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1. BBEAEHUE
Luckpumunanmom MHOTOUJIEHA CTETIEHHU 71:

fO)=a +tay+..+ay" (1.1)

Ha3bIBAETCS HEMPUBOANMBINA MHOTOWIEH A, (a), a;, ...,
a,) C LEJOYUCIeHHbIMU Ko3(ddueHTaMu, KOTO-
pBIit oOpalaeTcst B HyJIb TOTJAa 1 TOJILKO TOIIa, KOraa
f umeer kpatHble KopHu. MHorma AuCKpuMWHAHT

MHoOrowieHa f Oynem o6o3Hauatb A,(f).

CrpykTypa MHOrorpaHHuka HbplOTOHa AMCKpPUMMU-
HaHTa OTpaXaeT NeOMETPUI0 JTUCKPUMUHAHTHOMU TU-
MeproBEepXHOCTU. B yacTHOCTH, aCUMITTOTUYECKOE MO~
BelIeHWE TUIIEPIOBEPXHOCTH “Ha OECKOHEYHOCTU
KOHTPOJINPYETCS “IKCTpEeMaTbHBIMU® MOHOMAMM IVC-
KPUMMUWHAHTa, KOTOPbIE COOTBETCTBYIOT BepIIMHAM
MHororpaHHuKa HbroToHa. JIMCKpUMUHAHTBI, B CBOIO
oyepeb, UrpaloT (PyHAAMEHTAIBHYIO POJIb B TEOPUU
ajireopanyeckux pyHKIUI, B TEOPUU OCOOCHHOCTEA,
B ajireOpanyeckoil reoMeTpum M MaTeMaTUuyecKoit
¢dusuke, 0 4YeM CBUAEIBCTBYET 3HAUYUTEILHOE YUCIIO
MyOIMKaLuii (cM., Harpumep, [1—6]).

B paborax [7—9] ObuUI0 dOKa3aHO WMHTEpPECHOE
CBOMCTBO Cpe30K IWCKPUMMHAHTa Ha TIpaHU ero
MHororpaHHuka HeloToHa, a MMEHHO, OHU IOTTyCKa-
0T (haKTOpOU3alnIo B JTMCKPUMUHAHTBI MHOTOYJIC-
HOB MEHbIIIMX cTeneHei. Jannas paboma noceésauweHa
aneopummy @viMUCAeHUs dmux cpe3ok. Takoce npuso-
dumcs pe3ynomam Gaxmopuzayuy NOAYUeHHbIX CPe30K
8 OUCKPUMUHAHMbI OpyeUux MHO204AeH08. B ocrose an-
eopumma nexcam ¢opmynnl, npueederntvle U 00KA3AH-
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Hble 6 cmamvsx [8, 10] oaa epaueil mMHO202paHHUKA
Hbromona duckpumunanma odue2o MHo2041eHa 00H020
nepemennoeo. Hcnoavzyromes — gpakmopuzayuoHHbie
gopmynvt, noayuenHwle 8 Hedasnux cmamosx [ 7, 8.

OTMeTHM, 4TO KOJIMYECTBO ClIaraeMbIX B JUCKPU-
MHWHAHTe MHOTOYJIeHA OBICTPO pacTeT C yBEJIMYECHU-
€M CTeleHM MHorowieHa. Tak, ecii TMCKPUMUHAHT
KyOMYeCKOro ypaBHEHUS CONEPKUT MSTh ClTaraeMBbIX,
TO JUCKPUMUHAHT MHOTOYJIEHA YeTBEPTOil CTeneHU
COCTOUT M3 LIECTHAALATH CjaraeMbIX, JJISI MHOTO-
YyJieHa TISTOM CTENMEHU TUCKPUMUHAHT COAEPXKUT 59
cjlaraeMeblx, a it MHoroujieHa 10-if cTereHu OH co-
crout u3 133881 monHoma. IloaTomMy BBIUMCITIEHUE
Cpe3KM AUCKPUMWHAHTA BeChbMa 3aTPyIHUTEIBHO
6e3 CreInaJIbHOM TPOrpaMMBlL.

