYMEHTaJIBHOIO OOECIIeYeHUS
JUISI MOJIEIUPOBAaHUSI JMHAMUYECKUX CUCTEM C IIpU-
MEHEHMEM CHMBOJILHBIX BBIYMCIICHUI SIBIISIETCS aK-
TyanbHOM npobaemMoii [1—4]. B yacTHOCTH, TeOpeTH-
YECKMI 1 MPUKIAAHON MHTEpEC TPEACTaBIIsIET pa3-
paboTKa cpenacTB ITOJIydeHUsT (OopMaaIr30BaHHOIO
MpeACTaBICHUS TUHAMUYECKUX MOEIICI ITOITY IS~
OHHOM AWMHAMUKHN MCXOAs M3 OOIINEro OIMCAHUS
MIPUHIIUIIOB B3aUMOIEMCTBUS oy siunii. ITpooGie-
Ma (hopMan3anuy 1 u3y4eHUsI MHOTOMEPHBIX TMHA-
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MUYECKHX MOJIeJIe TOIyJIIIIMOHHON TMHAMUKN OT-
HOCUTCS K MHOTOIJIAHOBBIM M MHOTOACTIEKTHBIM
npoojeMaM, TpeOyIOIIMM KaK MOHUMAHUS CYIIHO-
CTU MPOLIECCOB B3aMOAeCTBUS (Pa30BbIX TTIEpeMeH-
HBIX, TaK W TIPUBJIEYEHUS COBPEMEHHBIX METOMIOB
TEOPUU JECTEPMUHUPOBAHHBIX U CTOXaCTUYECKUX
muddepeHITNATBHBIX YpaBHEHWM, TEOPUN YCTOMUYN-
BOCTH, TEOPUH YIIPABJICHMUSI.

Pa3BuBaeMblii B HacTOsI1Iei padoTe MoaxXod K pas3-
paboTKe MHCTPYMEHTaIbHO-METOINYECKOI0 00ecIie-
yeHusl 0asMpyeTcs Ha peaju3allud BO3MOXHOCTEM
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MMOCTPOEHUS U UCCIIETOBAHUS HEJIMHEIMHBIX TUHAMM -
YEeCKUX CHUCTEM, ITOBEIEHME KOTOPBLIX MOXET OBITh
ONMCAaHO OAHOIIATOBBIMU IpolleccaMmu. Kak n3Bect-
HO, KJIacC OIHOIIATOBBLIX IIPOIIECCOB OXBAaTHIBAET
MHOTHE TIpoliecChl (PM3UKU, XMUMUU, SKOJOTUH, Je-
Morpadum, comuonorun. st muddepeHInaIbHBIX
YPaBHEHMI, ONMCHIBAIOIINX OTHOIIATOBBIE ITPOLIEC-
Chbl, TIPUMEHSICTCSI Psii METOAOB WHTETPUPOBAHUS,
HaIpuMep, sIBHbIE U HesgBHbIE MeToAbl PyHre—Kyt-
THI [5]. OcoObIif MHTEpEC I YNCIIEHHOTO N3ydeHUS
MPEICTaBIISIIOT CTOXacTHUecKue muddepeHIInaIb-
HBIC ypaBHEHUSI, MOIEJIMPYIOIINE OIJHOIIATOBEIC
npouecchl [6, 7]. OnHako peanu3alysl CTOXacTUye-
ckux MetonoB PyHre—KyTThl B paMKax IpUKJIaTHbIX
IMaKeTOB U MaTeMaTUYEeCKMX OUOIMOTEK Pa3BUTHI HE-
JIOCTAaTOYHO. JIJ11 KOHKPETHBIX HAyYHBIX 32124 YaCcTO
MPUXOIUTCS pa3padaThIBaTh COOCTBEHHYIO peajin3a-
LUIO I YMCIIEHHOTO pPEIICHMsI CTOXaCTUYECKUX
mddepeHInanbHBIX ypaBHeHuit [§—11]. B [10] mano
oIMcaHue KOMILIEKca MporpaMM, mpeaHa3HaYeHHO-
ro IJIsi MOJIEIMPOBAaHUSI OMHOIIATOBEIX CTOXaCTHUYEe-
CKUX TIPOLIECCOB M PEaU3yIoIIero MOIU(MUINPO-
BaHHbBIe MeToabl PyHre—KyTThl. YKa3aHHBIN MHpo-
rpaMMHEIM  KOMIUIEKC peajln30BaH Ha  SI3BIKE
nporpaMmupoBaHuss Python ¢ wucnonb3oBaHueM
oubanorek NumPy u SymPy.

OtMmetnM, 9TO B [8—11] paccMaTpuBaInch Takne
3aJayy peaau3allud aJTOPUTMOB MOACIUPOBAHUS
OQHOIIATOBBIX CTOXAaCTUYECKUX IIPOLIECCOB, KOTO-
pbie B Kauye€CTBE BXOMHBIX ITAPaMETPOB MCHOIb3YIOT
BEKTOP CHOCOB M MaTpully nuddy3nu B ypaBHEHUU
dokkepa—Ilnanka. B HacToseit pabore mpobiema
CTaBUTCS LIMpPE: TpeOyeTcs pa3padoTaTh eAUHBIN MH-
CTPYMEHT ISl (pOopMaIn30BaHHOTO MOCTPOCHUS Je-
TEPMUHUPOBAHHBLIX MOJEIC, MOMCKA COCTOSIHUIA
paBHOBECHSI C IOMOIIbLIO CUMBOJIbHBIX BEIYMCIICHUA,
a TakXKe yCOBEPIIEHCTBOBATh (hOpMaIn30BaHHOE MO~
CTPOEHME CTOXacTU4eCcKUX Momeneil. Kpome Toro,
TpeOyeTCsl yIMTHIBATh YIIPABJISIOIINE BO3ICICTBUS B
cCUCTeMe M TIOCTPOUTH ympasisionie (QyHKIUU C
MIPUMEHEHEM COBPEMEHHBIX aJrOPUTMOB INIOOAJIb-
Hoit orrtuMm3annu [12]. BaxkHocTh co3maHus anro-
PUTMOB YMCJIEHHOI ONTUMU3alIMY B KOHTEKCTE TaH-
HOTO HAYYHOTO HAIIpaBJICHUSI CBSI3aHa C pacIlivpe-
HUEM TpeOOBaHM K yIPaBJIEHUIO 3KOCUCTEMaMHU, B
YaCTHOCTHU K YIPABJICHUIO YHUCICHHOCTBIO MOITYJsI-
Ui IECHHBIX IPOMBICIOBBIX BUIOB.

B mpoiiecce cTOXacTUYECKOro MOACIMPOBAHUS
BO3HHUKAET BOIIPOC O MEXaHM3Me BBOJA CTOXaCTHUYEC-
CKUX YJIEHOB B IETepMUHMPOBAaHHOE ypaBHeHMe [13,
14]. YacTo croxacTu3amus BBITOJHSICTCS afduTUBHO
C Y4ETOM J00aBJICHMS WIEHA CO CTOXaCTUIECKOM 1e-
pemeHHoi. OgHako OoJblIeit HGOPMATUBHOCTBIO
oOnagaer noaxon, 6a3vMpyloLIMiicd Ha MCIOJIb30Ba-
HUM CTOXaCTUYECKOM YacTU, COITIACOBAaHHOM C Je-
TEPMUHUPOBAHHOI. DTOT IIOAXON peaInu3yeTcs B
cliygae, eciv 00e 4acTH (IeTepMUHUPOBAHHASI I CTO-
XacTU4YeCKasl) II0JIy4aloTCsl U3 OOHOIO0 ypaBHEHUS.
Taxkyio BO3BMOXHOCTh PEAOCTABISIET METO, IIOCTPO-
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€HMSI CaMOCOIIACOBAHHBIX CTOXaCTUYECKUX MOJEIIeIA
[8, 11, 15]. B ocHOBe HaHHOTO MeTOoAa JIEXKUT KOMOU-
HaTopHast Metomojorus [16, 17]. JlaHHbII MeToOnm
MpeAIoaaraeT, YTo 3BOJIOIMS BO BPEMEHU MHOTO-
MEPHBIX CUCTEM POXIIEHUSI-TUOEIN MOXKET OBITh pac-
CMOTpEHA KaK pe3yIbTaT MHANBUAYAJILHBIX B3aIMO-
IENCTBUIM MEXIY 3JIeMeHTaMHu 3Toit cucteMbl. Co-
IJJACHO O3TOMY METOAYy [JIsi OMNUCAHUS CUCTEMBbI
HMCHOJIb3YETCSI OCHOBHOE KMHETUYECKOE YpaBHEHUE
(Master equation). DTo ypaBHEHHME ONMCHIBAET 3BOIIO-
LU0 pacrpeesieHUsI BepOsITHOCTEM B 1ien MapKoBa ¢
HEIIPEPLIBHBIM BpeMEHEM U IIPEICTaBIsIeT co0oit Oa-
JIAHCOBOE ypaBHEHUE IJISI BEPOSITHOCTU KaxKIOI'O CO-
cTostHUSI cucTembl. Kpome Toro, mpeamnonaraercs,
YTO BEPOSITHOCTH IIepexona U3 OOJHOIO COCTOSIHUS B
JIPYroe COCTOSTHHE (SIBJISIOIIEECs. CIEACTBUEM pac-
CMaTpHUBAEMOI0 B3aUMOICHCTBYS ) MPONOPLIMOHATb-
Ha Y1CJIy BO3MOXHBIX B3aMOJCIICTBUI JaHHOTO TH-
mna. YKa3aHHbBIA METO/ ITI03BOJISIET BBHIIIOJHUTH IIEpe-
X0l K CTOXaCTUYECKOH MOIeIU, BaKHBIM 3TarioM
M3Y4YeHUsI KOTOPOil SIBIISIETCS OLIEHKA BJIMSTHUS CTO-
XaCTUKM Ha KAYeCTBEHHbIE CBOMCTBA CUCTEMEL.

B HacToseit padbore B KauecTBe MPUMEPOB pea-
JIM3alIMM PAaCCMOTPEHBI 3a1a4y MOIECIUPOBAHUS CH-
CTeM TIONYJISIIMOHHON AuHaMuKHK. HeobxoaumocTh
U3Y4YEHUsS] DKOJOTUYECKUX CUCTEM C Pa3TUYHbIMU
B3aMMOCBSI3SIMU MEXIY IIOACHCTEMaMMU W M3MEHe-
HUE CTPYKTYpbl 3TUX B3aMMOCBsI3eii B IIpoliecce
(YHKIIMOHUPOBAHUSI YacTO MPUBOAST K IOCTpOe-
HUIO MaTeMaTUYEeCKUX Moesieil, aHaIUTUIECKOE 1C-
clieqoBaHNWE KOTOPBIX BechbMa 3aTpyaHHUTelbHO. OO0
aKTyaJlbHOCTU MPOO6JeM MaTeMaTu4eCcKoi 61oJIoruun
CBUCTEIBCTBYIOT ITyOIUKALIUY TTOCIESIHETO IECATU-
netus (Harpumep, [18, 19]). Pazauunbie 06001eHUS
1 MoauUKaAIIUU KJIACCUYECKUX MOJEJIEN IKOJI0Tr-
yeckux IporeccoB [20] paccMaTpuBaInCch B MHOIO-
YUCJIEHHBIX paboTax uccaegoBaTteneil (CM., Hampu-
Mep, [21—23]). [Ipu aHAIUTUYESCKOM KCCJIENOBAaHUM
3¢ GeKTUBHO IpUMeHI0TCS MeToAbl JIsimyHoBa [24—
26]. B [27—31] npeniokeHO NOCTPOEHUE HOBBIX Je-
TEPMUHUPOBAHHBIX MOJIEJICH TTOMYISILIMOHHOMN TUHA-
MUKM, pa3padboTaHbl KOHKPETU3AlMKU METOIa CTOXa-
CTUYECKMX CaMOCOITIacOBaHHBIX Mojeneii. [IpoBene-
HO YMCJICHHOE MCCliefoBaHUe, JaH CPaBHUTEJbHbIN
aHanm3 TpaekTtopuii. [locTaBneHbl 1 B psiie CIydaeB
pelieHbl 3a7a4u ONTUMAJIbHOIO yIIpaBJIEHUS C pa3-
paboTKOU 1 peann3aleid psiaa aaropuTMOB YHUCJIEH-
HOW ONTUMU3ALIMU.

Monynu pa3paboTaHHOTO B paMKaxX HAaCTOSIIETO
HCCIIeMOBaHUs MMPOTPAMMHOTO KOMITIEKCa pelraroT
CIIemyIoNne 3adadqu: pacueT TPaeKTOPUM IeTepMU-
HUPOBAHHBIX JUHAMMWYECKUX CUCTEM Pa3MEPHOCTU
n 2> 2; mojy4yeHre CUMBOJbHBIX BbIpaxkeHW 11s1 me-
pexoma K CTOXaCTUYECKUM MOIEIISIM; JeTalbHast
dopmanuzalus CTPYKTYpPbl CTOXaCTUYECKUX CUCTEM;
TTOVMCK YIPaBIISIONINX (DYHKIINIA B IeTEePMUHUPOBaH-
HOM ciydae. [IporpaMMHBINT KOMIUIEKC BKITIOYAaeT B
cebst OMOIMOTEKY aJITOPUTMOB YMCJICHHON ONTUMMU-
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3a1iu; OMOIMOTEeKY HEHPOHHBIX ceTeid U MalllMHHO-
ro o0y4yeHust; rpadueCcKuii MOIYJIb.

IIpennoxeHHBIIT MPOTPAMMHBIN KOMIUIEKC pa3-
pabaTbIBaeTCsI HA OCHOBE SI3BIKOB BHICOKOTO YPOBHS
Python [32—36] u Julia [37]. B kayecTBe 6a3oBoro
MHCTPYMEHTAJIbHOTO MPOTPaMMHOTO OOecCIIeueHUs
HICIOJIBb3YIOTCSI BEICOKOIIPOU3BOIUTEIIbHBIC OMOJINO-
TeKU IJIsI BEKTOPHO-MaTpUYHBIX pacdeToB (NumPy,
LinearAlgebra.jl), OMOJIMOTEK CUMBOJILHBIX BBHIUMC-
Jenuii (SymPy), GUOIMOTEKM IJI1 YUCIEHHOTO pe-
IMIEeHUS OOBIKHOBEHHBIX TP depeHIINaIbHbBIX YpaB-
Henwuii (SciPy, DifferentialEquations.jl), 6udbanorexmn
aJITOPUTMOB [JIOOAJIbHOUM onTtuMusauuu (audde-
pEeHLIMAIbHAST BOIIOLNS, TEHETUICCKUIT aJITOPUTM,
NES u3 cocraBa BlackBoxOptim.jl). K 3amayam, pe-
IIA€MBIM B CTAaThe C IIOMOIIbIO METOAOB KOMITHIOTEP-
HOM anreOpbl, OTHOCITCSI HaXOXIECHHE COCTOSHUIA
paBHOBeCUsI TMHAMMWYECKMX MOAEJeii ¢ MOMOIIbIO
oubsuoreku SymPy, mocTpoeHHe CTOXaCTMYECKMX
Mofejieili B CHUMBOJBHOM BHAE (aBTOPCKHE IIPO-
rpaMMHBIC MOMYJIM), CUHTE3 YIpaBISIOMNX (PyHK-
LU C UCIIOJIb30BaHMEM MNOJMHOMUAIBLHON perpec-
CUM 1 OMOINOTEK TIIO0ATTHHOM OTITUMHU3ALINN.

CrpyKTypa craThu cienyoomas. B pazmene 2 mpo-
BEICH CPaBHUTEIbHBIN aHaJIM3 UCHOJIb3YyeMOIo B pa-
0oTe MpOorpaMMHOIO OOecHeyeHHUs] U CPEACTB CHUM-
BOJIbHBIX BHIYMCIICHUI, IpUBeaeHA 00111asi CTPYKTypa
pa3paboTaHHOTO IIPOrpaMMHOIo KomIiuiekca. B pas-
nene 3 onMcaHo MeToanvYeckoe obecreyeHue s mo-
CTPOCHUSI IeTepMUHUPOBaHHOI Momemu. B paznene 4
MPEACTABICHO aITOPUTMUYECKOE 1 IIPOrpaMMHOE o0ec-
MeyeHue CTOXacTUYECKOro MoJeIupoBaHys. B pasnene
5 paccMOTpeHBl IIPUHLUIILI ITOCTPOSHUSI MOMYJIs
MMporpaMMHOTIO KOMIUIEKCA IJId IMOJIYYCHUA yIIpaB-
Jsommx GyHKIuii. Pasmen 6 mocBsiieH BOIpocaM
MOJIYyYEeHUS] W BU3yaau3allii YMCICHHBIX PEILICHUIA.
B pasnmene 7 mpencrtaBiieHBl pe3yJbTaThl TECTUPOBA-
HUS TIPOU3BOIUTEIBHOCTU B paMKaX OTACIbHBIX 3a-
J1a4, pelaeMbIX IIPOrpaMMHBIM KOMILJIEKCOM.

2. CPABHUTEJbHbBIN AHAJINU3
MHCTPYMEHTAJIbHOI'O OBECIIEHEHHWA
I MOJEJIUPOBAHUA
ANHAMHWNYECKHUX CUCTEM

B Hacrogiem pasaene Mbl IIpOBOAUM aHAIU3 UH-
CTPYMEHTAJIBHOTO O0eCcTeueHUsT IJIsi MOIEJIMPOBa-
HUSI OUHAMWYECKMX CHUCTEM, ITOBEIEHUE KOTOPBIX
MOXET ObITh ONTMCAHO OJHOLIATOBLIMU IIPOLIECCAMU,
IPY 3TOM HAKJIaIBIBAIOTCS TPEOOBAHMSI yUeTa yIpaB-
JISTIOLIUX BO3AEUCTBUIA M IIepeX0Ja K CTOXaCTU3allUH.
HoBbie 3¢ @deKTh B [MHAMUYECKUX CUCTEMAX 4acTo
CBSI3aHbI C YIIPABJISIONIMMU BO3ICUCTBUSIMUA U HEOO-
XOIMMOCTBIO IIepexoia K CTOXaCTUYECKOM CTPYKTYype
MoIenu, obecneyuBalolieii Ooyiee peaTucTUYIHOE
onmcanue cBoicTB. Mcmonp3yemoe B pabore WH-
CTpyMEHTaJIbHOE obecrieueHre JOKHO MPeaocTaB-
JI9Th 3(p(PeKTUBHBIE CPEACTBA IJisl PELISHUST KOM-
IUIeKca 3a7a4 B paMKax u3y4aeMoii mpooIeMbl:

WHcTpymMeHTalbHbIE
cpencTBa

. &

DyHKINOHAIbHbIE OO611ero Ha3HaYEHUSI TexHuyeckue
Cucremsbl BekropHblie
. S3bIKT
KOMIIBIOTEPHO BUPTYyaJIbHbIE
MPOTrPaMMUPOBAHUS

anre6psl (CAS) MallIUuHBI

CucremMbl ONTUMUBHUPYIOTIIE
MOJIETUPOBAHMST KOMITUJISITOPBI
Bubnoreku
HMCKYCCTBEHHOTO butmorexu
GPGPU
MHTEJUIeKTa
bubnuorekn

METOIOB
ONNTUMU3ALTNN

Puc. 1. IepeB0 MHCTPYMEHTAIbHBIX CPEICTB.

¢ IIOCTPOCHUE AECTCPMUHHNPOBAHHLIX MoneJien
JINMHAMMWYCCKNX CUCTEM,

¢ IOCTPOCHUE CTOXaCTUYCCKUX MoOJeJIE TuHa-
MUYECKUX CUCTEM,

* YHUCJIEHHOE pellleHue OOBIKHOBEHHBIX Judde-
pEHIMANBHBIX YpaBHEHUI M CTOXaCTUYECKMX HTU-
¢depeHIMaTbHBIX ypaBHEHMIA;

* AQHAJUTWUYECKUIA BBIBOI B CUMBOJIbHOM BUAC (B
YaCTHOCTH, CUMBOJIBHOE PEIIeHUE CUCTEM HEIUHEN -
HBIX YpPaBHEHUI IJIST TOMCKA COCTOSTHUIM paBHOBECHS ) ;

* MaTpUYHO-BCKTOPHBIC PACUYCThI,

* TIOCTPOCHHUE JIOTUYECKUX PETyISITOPOB (B TOM
YHCIIe Ha OCHOBE MCKYCCTBEHHOTO MHTEJUICKTA);

* TIo0anbHast InapamMeTpudycckKkad orITuMmn3anusd.