2. MHOT'OI'PAHHUK HBIOTOHA
A IMCKPUMHWHAHTA MHOT'OYJIEHA

Hanomnaum, uto muroeoepannuxom Hetomona N'(A,)
JIUCKpUMMWHaHTa MHorowieHa (1.1) Ha3pIBaeTCsI BBI-

1

nykJast o6onouka B R"" MHOXecTBa Bcex Mmokasare-
neit k = (ky,ki,...,k,) MOHOMOB, y4acTBYIOILIUX B A,,.
JlokazaHHas B [1] TeopeMa MoKa3bIBaeT, YTO KaxkK-
Jasl BeplurHa MHororpaHHuka HetotoHa N'(A,) mist
IUCKpUMHWHAHTAa MHOTOWIeHa f oIpelnensieTcsl He-
KOTOPBIM pa3dueHueM otpes3ka [0, n] HabopoM 1ie-

JIBIX TOYEK
0=i, <i<..<i <i

s+1 -
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(0, 3)9
(2,2)

(0, 0) (3,0)

Puc. 1. MHororpanHuk HpoTOHA MpUBEIEeHHOTO IHC-
KPUMHUHAHTa KyOM4eCKOro MHOTOWIeHa

Teopema 1 ([1], c. 412). Muoecoepannux Horomona
duckpumunanma muoeounena (1.1) kombunamopmo 3k-
susanenmen (n — 1)-mepromy Kyoy; o codepiicum 2!
BEpUIUH, KOMOpble HAX00AMCs 6 OUeKMUBHOM COOM-
B8eMCMBUU CO BCEBOZMOICHBIMU NOOMHONCECMBAMU

I c{l1,2,....n—1}.
Bepwuna v,, coomeemcmeyrouas noOMHONCECHEY

1 ={i <i, <...<i}, umeem Koopounamuo!

k0=i1_i0_1’ kn=i5+1_is_1’

-

g1 IS

ie 1 U{0,n).

i, €1,
TUTST

Ilyemo [, = iy, — i, (0 < g < s5). Toeda monom

a‘[:+ls—lalx_l

v lo=1_h+ly b+l
0 oa a;...a; A

a =aq

ecmpevaemcs 6 A, ¢ koagppuyuenmom

1,4,~1)

o, =[] * 1~
q=0

[MpounnioctpupyeM yTBEpXKAeHWE TEOpEeMBbl Ha
npuMepe Kyou4ecKoro MHOroujieHa
— 2 3
W) =aq+tay+tay +ay.
JAUCKPpUMUHAHT A 3TOTO MHOTOYJIEHA UMEET BUJ:
2 2 3 3, 22
—2Taya; — 4a,a, — 4aya, + aya, + 18aya1a0,a;.

B paccmaTtpuBaemom ciiydyae umeercs: 4 OIMHOXe-
crBa I c {1,2}:

1I,=0, I,={1}, L,={2}, IL={1,2}.
CoOO0TBETCTBYIOIINE MOHOMBI OYIYT CIASAYIOIIMM:
—27a02a32 , — 4a]3 a,, — 4a0a§, a]2 azz.

OTtMmeTuM, 4YTO MOHOM 18a,a,a,a; COOTBETCTBYET BHYT-

penHeit nenounciaenHoi Touke (1, 1, 1, 1) < N(A) u

TeopeMa O HeM HUYEro He yTBEepXKIaeT.
ITPOTPAMMMWPOBAHHE

Nel 2023

MHororpanauk N(A,) nmeer n — 1 runeprpaHeii

0
{h.}, nexamnx B KOOPAMHATHBIX TMIIEPIIIIOCKOCTSIX
{t, =0}, k =1,...,n—1 (Ipeamnonaraercs, Y7o B 00b-
1
eMmomieM npoctpaHcTse R"" BeIGpaHBI KOOpAMHA-

ToL t = ({y,t,...,1,_1,1,)), UN — ] HEKOOPAUHATHBIX [M-
neprpaHeii. 3mech peub UIET O TUTIeprpaHsIX HaUuBbICIIIEH
pa3MepHOCTH, T.e. KopadmepHocTu 1. O603HauMM Yyepe3

h, HEKOOPIMHATHYIO TpaHb MHOTopaHHuKa N(A,,), po-

N 0
THBOITOJIOXKHYIO K KOODAMHATHOI IPaHu /i .
B pa6orax [8] u [10] moka3aHO, YTO MHOTOpaHHUK

+1
N(A,) B ipoctparcTtBe R"" mepeMeHHBIX £, 1,...,1,
BBICEKAETCS CIAEAYIOIIMMU HEPABEHCTBAMIU:

tk 20’

= ] 2.1)
min(/, k)[n — max(j,k)lt; < nk(n—k),
=1

J

k=1,2,...,n—1. Kaxnas ero HeKoopauHaTHasl TH-
TeprpaHb A, oripenesisieTcsi ypaBHEeHUEM

ho=4te NA) :

n—1
min(/, k)[n — max(j,k)t;= nk(n—k);.
=1

J

CornmacHO M3BECTHOMY CBOMCTBY OMOTHOPOTHO-
CTU JMCKPUMUHAHTA, IEPEMEHHBIC £, 7, ONHO3HAYHO

BOCCTaHaBJIMBAIOTCA Yepe3 NEPEMEHHBIE {,...,7, | TIO
dopmynam
n n
D1 =2n-1), > jt; = nn-1). (2.2)
j=0 j=1

OTMeTUM, YTO MPY BBIYUCIIEHUN TMCKPUMUHAHTA
MHorowieHa (1.1) MbI MOXXeM coKpalllaTh YMCIO Te-
pPEMEHHBIX Ha IBa. A TTOTOM, 1o (popmynam (2.2), co-
KpallleHHble TMepeMeHHbIE BOCCTAHABJIMBATH (CM.
IpUMep B KOHIIE 3TOTO Imaparpada).

Ha pucyHke 1 nzobpaxeH MHororpaHHuk Hblo-
TOHA AUCKPUMUHAHTA TMPUBEAEHHOTO KyOUYECKOIo
MHOro4jieHa

y3 + a2y2 +ay+1.

D10 ecTh mpoeKuuss MHoropaHHuKa N(A;) TIOTHOTO
KyOMYEeCKOr0O MHOTOWIEHa Ha IUIOCKOCThb f, = 0,
t; = 0. lyig paccMarpuBaeMOro MHOTOWIEHA IUC-
KpPUMMHAHT A paBeH

(2.3)

CormnacHo ¢opmynam (2.1) mHororpanHuk Hpro-
TOHA IIPUBEICHHOTO TUCKPUMHUHAHTA paccMaTpuBa-
€MOTr0 KyOMYEeCKOr0 MHOTOUJIEHA 3aJaeTCSI CUCTEMOI
HEpPaBEeHCTB

3 3 2 2
=27 —4a; —4a;, + a;a; +18aa,.
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Yro Xe KacaeTcs IMCKPUMMHAHTA OJIHOIO KyOu-
YeCKOTO MHOTOYJIEHA, TO OH HAXOIUTCS M3 OTUCKPHU-
MUHaHTa (2.3) NpUBEAEHHOro KyOM4eCKOro MHOTO-
yjieHa 1mo ¢popMyaam