IToMuMO BO3MOXHOCTEI WHCTPYMEHTAJIbHOTO
obecrieueHust 0cob00e BHUMaHUeE YAECISIETCsS JOCTYII-
HOCTH pe3ynbTaToB. I1o 3Toif npuYnHe B paMKax UcC-
cJIeIOBaHUS UCHOIb3YETCS OTKPBITOE IIPOrpaMMHOE
obecrieuyeHue.

71 UCTTOIB3yeMBIX B pab0Te MHCTPYMEHTATBHBIX
MPOTPAMMHBIX CPEICTB MOXKHO BBIASIUTH TPU KaTe-
TOpHH, KOTOPBIE TIpEACTaBIICHBI Ha puc. 1.

DyHKIVOHAIBHBIE MHCTPYMEHTAJIbHBIE CPEACTBA
HEIOCPEACTBEHHO HaIpaBJIeHbl HA pellecHUe 3a1ad
ncciaenoBaHusi. [1o BHYTpeHHEN CTpYKType yKa3aH-
HbIE CPEICTBa MPEICTABIISIOT COO0I MHTErPUPOBAH-
HbI€ KOMIIJIEKCHI BBICOKO?(M(EKTUBHBIX aJITOPUT-
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Taomuna 1. [lepeyeHb MHCTPYMEHTAJBHBIX CPEICTB, WC-
MOJIb30BAaHHBIX TPU PaspaboTKe IPOrpaMMHOIO KOM-
TTeKca

WHCcTpyMeHTaIbHBIE CPECTBA

O6uiero
dyukiuroHanbHble| TexHUUecKue
Ha3HAuYeHUS
SymPy/SciPy |NumPy (Python) Python
(Python)
Symbolics.jl (Julia) | Numba (Python) Julia
Maxima ArrayFire
(Python, Julia)
BlackBoxOptim.jl Matplotlib
(Julia) (NumPy)

MoB. TexHumyeckme WHCTPYMEHTaJIbHBIE CpEACTBA
HampapJIEHbl HA YCKOPEHUE pa3pabOTKM, yIydIlIeHUE
YUTAEMOCTU IIPOTpaMMHOTO Koaa u 3(PdeKTUBHOE
HCIOJIb30BaHNE COBPEMEHHBIX IPOTpaMMHO-aIlNa-
paTHBIX TuTaTopM. MHCTpyMEeHTaAIBHBIE CpENCTBa
0011Iero Ha3Ha4YeHUSI HallpaBJIeHbl Ha pElIeHUE I~
POKOIO CIIEKTpa 3amad, HallpuMep, Ha MHTErpaiunio
pa3paboTaHHBIX MOAYJIE B €IUHBIN ITPOrpaMMHBII
KOMIULIEKC.

MBI UCITONB3yeM WHCTPYMEHTAJILHBIE CPEICTBA,
npuBeIeHHbIEC B Ta0d. 1.

B kauyecTBe OCHOBHOTO $I3bIKa pa3pabOTKM UC-
MOJIb3YETCSI MYJIBTUIIAPAAUTMEHHbIN S13bIK Python B
couetaHuu ¢ ouonamnorekamu SymPy/SciPy, NumPy,
Matplotlib. ITaker SymPy/SciPy npencraBnsier co-
ooii pemenue CAS-kinacca (CAS — anri. Computer
Algebra Software, cucTtemMa KOMITBIOTEpHOI anre0-
pBbI), KOTOpPOE MO3BOJISIET pelIaTh PsII HAYYHBIX 3a1a4
C UCITOJIb30BAHUEM WHCTPYMEHTapusl, OJIM3KOTO IO
BO3MOXHOCTSIM K KOMMEPUYECKUM pelleHusM. JaH-
HBI ITaKET COAEPXKUT, B TOM YUCJIE, MHCTPYMEHTHI
YHCJIEHHOTO pelleHNsI OOBIKHOBEHHBIX TUddepeH-
OUAJILHBIX ypaBHECHWI, a TakKxKe OMOJIMOTEKM TJIO-
OanbHOI MapaMeTpUYecKoil onTuMu3auuu (audde-
peHIUaTbHAs BOJIIOLIV, UMUTALIAS OTXKUTA U IpY-
rue metomnbl) [38].

Tem He MeHee, CyIIeCTBEHHBIM HEIOCTAaTKOM yKa-
3aHHOTro MHCTpyMeHTajabHOoro I1O sgBsieTcs OoTHOCH -
TEJIbLHO HEeBBICOKAs IIPOU3BOAUTEIILHOCTD B PsIAC 3a-
a4, Cpear KOTOPBHIX MOXHO OTMETUTh YMCJICHHOE
pemieHue g depeHINAIBHBIX YPaBHEHU, a TaKXKe
aHAJIMTUYECKUIA BBIBOI BBIpAaXXEHUI. YKa3aHHBII
HEI0CTAaTOK HEIIOCPEACTBEHHO BIUSIET Ha BPEMS I10-
MCKa COCTOSTHUIA paBHOBECHUSI MO, a TaKKe Ha
BO3MOXHOCTH IPUMEHEHUSI MAILIMHHOTO OOYYEHMUSI C
MOAKperyIieHUueM IJIsl yripaBieHus. boiee moapoOHo
BOIIPOCHI ITPOU3BOIUTEIBHOCTH PACCMOTPEHBI B pa3-
nene 7.

Z[I[ﬂ TOrO, 4TOOBI KOMIICHCHUPpOBAaThb YKaSBHHBIVI
HEOOCTAaTOK, BO3MOXHO HMCITIOJb30BaHUEC OOITOJTHU-
TCJIbHBIX MHCTPYMCHTAJIbHBIX CPEIACTB, ITO3BOJIAIO-
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IIUX TOCTUYb OoJice BEICOKOM MPOU3BOAUTETBHOCTHU
pa3padoTtanHoro ITO B onpeneaeHHBIX 3a7a4ax.

Jlns peiieHUsT OOBIKHOBEHHBIX TU(DepeHIINATb-
HBIX YpaBHEHUI MIpU peajn3aliyd MalllMHHOTO 00Y-
YeHUSI ¢ TIOAKPEeTJIeHUEM MbI UCIIONIb3yeM sI3bIK Julia
¢ oubnmorekamu bboxoptim.jl m Symbolics.jl. bu6-
Jquoreka Symbolics.jl, ananornyHo SymPy, npen-
craBisieT coboii pemeHne CAS-Kitacca, KOTOpOe MO-
XKeT OBITh pacHIMpeHO OMOIMOTEKON MOIEINpPOBa-
HUs nuHaMudeckux cucteM ModelingToolkit.jl. s
HAXOXIEHUS COCTOSIHMIA paBHOBECUS MOIEIU UC-
noJb3yroTcs nakeTsl SymPy 1 Maxima, obecrieunBa-
IOIIME BBICOKYIO MTPOU3BOJIUTEIBHOCTh B CUMBOJIb-
HBIX BBIUUCIICHUSIX.

OTnenbHBIM  BOIIPOCOM  SIBJISIETCSI  BbISIBJICHUE
yciroBui 3(PpPEKTUBHOTO MPUMEHEHUST TEXHUUIECKIX
MHCTPYMCHTAJIBHBIX CPEIACTB IJISI YBEIUUECHUS TIPO-
U3BOAUTENIbHOCTU padpaboraHHoro 1O mpu perie-
HWU ONKMCAHHBIX BbIllIE 3a1a4 MoaearupoBaHus. CoB-
MECTHO C s13bIkoM Python mcnosnb3yeTcst onTUuMu3u-
pytoimii komnwisitop Numba, KOTOpbIit O3BOJISIET
MHOTOKPAaTHO YBEJIMYUTH CKOPOCTb BBITIOJTHEHUS HE-
KOTOPBIX YyYaCTKOB Kojia 6j1aronapsi UCIOJIb30BaHUIO
JIT-koMIWJISIINYA U aBTOMaTUYECKOMY pacrapauie-
JuBaHuo. Kpome Toro, BaxkHOI 3amaueil siByisieTcs
peanu3anus TeTepOreHHbIX BIUMCIEHUN (B YaCTHO-
ctu, GPGPU) ¢ BBICOKOIi CTEIEHBIO IIEPEHOCHUMO-
CTM B paMKax pa3padaTbiBa€MOT0 IPOTrPaMMHOIO
KoMIUieKkca. i mHTerpaiMyu yKa3aHHOM BO3MOXK-
HOCTHU B MPOrPaMMHBI KOMILJIEKC UCITOJIb3yeTCs Ma-
KeT ArrayFire, KOTOpBIIi ITO3BOJISIET ITPOM3BOINTH
“JIeHVBbIE€” BBIYMCJIEHUS C TPUMEHEHUEM IIIMPOKOTO
creKkTpa yckopurteneil BbluuciaeHuii. [lTpeumyiie-
CTBaMU YKa3aHHOTO MakeTa SIBJIsIETCS BBICOKUI ypO-
BeHb aOCTpaKIMM MO OTHOIIEHMIO K amnmnapaTHOMY
00€eCIeueHUI0, YTO JaeT BBICOKYIO MEPEeHOCUMOCTb
pa3paboTaHHOTO MPOrPaMMHOI0 O0ecIIeueHUs.

Ha ocHoBe BBIOpaHHBIX WHCTPYMEHTAIBHBIX
CpEICTB pa3paboTaH aBTOPCKMIA IPOrpaMMHBIN KOM-
IUICKC J1JIsI ITIPOBEICHNSI BCECTOPOHHETO aHA/IN3a CUCTEM
C B3aUMOJEUCTBYIOIIMMHY nonysinusaMu. CTpyKTypa
YKa3aHHOTO IIPOrpaMMHOI'0 KOMILJIEKCa peacTaBie-
Ha Ha puc. 2. Peanuzanust npoBelieHa C MCIIOJIb30Ba-
HUEeM f3bIKa Python ¢ mpumeHeHHMeM KOMITBIOTEp-
Hoit anre6psl. Ilpu co3gaHuu IIPOrpaMMHOIO KOM-
IUIEKCa UCIOJIb30BaH Psil Pe3yJIbTATOB, ITOJIyYEHHBIX
B [10].

OTMETHMM, 4YTO pa3pabOTAaHHBIMA IPOrpaMMHBIIA
KOMIUIEKC KOMOWHUPYET YUCJIEHHbIE U CUMBOJIBHBIC
BBIUMCJICHUST JJIS1 YBEJIWYEHUS CTEIICHU YHUBEPCAIb-
HOCTH II0 OTHOILIEHUIO K MHOTOO0pa3suio N3ydaeMbIX
cucteM. B mocnenyoimux pasuesiax OCHOBHBIE TTIPUH-
LIMITBI pabOThl TIPOrPaMMHOTO KOMILJIEKCa paccMmar-
pUBaIOTCS Ha IIPUMEPax, KOHKPETU3ALIUSIX 1 0000111e-
HUsaX. JINCTUHTI 0OCYyXHaeMbIX B HACTOSIIEH CTaThe
MporpaMM U TIpUMEPHI UX UCMOJIb30BaHUS JOCTYITHBI
o anpecy https://github. con dem -
dav/ one- st ep-t o0- sdu.
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| Onmcanue cucTemsl |

Pl

ITocTtpoeHue
JIETEPMUHUCTUYECKOM
MO

CHUMBOJIbHBIE
BBIYMCIICHUS
ITocTtpoeHue T

MO YucneHHble

ITonyyeHue
CTallMOHAPHbIX
COCTOSTHU I

Pemenune O1Y

CTOXaCTUYECKOM
‘ BbIYUCJIEHUA

ITomyuenue
YIPABISIIOIINX
GbyHKIMI

Pemenue C1Y

Bugyanuzauus
Pe3y/IbTaToB

Puc. 2. CtpykTypa nporpaMMHOTO KOMILJIEKca.

3. MOCTPOEHUE AETEPMUHWPOBAHHOM
MOJEJIN

Monenu B3auMoneHCcTBUSI MOMYJISLUN B 00leM
BUJIC MOXHO 3aIticaTh B opMe BeKTOpHOTro nudde-
PEHILIMATBHOTO YPaBHEHUSI:

x=f,(x), xeR’, (3.1)
rae f,(x) — napameTpuyeckast (PyHKIMs, OTpeneis-
folasi B3aUMOIEUCTBUS B cUCTeMeE, X — (Pa30BbIA
BEKTOpP TUIOTHOCTHU Tonyisiuii. KoHKpeTHbI BuU
rnapaMeTpuueckoit pyHKIMU OMNpenensieTcsl cyile-
CTBEHHBIMU JUIsI MoAeau ¢akTopamMu (Haauduem
KOHKYPEHIIUU, MyTyaJiu3Ma, MUTpallMu, BUIOM TPO-
duyeckux 1emnen).

Kpome Toro, mHTEpEC TIpEnCTaBIIsSIeT U3YyIeHUE MO~
mudukamuii mogenu (3.1) ¢ ydyeToM BO3AEKMCTBUS
BHEIIIHUX (paKTOPOB, B YaCTHOCTH, yIipaBieHUs1. B Ta-
KOM cJrydae ypaBHeHue (3.1) MOXHO 3amucarh B BUIE:

x=f,(x)-u(x1), xeR" (3.2)

rne u(x,t) — yrnpasieHue. XapakKTepHO OCOOEHHO-
CThIO JAHHOM MOIENIU SIBJISIETCSI OrpaHUYEHHUE Ha
yrpasieHue u(x,r) > 0, MOCKOJbKY HEIOCPENCTBEH-
HO€ yIIpaBJIeHHE BO3MOXHO, KaK IIPaBMJIO, TOJIBKO
MMyTeEM WU3BITHUS ocobeit u3 momnynsguuu. Ilpumep
yIIpaBIsIeMOM MO paccMaTpuBaeTcs B pasaeie 0.

PaccMmoTpuMm Mopdenp “KepTBa—aBa XUIIHUKA”
0e3 ympaBJieHUs], pacCCMOTpPEeHHYI0 B pabote [22].
VYpaBHEeHUSs yKa3aHHOM MOJIeJIU UMEIOT BUJL

X = ax = bxy, — byxy,

. _ (3.3)
n=—entdxy, ¥, = -6y tdxy,,

[I€ X — IUIOTHOCTb NOIYJISILUU XEPTBBI, )y, V, —
IJIOTHOCTHY TIOMYJISIIMU XMIMHUKA, @ — KO3(hhuUumIu-
€HT €CTECTBEHHOIO MPUPOCTa MOIYJISLMN KEPTBHI,
¢, ¢; — KO3(p(PULIMEHThI eCTECTBEHHOI CMEPTHOCTU
XMIIHUKA, b, b, — KO3(DOULIMEHTHI yOBUIU MOMYJIs-
LIMU XEPTB, d;, d, — KO3DOULUEHTHI IPUPOCTA MO-
nyJsinuy XuinHuka. Mopens (3.3) MoXHO IIpencra-
BUTbH B BUje Tpacda B3aUMOIECTBUI1, KOTOPHI Me-
€T BUJ, NpeCcTaBIeHHbII Ha puc. 3.

Ha puc. 3 kpyramu 0603Ha4eHbI IVIOTHOCTH IIOIY-
JSAuMii, poMOaMu 0O0OO3HAYEeHBI HCTOYHUKU €CTe-
CTBEHHOTO TMPUPOCTa/CMEPTHOCTU, pebpamu rpada
0003HaUCHBI B3aUMOICCTBUS MEXIY TTOMYISLIASIMMU.

/Cl\'—1—> )1

/

Yy [€-1—< & »
o

Puc. 3. I'pad Bzaumoneiicteuii Mopenu (3.3).
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BaxxHBIM BOIIPOCOM TIpHM U3yYEeHUH MOJeIeii BUIa
(3.3) aBisteTcs CylIeCTBOBAaHUE ITOJIOXUTEIbHBIX CO-
CTOSTHWIT paBHOBecHs. [ mpeaBapuUTEeIbHOTO aHa-
JM3a ycToiunBocTy Moaenu (3.3) HeoOxommuMo Haii-
TH 0COOBIEe TOUKH TSI ypaBHEHUM CUCTEMBI, UTO TIPH-
BOINT K HEOOXOIMMOCTH pEIlleH!s ypaBHEHU BUOa

xe R",

f»(x) =0,
yto 1715 (3.3) 3KBUBaAJIEHTHO

ax — bxy, — byxy, =0,
oy +dxy =0, -y, +dxy, =0.

s CUMBOJIBHOTO pElleHUs] YPaBHEHUI UCIIONIb3Y-
ercss ¢yHkiusa SOl ve wu3 cocraBa 6GUOGIMOTEKU
SymPy. Ocobnie Touku mj1st Monenu (3.3) MMeIoT BU

C] a CZ a
_5_70 s T 07_

(0,0,0), ,
dy b d b

Crenyet OTMETUTh, YTO OTCYTCTBUE MOJIOXKUTEb-
HBIX HETPUBUAJIBHBIX PEIICHUI 1151 ypaBHeHUI (3.3)
HE SBJISIETCSI TOCTAaTOYHBIM YCJIOBMEM HEBO3MOXHO-
CTH TIEpPMaHEHTHOTO COCYIIIECTBOBAHMS TTOMYJISILIUIA.

Yopomennem Mmoxpeau (3.3) sABIsSeTCS MOIENb,
ypaBHEHMST KOTOPOit UMEIOT BU/I;

X = ax — bxy, — byxy,,
W =-an +bxy,
= =0y, + bxys,

3.4)

rae by, b, — k03pdULHUEHTH TPOHUIECKUX B3aUMO-
nerictBuii. Monens (3.4) ipencrasisieT coboit “ypas-
HOBeIIeHHBIN” BapuaHT Moaesu (3.3), rae CKOpoCThb
MOIJIOIIEHUST TIOIYJISIUM JKEPTBBI COOTBETCTBYET
CKOPOCTH TIpUPOCTa TIOMYJISIIUU XUIITHUKOB. Ipad
yKa3aHHOM MOJEJIM IIpeACcTaBlIeH Ha puc. 4.

O6o3HaveHust aHaJoTWYHEL puc. 3. CocrostHus
paBHOBecHs Moaenu (3.4) UMEIOT BUI

<0,0,0),(ﬂ,ﬂ,0j,(‘:—2,0,£J .
b, b b, b

ITo ananoruu ¢ mopenbio (3.3), monenb (3.4) He
UMeEET MOJIOXKUTEbHBIX HETPUBHUAIBHBIX PEIICHUIA.
CrenyeT OTMETUTb, 4yTo Moaeau (3.3) u (3.4) onepu-
PYIOT PSIIOM OOMYIIEHUI (B YACTHOCTH, OTCYTCTBYET
BHYTPUBUIOBAsk KOHKYPEHIINS M KOHKYPEHIINST MEX-
oy xeptBamu). OmHaKO, KaUYeCTBEHHBIN U YMCIICH-
HBII aHAJIN3 YKa3aHHBIX MOJEJIEH, a TAKKe MOCTPOe-
HUe€ YIIPaBJICHU SIBJISIeTCS HEOOXOIUMBIM JIJIsI alIpO-
bamuu pa3paboTaHHOIO MPOrpaMMHOr0O KOMILJIEKca.
IIpu uccnenoBanum moneieit sunga (3.3) u (3.4), a
TaKxKe MX MHOTOMEPHBIX MomuduKaiii 1 00001Ie-
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HUI BO3HUKAIOT 3aJa4M, CBSI3aHHbIE C CUMBOJIbHBI-
MU BbIUMCIeHUsIMU. PazpaboTaHHbIN MTporpaMMHBI
KOMIUIEKC TIO3BOJISIET BBIIOJIHSTH WCCIEIOBAHUE
YCTOMYMBOCTU MHOTO(AKTOPHBIX MOJENIEH.