_6_2tl_t2 _6_tl_2t2
f=—"—2 ==

3 3
KOTOpBIE TT0Iy4YaroTcs u3 (2.2), 1 UMeeT BUI

2 2 3 3 2 2

3. DPAKTOPU3ALINA CPE3OK
ANCKPUMHWHAHTA HA T'PAHU
MHOI'OTPAHHUKA HbIOTOHA

Cpeskoil TMCKpUMWHaHTa A Ha TUTIepTpaHb A, €ro
MHororpaHHuka HploToHa Mbl Ha3bIBaeéM MHOTO-
YJIeH A|hk, COCTOSIIINIT U3 BCEX MOHOMOB A, IoKa3a-
TeJI1 KOTOPBIX MpUHAIJIeXaT 4,. B kauecTBe mpumepa
BBIYKCIIMM CpPE3Ky OUCKPMMHWHAHTA MHOTOYJIeHA
YETBEPTOM CTEIIEHU

_ 2 3 4
SO =a+ay+ay +ay +ay (3.1)

Ha TUTEepTpaHb /,. Kak mMoKa3eIBalOT BBIYMCIICHMS,
JTUCKPUMHUHAHT MHoroujieHa (3.1) ciaemyroniuii:

3 3 4 2 222 3 4
S6aya; — 27a;a; —128aya,a; — 4aya; + 16aya,a, —
2 3 2 4 2 2 2 2
- 4a1 a2a4 - 27a0a3 - l92a0ala3a4 - 60001 a3 a4 +
2 2 2 2 3
+ 144a,a,a5a, + 144aya; a,a, + 18a; aya3a, +

222 32 2 3
+ a,a,a; — 4aya,a; — 80ayaa;aza, + 18aya10,a;.

I'panb h, mHororpanHuka HproTOHa MHOrowieHa
(3.1) onpenensieTcss CUCTEMOIA:

420, 620, 20,

Torma cpe3ka OIUCKPUMMHAHTA pacCMaTpUBaeMOIo
MHOTro4IeHa OylIeT UMETh BUIL:

L+2t+1t,=8.

4 23 2.2 2 3 2
A4|h2 = 16000204 - 401 a2a4 + al a2a3 - 4a002a3.

B cratbe [7] noka3aHO CBOMCTBO (paKTOPU3YEMOCTU
cpe3ku auckpuMuHaHTa N(A,) Ha Jo0yio U3 HEKO-
OPIMHATHBIX TUIEPIPaHE B NPOU3BEACHUE IBYX
JTUCKPUMMWHAHTOB MEHBIIIMX CTeNeHel. B yacTHOCTH,
nocJieaHss cpe3ka haKTOpU3yeTCS B IIPOU3BEIEHME
JIBYX IUCKPUMUHAHTOB KBaJpaTHbIX YPABHEHUIA:

4 2 3 222 3 2
16aya,a, — 4a; aya, + a; a,a; — 4aya,a; =
— 22 2 _

- a2 (al - 40002)(03 - 40204) —_

2
= a2A2(aO’alaaZ)AZ(a2:a3:a4)-

B cratwe [8] mokazaHo CBOMCTBO (haKTOPU3yEMO-
CTH CpPE30K OUCKPMMMHAHTA Ha IpaHU €ro MHOTO-
rpanHuka HpbloToHa OoOJblIe KOpa3sMEepPHOCTH.
NmenHo, mmycTh

hy = hk1 m...mhkp,

rpanb N(A,), TOTy4eHHast IepeceueHrueM p HEKOOp-
IUHATHBIX TMneprpaHeil. 3aech MyJabTUMHAEKC K =

= {ki,...,k,} onpenessier pasouenue Habopa {0,1,...,n}
Ha p + 1 mogHaOOpPOB (OTPE3KOB)

Ki:{kiaki+19"'ski+1}s i=0’15"-3pa

cunras ky =0, k,,; = n. O003HaYMM depe3 /; =
= ki — k; nuHy K; n

1

— l
le_ o tqayt...ta V.
IIpuBenem pe3yibTart, JOKa3aHHEI B padote [8].