4. AITOPUTMHUYECKOE 1 ITPOT'PAMMHOE
OBECITEHEHUE CTOXACTHUYECKOM
MOJEIN

B ocHOBe paccmaTpuBaeMoOro nMoaxoaa K MOJae -
POBaHUIO JIEXUT METOH IIOCTPOEHUSI CaMOCOIIACO-
BaHHBIX cToXacTuueckux moueneit [8—11]. Ipu mc-
MOJb30BAHUU JAHHOIO METoAa JWHAMHWKa W3MEHe-
HUS YMCACHHOCTH MONYJISIIUIA pacCMaTPUBACTCS KakK
CIIyJaifHBIM omHoImAaroBblii mponecc. Ha mepBom
aTane HeoOXoIMMO C(POpPMYIUPOBATh B TEPMUHAX
ONHOIIIATOBBIX MPOLIECCOB BCE B3aMMOIECUCTBUS,
MPOXOISIINE B CUCTEME MEXIY ee djieMeHTaMmu. Jla-
Jiee TpeOyeTcsl COCTaBUTb CXeMY B3aMMOJIEWCTBUS,
o, KOTOPOii MOHMMAETCsI CUMBOJIMYECKAsI 3allCh
BCEX BO3MOXHBIX B3aUMOACHCTBUI MEXIY DJIEMEH-
TaMU CHUCTEMBI C TIOMOIIBIO OTlepaTopa COCTOSTHUS
CUCTEMBI U OIlepaTopa NU3MEHEHMS COCTOSIHUSI CUCTE-
Mbl. Ha ocHOBe cxeMbl B3aMMOAEMCTBUIA C TIOMOIIIBIO
npeobpazoBaHU MOXKHO MOJYYUTh KO3 DUIIUEHTHI
cHoca U gupdysuu s ypaBHeHUs1 DokKepa—
IlnaHka, 4TO MO3BOJISIET 3aMKCaTh 3TO ypaBHEHUE U
9KBUBAJIEHTHOE €My cToXacTuueckoe auddepeHI-
aJlbHOe ypaBHeHUe B popme JlamkeBeHa. Takum 00-
pa3oM, MOXKHO OAHOBPEMEHHO MOJYyYUTh KaK JeTep-
MUHWPOBAHHOE OTMMUCAHUE CUCTEMBI, KOTOPOMY CO-
OTBETCTBYET BEKTOP CHOCOB ypaBHeHUS PDokkepa—
IlnaHka, Tak ¥ CTOXaCTUYECKOE OTNMCaHUE, KOTOpOe
obecrieunBaeTcsl CTOXacTUYeCKUM IuddhepeHna b-
HBEIM ypaBHeHUEeM B ¢popMe JlanzkeBeHa. Jlanee mmpu-
BEJCH aJITOPUTM TNPUMEHEHMsI MeToda IOCTPOESHUS
CaMOCOTIJIAaCOBAHHBIX CTOXaCTUUECKUX MOJAETEM.

Bxonansie nannble: OmicaHue CUCTEMEBI

Boixoansie nannbie: JleTepMUHUPOBAHHAS U CTOXaCTUYE-
ckas momenn (cucteMmsl OY u CIY)

begin
1. lob6aBiaeHMEe B3aUMOACICTBUIT B MOJIE/Tb
2. [NocTpoeHne cxeMbl B3aUMOIEICTBYUSI MOIEIIN

3. IlonyyeHue ornepaTopoOB COCTOSIHUSI CUCTEMBI 13
CXEMBbI B3aUMOENCTBUS

4. HOJ’Iy‘{CHI/Ie ori€paTtopa USMCHEHUA COCTOAHUA
CUCTEMBbI

5. INonydyeHe MHTEHCUBHOCTEH TIEPEX0OI0B

6. ITonyuenue ko3hGuumreHTOB ypaBHeHUs DOK-
kepa—Ilnanka

end

Amroput™m 1: AnropuTM IIpUMMEHEHHUS METOIa IO-
CTPOEHMSI CAMOCOITIACOBAaHHBIX CTOXaCTUYECKUX MO-
nenen.
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OnuineM OCHOBHBIE 3TAIlbl 3TOTO aJroputMa 60-
Jiee moJIpoOHO.

4. 1. Onucanue cucmemsl U NOCMPOEHUE CXEMbl
é3aumodoeiicmeus

B [10] 6611 popManm3oBaHbI aru (3—6), B maH-
HOMI pabore caenaHa dopmanuzanus 1 u 2 maros, a
UMEHHO, opMaliu3alys onpeaeaecHUs ypaBHEHUN 1
MOCTPOCHME CXeMbI B3amMoieicTBus. Takum obpa-
30M, B Ka4Y€CTBC€ BXOIHBIX JaHHBIX UCITOJIB3YECTCA HE
cxeMa B3auMMOJIECTBUSI, a OIMCaHWE B3auMOJeii-
CTBUi1, UMEIOIINXCI B CUCTEME, YTO YIIPOIIAeT IO~
CTpOCHUE.

s sToro ObLT peanu3oBaH kiaacc PopModel ¢
HUCIIOJIb30BaHUE OUOIMOTEKM Sympy U CUMBOJIBHBIX
BBIYUCIeHNN. ICXOMHBIMY TaHHBIMU SIBJISIETCSI OITH-
CaHME MPOUCXOIIIINX B CUCTEME B3aUMONCHCTBUI.
Bri3oB koHcTpykTOpa POpModel ( n) cosmaer takoit
00BEKT KJIacca, KOTOPBIii IBIsIETCS (DOpMaIbHOIT MO-
JIEJIbIO CUCTEMBI, COIepKallleil onrcaHne BCexX B3au-
MOIEHCTBUIA, MPOUCXOASIINX B CUCTEME. 30eCh n —
3TO pasMepHOCTh cucteMbl. s kinacca PopModel
peaan30BaHbl CJIEIYIONINE METOIBI:

sinteraction(self,type_int);
« coef (sel f);

-adder (sel f,type_int,id_pop_1,
i d_pop_2, coef =0);

- matr_Msel f);
matr_N(sel f);
« di spl ay_i nf os(sel f, nodel , X, coef).

Meron adder (sel f, type_int, id_pop_1,
id pop_2, coef=0) saBisercs 0CHOBHBIM METO-
JIOM KJj1acca JIs1 1o0aBiIeHUST ypaBHEHUI B CXeMyY B3a-
NUMOIEUCTBUS. type_i Nt — Tum B3aMMOJEUCTBUSI;
i d_pop_1 — unentudukarop 1-it B3auMoaeiiTCTBY-
foreil mmonymsuvu, | d_pop_2 — umeHTH(GHUKATOP
2-i B3aMMOJEMCTBYIOLIENH MONYJsIUUU (COOTBET-
CTBYET MHIEKCY BJIEMEHTA B BEKTOPE COCTOSIHUSI CH-
cTeMbl), coef — koadpduLreHTH B3auMoaeiicTBr (1o
YMOJTYAHUIO IPUHUMAET 3HAUCHUE k).

% Jet—a)
b

o

—b,

w)

Puc. 4. I'pad monenu (3.4).
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Meton i nteraction(self,type_int) —
BCIIOMOTraTeJIbHbIM MEeTOoHd, COAEpXXalluid OoNnucaHue
pa3IUYHBLIX B3auMonAelcTBUil. B MonmenupoBaHuuU
MONYJISIIUOHHBIX CUCTEM MPUHSTO BBIIETSITH TaKWE
BUIbI B3aMMOAEWCTBUI, KaK €CTECTBEHHOE Pa3MHO-
JKeHUE, €CTeCTBEHHAsl rMbeyib, KOHKYPECHIIUSI, CUM-
0103, OTHOIICHMSI XUIIMHUK-XepTBa U Ap [22]. Tunsl
B3aMMOIIEMCTBHI, pealn30BaHHBIX B Kiacce Pop-
Model mpencrasieHsl B a0 2.

Meton coef (sel f) — BcromorareabHBII Me-
TOJI, MCIIOJIb3YeTCs sl onpeaesieHus: Ko3(duineH-
TOB B3aMMOJEICTBYSI, €CJIM OHU HE 3aJaHbl IIOIb30-
BaTeJIeM.

Meroner Matr_Mself) wu nmatr_N(self)
CJIy>KaT IS IToJaydeHus Matpul M 1 N B CUMBOJIb-
HOM BHJE, OMNUCHIBAIOIINX COCTOSIHUE CHUCTEMBI 10
B3auMMOICICTBUS U IIOCJIE HETO.

Meton  di spl ay_i nfos(sel f, nodel , X)
MpegHa3HaveH JJIsi CUMBOJILHOTO OTOOpaKeHMsI CXe-
MBI B3aUMO/JICHCTBUS.

Ilpumep peaausayuu. /17151 BeprudrKamy moaydeH-
HBIX PE3yJIbTATOB PACCMOTPUM TPEXMEPHYIO TTOMYJIsI-
IIMOHHYIO MOIeb “IBa XUIIHUKa—XepTBa” BUIA
(3.4). B maHHOI1 MOIEeIN YIUTHIBAETCSI €CTECTBEHHOE
pPa3MHOXEHUE XEpPTBbl, €CTECTBEHHAsl CMEPTHOCTb
XUIIHUKOB, a TakKXKe YObLIb MOIYJSILUN KEePTBbI U

Taommua 2. Onucanue napameTpoB MeTona i nt eracti on() xmacca PopModel

type_int id pop_ 1 id_pop_2 Turn B3auMoaeiicTBus
1 i 0 EcTecTBeHHOE pa3MHOXEHHE
2 i 0 EcrectBeHHas rudenb
3 i j Cumbnos
4 i XUIHUK—XepTBa
5 i BuyTpuBuooBast KOHKYypEHIIUS
6 i J MexBuaoBasi KOHKYpPEHIIUS
7 i Jj Murpauus

[MPOTPAMMUPOBAHUE Ne2 2023
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In [11]:
model_display_infos(model,X)
x=[a]l = 2x

=[al=0
r=I[kl=>0
x+y =bl=>2p

x+y=[h]l=>2p

Puc. 5. Pesynbrar BeiBoga merona di spl ay_i nf os.

MIPUPOCT MOMYJISIIMU XUIITHUKOB IPOUCXOAUT 3a CYET
B3aMMOACUCTBUI TUIA “XUIMHUK—XepTBa”.

MMmnoptupyeM HeoOXoauMbie OMOIMOTEKU:

i nport synpy as sp

i nport nunpy as np
import IS

3aganuM BEKTOP COCTOSIHMI CUCTEMBI X = (X,
Yi»¥,) B CUMBOJIbHOM BHIIE:!
X=sp.Matrix(["'x", "y 1, "y 2'])

Co3nagM 00BEKT Kilacca pa3sMEPHOCTH 3:
nodel = I S. PopModel (3)

Hob6aBum omnmcanmne B3aI/IMOZ[eI/ICTBI/II7I

nodel . adder (type_int=1,1,0,"a")

nodel . adder (type_int = 2,2,0,"c_1")
nodel . adder (type_int = 2,3,0,"c_2")
nodel . adder (type_int = 4,1,2,"b_1")
nodel . adder (type_int = 4,1,3,"b_2")

B maHHOM ornvicaHuy TiepBasi CTPOKa OIMUCHIBAET pa3-
MHOXeHve xeptB (t ype_i nt =1, i d_pop_1=1).
Crpoku1 2 1 3 COOTBETCTBYIOT €CTECTBEHHOM YOBUIM ITOITY-
nsiumii xuiHukoB (type_int=2, id_pop_1=2 u
i d_pop_1=3 cootBercTBeHHO). CTpOKHU 4 U 5 omnu-

o

CHIBAIOT  OTHOIIEHWS THUMA  XUITHUK—XepTBa
(type_i nt=4) XepTBH ¢ TMEPBBIM XUITHUKOM
(id_pop_1=1, id_pop_2=2)u co BTOPHIM XUIII-

HukoMm (i d_pop_1=1, id_pop_2=3).

In [22]: k plus=sp.Matrix(model.coef)

In [23]:

Hanee ¢ momompio Mmetoma di splay_ i nfos
MOXHO BBIBECTH CXeMy B3auMMopeicTBust. Ilpu uc-
MOJIb30BAHUM WHTEPAKTUBHOM 06osiouku Jupyter
BBIBOJI OY/IET UMETh BUI, PEICTABICHHBIN Ha pHC. 5.

ITocne mojiydeHUsI CXeMBI B3aUMOJIECTBUSI MOXKHO
MEePENTH K 3Tamy MOCTPOECHUST CTOXAaCTUYECKUX TUd-
depeHIMATbHBIX ypaBHEHUIA.

4.2. [locmpoenue kosghgpuyuenmos ypagHenus
Dokkepa—Iranka

IMonpo6Hoe onucanue wmonyis (I St oDE. py)
MoJiydeHus Koa(dpduiumneroB ypaBHeHUs1 DokKepa—
ITmanka u3 cxeMbl B3amMmopeicTBusg maHo B [10].
3aech JaauM KpaTKoe onucaHue. AJITOPUTM Moayde-
HUS Kod3(dduireHToB ypaBHeHns1 Dokkepa—IlmaH-
Ka 13 CXeMbl B3auMoAeicTBus (maru 3—6 ajropurma
1) peanu3oBaH Kak MOCAEA0OBATEILHOCTh ONepaluii
HaJ BEKTOPHBIMU JAHHBIMMU.

B xauecTBe BXOIHBIX JAHHBIX TPUHUMAIOTCS MaT-
putibl Mu N (atpuGyThl 06BeKTa Kitacca PopModel )
COCTOSTHMI CUCTEMBI IO B3aMMOICUCTBUS M TOCIIE,
Bektopbl K_pl us u K_m nus — koadduiiveHTsI
B3aMMOICUCTBUST M BEKTOP X — BEKTOP COCTOSTHUS
cucTeMBl. B KadecTBe pesyiabTara IIOJydaeM CUM-
BOJIBHYIO 3aImich K03 dureHToB ypaBHeHUs Dok-
kepa—I[1nanka. Mcrionb3oBanue oubauoreku Sy mPy
TTO3BOJISIET TTOJTYYNUTh TakKKe 1 KON 3TUX K03 -
eHToB B TeX, 4To yIponiaeT ux yTeHue.

OCHOBHBIMY (PYHKIIUSIMU JAHHOTO MOMYJIS SIBJIsI-
forcadri ft_vect or mig momydeHust BEKTOpa CHO-
coB Audi f fusi on_mat ri X mis noaydyeHus: mat-
punbl 1uddy3un B.

Ilpumep peaauzauyuu. Ha puc. 6 npencrasieH pe-
3yJbTaT pabOThl (PYHKIIMKI TIOJydeHUs] KO3(h UL~
eHToB ypaBHeHust Dokkepa—IlmaHka mIsS Momenu
(3.4).

CormmacHo puc. 6, BEKTOP CHOCOB MOJTHOCTBIO CO-
OTBETCTBYET IPAaBOI YaCTH CUCTEMbI YPABHCHUI IS
Modenn (3.4), 4To TI03BOJISIET MCIIONb30BaTh 3TOT
BEKTOp IJIs MCCICHOBAaHUS IOETEPMUHUPOBAHHOIO
MMOBEIEeHMS CUCTEMBIL.

IStoDE.drift_vector(X, k_plus, model.matr_N(), model.matr_M())

out[23]: [ax — byxy; — baxys
bixyr —an
byxy; — ey
In [24]: IStoDE.diffusion_matrix(X, k_plus, model.matr_N(), model.matr_M())
out[24]: [ax+ byxy; + baxys —bixy —byxy
—bixy bixyi +an 0
—byxy> 0 baxy: + e2y2

Puc. 6. Pesynbrar BeiBona dyukuuid dri ft _vector udi ffusi on_matri x.

ITPOTPAMMUPOBAHUE Ne2 2023
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B PEIYJIbTATEC IMPOBCACHHBIX CUMBOJIBHBIX BBIYMC-
JIEHUI MBI moJriydya€M CTOoXaCTUYECKYIO 1 JIETCPMMUHU -
POBAaHHYIO MOICIN HOHYHSIHI/IOHHOfl JUHaAMUKH. ):[a—
JICC MOTryT OBITH IIPUMCHCHbI OCTaJIbHBIC MOIYJIHN
IIporpaMMHOI'O KOMIUJIEKCa AJid MCCII€JOBaHUA CHU-
CTEMbI, TaKMC KakK Jo0aBJIeHUE U MCCeqOoBaHuE
yrnpaBJ€HHUA, CUMBOJIBHOC N YMCIICHHOC ITOJIYy4CHUEC
CTallMOHapHbIX COCTOSIHUI CUCTEMDbI, IIOJIYUYCHUEC
YU CJICHHBIX peH.ICHHfI.

5. BA3OBbIN AJITOPUTM MOJVJIA
ITPOTPAMMHOI'O KOMIUIEKCA UIA
[MOJIYUHEHUA YITPABJIAIOIINX OYHKINU

C y4yeToM YIpaBISIONIMX BO3ACHCTBUIN MOIEIb
(3.4) MOXxHO 3amnucaTh B BUIe
X = ax — bxy, — byxy, —u(0)x,
n=on t+dxy —u,y,
W = =0 + dyxy, — us(0)ys,

(5.1)

TOE Uy, Uy, Uy — GYHKLIMU yIIpaBieHusl. PaccmartpuBa-
eTcsI 3a/1a4a OITUMAJILHOTO YIIPABJICHUSI, COCTOSIIIAS
B IIOCTPOEHUU TAKOTO YIPaBJIEHUsI, KOTOPOE MO3BO-
JISIET ¢ Y4E€TOM BHIOPAHHOTO KPUTEPHUS KauecTBa pea-
JIM30BaTh TPACKTOPUIO L IIPU YCIOBUSIX:

x(0) = x,,
x(f) = x5

1(0) = yy,
() = yy.

Bbynem paccmatpuBaTh (yHKIIUM YIIpaBICHUS B
BUIc HOPMUPOBAHHBIX MMOJIMHOMOB. [1puMem

1(0) =y,
n) =y,

U
U=|u

Us

C YYE€TOM IMOJIMHOMMAJIBHOTO YIIpaBJICHUA NMECT
MECTO paBE€HCTBO

D P2 D3
D1 P P |
D31 Py P33

U=|PT|, P=

rae P — matpuua koadduiimenton, T = (1,1, tz)*.

CremyeT OTMETUTH, YTO Pa3MEPHOCTh MaTPUIIBI
KO3 (UIIMEHTOB OIpeacsaeT IOPSIOK YIIPaBISIO-
IIUX TIOJMHOMOB, a HOPMUPOBAaHUE MaTPUYHOTO
MIPOM3BEACHUS OCYIIECTBIIsIeTCS mocTpouHo. C yue-
TOM TOTO, YTO HayaJbHBIC YCJIOBUS IJISI CUCTEMBI
(5.1) u3BecTHBI, KpUTEPUIA ONTUMATBHOCTA MOXKHO
3amnucaTh B BUJE:

||X(t,) - X,|| — min,

e X = (x(1), yi (), y,(2)), X1 = (X1, Y11, Y1) -

Jnag HaxoXmeHWsT MaTpunbl Kod(hUIIMEHTOB
pa3paboTaH aJropuTM Ha OCHOBE MAIIIMHHOTO 00Y-
YeHUS C MMOOKpENIeHUuEM (CM. aJITOPUTM 2).

Bxonnbie nannnie: X, X (0)

Bbixonnblie naHnblie: P

Function Loss(P, X(0)):
prob, = ODEProblem(ecosystem, X, )
sol; = solve(prob,, *args)

return norm(sol;.y[end] - X;)

Function Main:
P = optimize(Loss, array(9), *args)
serialize(P)
return 0

return

Aaroput™ 2: AJITOpUTM TIOMCKA KO3(PGUIIMESHTOB
YIIpaBJICHUS.

Anroput™m 2 peann3oBaH Ha s3b1ke Julia ¢ mprMe-
HeHreM nuddepeHInaIbHON BOTIOINN U3 COCTaBa
nakera BlackBoxOptim.jl. 3Hauenus koadpduiieH-

toB 11 X, = (10,10,15) nmeror Buzg

—5.13979 2.68192 —0.233943
—1.67237 4.09481 —0.367989 |.
2.71886 0.457653 —0.015932

P:

I'pacduyeckoe TpencTaBiIeHre MIOTHOCTEHN TOITYIISI-
I XUIITHUKA W KEPTBHI IUIST YIIPABISIEMOTO CITydast
TIPY PAaCCMOTPEHHBIX YCIIOBUSIX ITPUBEICHO B paszere 6.

PaspabotanHBIifT MOOYyJh NPOrpaMMHOIO KOM-
IUIEKCA TI03BOJISIET CTPOUTH (DYHKILMU YIPaBICHUS
IIJIsT MHOTOMEPHBIX CUCTEM MOITYJISIIUOHHOM OWHA-
MHUKU C Y4eTOM pa3]IMYHBIX KpUTEpHEeB KauecTBa.
B3aumoneiicTBre yKa3zaHHOTO MOMYJISI C IIPOrpaMM-
HBIM KOMITJIEKCOM OCYIIIECTBIISIETCSI TTOCPEACTBOM
cepraau3aliy NOJyIeHHBIX JaHHBIX. OTMETHM, YTO
BO3MOXHO pacIllMpeHre MOIYJISI HA OCHOBE TIPEIJio-
XeHHOoTO B [28] crmocoba mocTpoeHUs HelpoyIpaB-
JIEHUS.

6. [IOJIYV4EHUE 1 BU3YAJTIM3ALIUA
UNMCJIIEHHBIX PEIHEHWUM

Kaxk n3BecTHO, 115 YMCIIEHHOTO PEIIEHUs CUCTEM
OOBIKHOBEHHBIX I depeHIINaIbHBIX YpaBHEHUIN 1
COOTBETCTBYIOIINX UM CTOXaCTUUECKUX AuddepeH-
LIMAJIbHBIX YPaBHEHUI YACTO UCHOIL3YIOTCSI METOIBI
Pyare—KyTTel 1 nx Mommukanun. s penreHust
OOBIKHOBEHHBIX TU(PepeHINATLHBIX YPaBHEHU B
JTaHHOM paboTe MCIIOIb3YyETCs IMIPOrpaMMHasi peaii-

IMTPOTPAMMMWPOBAHUE
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Honynsin x(7), y,(7) 1 yy(7)
120
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80
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40

20

Ok I

6 8 10
Bpewms ¢

Puc. 7. Ilpumep BU3yanu3aluy YUCIEHHOIO pelleHUs AeTEPMUHUPOBAHHON MOJIENU NpU napamerpax (a, by, by, ¢y, ¢p) =
=[4.5,1.2,1.1,0.07,0.05]. HayanbHble 3HayeHus (x(0), y(0), y,(0)) = [20,15,15].

Monynsituu x(7), y,(¢) 1 y,(9)
140 f = Xx
120 -
100
80
60
40 -
20
ok

p—)) — ),

6 8 10
Bpewms ¢

Puc. 8. IlpuMep BU3yanu3allMM YMCIEHHOTO PEIIEHWs CTOXaCTMYECKOW MONENM TMpu mapamerpax (a, by, by, ¢y, ¢p) =
=14.5,1.2,1.1,0.07,0.05]. HayanbHble 3HauyeHus (x(0), y(0), y,(0)) = [20,15,15].

3alMs CTaHIapTHRIX MeToa0B PyHre—KyTThl yeTBep-
Toro mopsaka. st ctoxacTudeckux auddepeHmn-
aJIbHBIX YpaBHEHUI1 UCITOJIb3YETCSI ClIeIMaIbHO pa3-
paboTaHHass OuUOJIMOTEKa, IOAPOOHOE OIMcCaHue
KOTOpOIi mpuBeacHo B [8, 9].

B HacTos1ei paboTe 115 MOJIydeHUsT YMCIIEHHBIX
peleHui IpuMeHUTeNbHO K 610Ky | St 0DE. py pe-
ajn30BaHa GYHKIMS IIpeoOpa3oBaHKs CUMBOJIbHBIX
JAHHBIX B YUCJICHHbBIE:

f):

def func_for_rk(x, p,
F = sp.lanmbdi fy(args=(*x,
expr =f,
nodul es=" nunpy’ )
def func_f(t, x, p):
return F(*x, *p).flatten()
return func_f

*p).

ITPOTPAMMUPOBAHUE Ne2 2023

def func_for_sdu(x, p, Q):
G = sp.lanbdi fy(args=(*x, *p),
expr =g,
nmodul es=’ nunpy’ )

def func_g(x, p):

return (*x, *p)#.flatten()

return func_g

B xauecTBe uitocTpaliiy IpUBeaeHA BU3yain3a-
UST YMCIASHHOTO PeIleHMs IJIsI e TePMUHUPOBAHHO -
ro ciaydas (puc. 7) U IJisI CTOXaCTUYECKOTO ciydasi
(puc. 8). Ha puc. 9 mpuBeneHa Bu3yanm3alus 4nc-
JIECHHOTO pellIeHMsI IJIST yIIPaBJIsIeMOil IeTEpMUHUPO-
BAHHOM MOZEJIN.
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Honynsaunu x(1), y,(7), y,(7)
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Puc. 9. [Tpumep BU3yanusaluy YUCICHHOTO PELLICHUS IeTEPMUHUPOBAHHOI MOJIENIN € yTIpaBJIeHUEM Npy rnapamerpax (a, by,
by, ¢y, ¢y) =[4.5,1.2,1.1,0.07,0.05]. HauansHble 3HaueHns (x(0), y(0), »,(0)) = [20,15,15].

7. TECTUPOBAHHME
ITPOU3BOJIUTEIBHOCTHU B PAMKAX
OTAEJIbHbBIX 3AJAY, PEIHAEMbIX
IMPOT'PAMMHBIM KOMITVIEKCOM

MBI n3ydyaeM BONIPOCHI ITPOU3BOIUTEIbHOCTU UH-
CTPYMEHTAJIbHBIX CPEICTB Ha IIpUMepe MOAU(MUII-
POBaAHHOI AJI1 yIIPABIASIEMOrO CIy4yasi UBBECTHOM MO-
nenau JIorku—BoabTepphl BUIa:

X = (00 =Px,) x —v, 1)

sz = (_y + le)xZ,
TI€e X;, X, — IUIOTHOCTH IOITYJISILIAIA XEPTBbI U XMIII-
HUKa COOTBETCTBEHHO, O,f3,Y,0 — KO3 dOUIIMEHTHI
B3aUMOJIENCTBYSI, v — MEPEKITIOUAEMOE YIIPABIEHUE,

peanusyollee CKOJb3SIIINNA PeXUM C 3aKOHOM
YIIpaBJICHUS:

x <3:v=0,
x,23:v=0.25.

DKOJOrMYECKU CMBIC YKa3aHHOTO YIIpaBJIeHUS 3a-
KJII0YaeTcsl B PeryjJMpoBaHUU TUIOTHOCTU MOIYJIsi-
LIMU XKEePTBbl. MBI IPOU3BOIUM TECTUPOBAHUE CKO-
pocTy paboThl KoJa MpU YMCJIEHHOM MHTErpUpoOBa-
HUuu MetonoM PyHre—KyTTbl ueTBepTOro mnopsiaka
st s1361KoB Python (Scipy.integrate) u Julia (Differ-
ential Equations.jl). a5 yKa3aHHBIX pelatefeit uc-
MOJIb3YIOTCSI HACTPOMKU TI0 yMoa4aHu1o. OTMETUM,
yto 1J1s1 Julia He y4uUTHIBaeTCSI BpeMsI KOMITUJISILIMU
nporpammbl. KoHdurypaums ucnonablyemoii 9BM:
LIIT AMD Ryzen 5 5600X, 16 GB RAM.

@dparMeHT TeCTOBOII MporpaMMbl Ha SI3bIKe Py-
thon 3 mpuBeneH B IUCTUHTE 1.

class lotki_volterra :

def __init__ (self , alpha,

beta , gamma , delta ):
sel f al pha = al pha
sel f beta = beta
sel f gama = ganma
sel f delta = delta
self .v =0
def __call__ (self , t, y):
a,b,g,d,v = ( self .alpha,
self .beta ,
self .gamma ,
self .delta ,
self .v)
x1l, x2 =y
dx1l = (a - b*x2)*x1 - v
dx2 = (-g + d*x1)*x2
if x1 <3 self .v =0
else : self .v = 0.25
return dx1 , dx2
nmodel 1 = lotki_volterra (1.5, 1, 3, 1)

solution = solve ivp ( nodel1, (0, 30) ,

(2,2) , t_eval =0, 30, 240) )

Jluctunr 1: TecroBas mporpamma Ijisd pacdera
tpaekTopuii (Python 3)

PesynbTaTomM paboThl MpOrpaMMBbI SIBISIOTCS Tpa-
¢GUKM IVIOTHOCTE! MONYJISILINI, IpeaCcTaBICHHEIE Ha
puc. 10.

[TPOTPAMMMWPOBAHUE
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X1, Xp
4.5

4.0F
35F
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—_—X]
—
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Puc. 10. [TnoTHOCTH MOMYJIALMM XUIITHUKA U XKEPTBbI 11t Moaeau (7.1) mpu BBIOpaHHBIX HAYaIbHbBIX YCIOBUSIX.

X1 X

X1

20 30

Puc. 11. [T10THOCTH NOMYJISLIMIA XUITHUKA U XePTBbI 1151 Moaeiu (7.1) mpu BEIOpaHHBIX HayalbHbBIX yciaoBusx (Julia).

Jist 3aMepa pou3BOAUTENBHOCTU UCTIOIb30BaHa
mupekTuBa %timeit u3 makera JupyterLab. CkopocTh
BBITTOJIHEHUS (yHKIMU SOl ve_ivp cocrasiseT
8.43 ns + 120 us per | oop (nmean = std.
dev. of 7 runs, 100 | oops each). Pac-
CMOTPHUM aHaJIOTMYHYyl0 peanu3anuio momenu (7.1)
Ha s13bIKe Julia, KoTopasi mpuBeAeHa Ha JIUCTUHTE 2.

function lotki _volterra (du, u, p, t)
a,b,g,d,c =p
du [1] = (a - b*u [2]) *u [1] - Vv
du [2] = (-g + d*u [1]) *u [Z]

end
switch _conditionl (u, t, integrator )

ITPOTPAMMUPOBAHUE Ne2 2023

integrator .u [1] < 3
affectl !( integrator ) =integrator .p [5]
=0
switch _condition2 (u, t, integrator ) =
integrator .u [1] >= 3
affect2!( integrator ) =integrator .p [5]
= 0.25

cbl = DiscreteCal |l back (
switch conditionl , affectl !)
cb2 = DiscreteCall back (
switch_condition2 , affect2 !)
cbs = Call backSet (cbhl , cb2)
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uo = [2.0; 2.0]

p=1[1.5, 1., 3., 1., 0]

prob = CDEProblem (lotki _volterra , u0
,(0.0, 30.0) ,p)

sol = solve (prob ,
chs)

JIuctunr 2: TecToBas mporpamMma JijIst pacyeTa TpacK-
Topuii (Julia)

Pesynbrat pabOTHI IPOTPaMMBI TIPEACTABISICT CO-
0011 rpacduk, aHAJIOTUYHBIN puc. 10, KOTOPBIi Mpu-
BeleH Ha puc. 11.

st 3amepa MpOU3BOAUTEBHOCTH UCTIOJIb30BaH
naker BenchmarkTools.jl (Makpoc @btime). Cko-
poctb pabotsl dynkuuu 42. 091 pus (1021 al -
| ocations: 98.25 KiB). Takum o6pasom,
nporpaMma Ha a3bike Julia mokaswsiBaer B 195.53
MEHbIlIee BpeMsl BBIMIOJIHEHUSI 3aJa4d MOCTPOCHMUS
TpaeKTopuii yrpasisieMoit cucteMsl (7.1). HecmoTps
Ha TO, YTO MpoTrpaMMBbI Ha si3bike Julia TpeOyIoT Impo-
JOJDKUTENbHOM  IpeaBapyUTEIbHOM  KOMIIWJISILIMN,
0oJiee BbICOKasi CKOPOCTb pabOThl UMEET CYIIECTBEH-
HO€ 3HaYeHUE IIPU pelIeHWM 3aaad, TPeOyIoIImx
MHOTOKPATHOTO pelIeHNsI OOBIKHOBEHHOTO mudde-
pEeHLIMAJIbHOTO ypaBHEHUSI ¢ pa3HbIMU MapameTpa-
mu. K Takum 3amayaM MOKHO OTHECTH, B YaCTHOCTH,
MaIllMHHOE 00y4YeHME C TIOAKPEIVICHUEM WU aHAIN3
YCTOMUMBOCTU Mojeu. Jlajgee paccMOTpUM MPOU3-
BOOUTEIBHOCTD IIPOrPaMMHOTO KOAa IS IIOMCKA CO-
CTOSTHUM paBHOBECHS 9KOJIOTMUYECKNX Mojaeneit. Kak
MU3BECTHO, 3ajauya HaXOXIEHUsI OCOOBbIX TOYEK ypaB-
HEHUU BUOA

RK4 () , callback =

x=f(x), xeR"
TpeOyeT pelieHns] ypaBHEHUS
f(x)=0.

VYpaBHeHUsT MoJieieid B3aMMOAEUCTBUS TIOIYJISILIIMA,
KaK MpaBWIo, UMEIOT HEIMHEWHBIN XapakTep MpaBbIX
yacteit. Mbl uM3ydyaeM TipMMep, Korda TpaBble YacTu
MOJIEJY 33JAI0TCS TIOJIMHOMaMU BTOPOTO MOPSIIKA:

J‘./l =k + ky + k3Y222, (7.2)
W=k +ky, + k.

IIporpamMmusIii Kon Ha s13bike Python 3 ¢ mpumene-
HueM OubaroTekn SymPy mpuBeneH B IUCTUHTE 3.

fromsynpy inport *

init_printing ( use_latex =" mathjax ')
kil ,k2 ,k3 ,k4 ,yl1 ,y2 = synbols ('kl
k2 k3

k4 y1 y2 ')

eql = k1 + k2*yl + k3*y2 **2

eq2 = k1 + k2*y2 + k3*yl **2

solution =solve (( eql, eg2), (yl, y2))
for sol in solution : display ( sol )

JIuctunr 3: TecToBast mporpamMma JIJIst ITIorcKa Co-
crosiHuit paBHoBecus (Python 3)

IIporpamMma, mipencraBieHHass B JIMCTUHIE 3,
MpenHa3HayeHa JJisl IoMcKa COCTOSIHUM paBHOBECHS
st Monienu B hopMe nuddepeHIIMaIbHBIX YpaBHE-
Huit. s 3amepa Mpou3BOAUTENbHOCTU UCHOIB30-
BaHa JUpeKTUBa %timeit u3 nakera JupyterLab. Cko-
pOCTh BBINOJMHEHUST GyHKUUU Solve cocraBisieT
32.6 ns £ 634 us per |loop (nean + std.
dev. of 7 runs, 10 | oops each).

Hanee paccMOTpUM pelIeHUE IIPUBEICHHBIX
ypaBHeHMI B Maxima. /119 pacdyeTa COCTOSSHHI paB-
HOBECHS UCITOJIBb3YIOTCS CASAYIOIINE KOMaHIbI:

s:[ k1l + k2*y1l + k3*y2 72, k1l + k2*y2 +

k3*yl "2]

solve (s, [yl , y21])

Bpems paboThl CUMBOJILHOTO peliaTessi OLEHEHO C
IMOMOII[BIO BCTPOEHHOM (hyHKUMKM t | Me 1 cocrass-
et 0.002234 cexk. (2.234 ms). Takum oOpa3om, BpeMs
pellIeHs CUCTEMBbI ypaBHeHU (7.2) 1151 CHMBOJIBHO-
ro peuiaTeiss CHUCTeMbl KOMITBIOTEpHOII ajareOphl
Maxima cocTaBisieTr MeHee 7% OT BpeMeHU pellIeHUs
Ut maketa SymPy.

ITonyyeHHble TIpU TECTUPOBAHWUM TIPOU3BONM-
TEeJILHOCTU Pe3yJbTaThl CBUAETEIBCTBYIOT O TOM, UTO
JUTST pelllaeMbIX HaydyHbIX 3a/lay 11eJ1ecoo0pa3Ho Cco-
3maBaTh UHTETPUPOBAHHbBIE POrpaMMHBIE CPENICTBA,
Oasupylonecss Ha UHCTPYMEHTaX Pa3jIuYHbIX SI3bI-
KOB TporpaMmupoBaHusi. OJHUM M3 MEPCHEKTUB-
HBIX HAITpaBJIeHU I pa3BUTUSI paOOTHI SIBSIETCS UHTE-
rpaiusi CAS Maxima co cpeacTBaMu CUMBOJIBHOTO
pelleHus ypaBHEHU B paMKax pa3pabaTbiBaeMoOro
MPOrpaMMHOT0 KOMILJIeKca.

8. BAKJIITOYEHUE

Takmm o6pa3zom, pa3padboTaHHBIN TPOTPAMMHBIN
KOMIUIEKC TIPOIeMOHCTPUPOBAT BO3MOXHOCTU pe-
IIeHUs] TaKUX 3aJad, KakK IoJlydeHue (hopMain3o-
BAaHHOTO OIMCAaHUSI ACTEPMUHUPOBAHHBIX MOJECICH,
ITOJIY4YEHHNE CUMBOJIBHBIX Bblpa)KCHI/Iﬁ IJId 1Iepexoaa
K CTOXaCTMYECKUM MOJIEINSIM, AeTallbHast (popMaiu-
3alUsl CTPYKTYPhl CTOXaCTUUECKUX CHCTEM, pacyer
TPACKTOPUI MHOTOMEPHBIX TUHAMUYECKUX CUCTEM,
MOVCK YIpaBIgONX (GYHKUW. B mporpamMmmHoM
KOMITJIEKCE HaXOOSIT peaM3aliiio METOAbI U aJiro-
PUTMBI, 0a3upylOIIMecs Ha JETEPMUHUPOBAHHBIX U
croxacTMdeckux Metomax PyHre—KyTTel, MeTomax
TEOPUU YCTOMUMBOCTU U TEOPUHU YIIPABIICHUSI, METO-
JIe TIOCTPOEHHUSI CaMOCOIIAaCOBAHHBIX CTOXacTUYe-
CKUX MOJeJeii, alfTOpUTMax YUCICHHOM ONMTUMU3a-
LIMA ¥ UICKYCCTBEHHOI'O MHTEJIJICKTA.

Meromnoiorusi, IpeUIoKeHHast B paboTe, O3BOJISIET
OCYIIIECTBJISITh TIOCTPOSHUE MOIENel 000 pasMep-
HOCTH, OTHAKO HEOOXOAMMO YUWUTHIBATh MPOU3BOIU-
TEJIBHOCTD VICIIONIB3YEMOTO KOMITBIOTEPa M BO3MOXKHO-
CTHU TIAKETOB KOMITBLIOTEPHOM anre6phl. B Hacroseit
paboTe 3aneiicTBOBAHBI HECKOJIbKO SI3BIKOB IIPO-
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rpaMMHMPOBAHUS U TTAKETOB KOMITbIOTEPHOI alire6-
pbl, YTO ITO3BOJIMJIO B ITOJIHOW Mepe MCIOJIb30BaTh
MPEUMYIIECTBA KaXKI0T0 U3 HUX U PeaIM30BaTh MHO-
TOIJIAHOBOCTh M MHOTOACITEKTHOCTb ITOCTABICHHOM
3aJa4yl MOJECJIMPOBAHUSI TUHAMUYECKUX CHUCTEM C
YYETOM CTOXACTU3ALIMU U YIIPABJIEHUSI.

Pa3paboTaHHBIIT TTpOrpaMMHBIN KOMILIEKC HO-
MMycKaeT JajibHeillee pacllidpeHUe U YCOBEpIIeH-
cTBoBaHUe. B KauecTBe mepCcrieKTUBHBIX HaIlpaBJie-
HUI UCCIEOOBAaHMUS MOXHO BBIIECJIUTH Pa3pabOTKy
MOJIYJISI IS MOACIMPOBaHMSI IMHAMUKM TIepeKIIodac-
MbIX CUCTEM MOITYJISLIMOHHOM IMHAMKHM (HAIlpuMep, C
YYETOM CE30HHBIX M3MEHEHMI YCJIOBUIA B3auMMOIECii-
CTBUSI TOITYJISILIWIA), COBEPLICHCTBOBAHUE MOMIYJICH
IIPOrpaMMHOIO KOMILJIEKCA C Y4€TOM BO3MOXHOCTEM
3¢ HEeKTUBHOIO NMpUMEHEHMUS COBPEMEHHBIX allla-
paTHBIX CPEICTB, pa3paboTKa MOJIYJISI C YYETOM pac-
MIPOCTpPaHEHUsI M3y4aeMBIX MOJEJeil ITOITyIsSIIOH-
HOM OIMHAMWUKKW Ha HeCTallMOHApHBIK ciaydail (Ha-
npuMep, misg ydera TpodHUYeCKUX (QYHKIIMIA,
3aBUCSIINX OT BpeMeHU). Kpome Toro, BaxkHBIM Ha-
MpaBJIcHUEM pPaOOTHl SIBISICTCS JOCTUKEHUE OoJiee
BBICOKOI1 ITNDIOTHOCTU MHTETPALUM MOAYJICH C y4eTOM
peanu3anyy Ha pa3IMYHbBIX SI3bIKaX IpOrpaMMMpPO-
BaHMSI.
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