Teopema 2. Cpesxa A, Ha epanb hy pakmopuzyemcs
8 8ude npou3ee0eHUs

)4
Ay = ax [ TAL ) (3.2)
=0

2 _ 2 2
ede ay = ai e, a A, — OuckpumuHaHmol MHO204.AE~
Ho8 fy cmeneneil l;.

1

IMpowmmocTpupyeM JaHHYIO TeOpeMY Ha MpUMe-
pe. [ns MHorowileHa cenbMoii crereHu fy) =

7 k
= Zk—o a,y" cpe3ka A,|, HarpaHb /i M ks npencra-
BUTCS B BUJIE TPOU3BENCHUS TPEX JUCKPUMUHAHTOB:

22
ayasAy(ay, ay, ;) A5(ay, a3, a4, a5) A, (a5, a6, a7)

2
T.€. IMCKPUMHWHAHTOB MHOTOYJICHOB a, + q|y + a4,y ,

2 2
G +ay+ay +ay vas+ay+ay.

4. OITMCAHUE AJITOPUTMA

Anroputm MAINI1(n, facetsl, facets2) noctpoe-
HUS CPE3KU IO ONPENCIICHUIO:

1. o 3aJaHHOMY HaTypajJibHOMY YMUCIY # CTPOUM
MHOTOYIEH f(y) CTEIIEHU 1 U ETO JUCKPUMUHAT Dsc
IO IEPEMEHHOM y;

2. ctpouM cnucok ListOfTerms 13 MOHOMOB JUC-
KpuMHHaHTa Dsc;

3. 1o 3amaHHOMY # hopmupyem matpuiy MTRX
u cronoen CLMN 3 ko2(hGUIIMEeHTOB B IIpaBOii ya-
CcTu cucteMsl (2.1);

4. u3 cniicka ListOf Terms BbIOMpaeM MOHOMBI, Y KO-
TOPBIX TMOKA3aTeNd CTENEeHE MEPEeMEHHbIX dj,...,d,
YIOBIIETBOPSIOT cucteMe (2.1) ypaBHeHUiIT M Hepa-
BEHCTB, 3HAKW KOTOPOM 3a1aroTcsl CIMCKOM facetsl;
dopMUpyeM MHOTOYJICH truncation, SIBIISIIOIIUACS
MCKOMOM CpEe3KOM MHOTIOYJIEHA;

5. Bo3BpamiaeM (PakTopr3alUI0 CPE3KU, UCIIONb-
3ysl BCTpOEHHYI0 (DyHKIIUIO factor;

6. ecllm MHOXECTBO KOOPAWHATHBIX TpaHei
facets2 HenycToe, TO OoTipe/ieJieHHbIE B HEM KO3 hu-

IMTPOTPAMMMWPOBAHUE

Ne 1 2023



AJITOPUTM BBIYUCIEHUA CPE3KU 59

Ta6mmua 1.
n Jacetsl fo ITo Teopeme 2
orpeaeeHUIo
3 [1] <0.01 ¢ <0.01 ¢
4 [2] <0.01 ¢ <0.01 ¢
5 [2] 0.094c <0.01c
6 [3] 0.031c <0.01 ¢
7 [3] 0.094 c 0.016 ¢
8 [4] 0.750 ¢ <0.01 ¢
9 [4] 4.062 c 0.016 ¢
10 [5] 23.609 ¢ <0.01 ¢
11 [5] 594.688 c 0.015¢

LUEHTHI IPUPaBHUBAEM K HOJIO; Bo3BpallaeM (ak-
TOPU30BAaHHYIO CPEe3KYy Ha KOOPAMHATHBIE TPaHMU.

Anroputm MAIN2(n, facetsl, facets2) noctpoe-
HUs cpe3ku o Teopeme 2:

1. mo 3aTaHHOMY HaTypaJbHOMY YHCITY # 1 HOMEpaM
rpaHeit facets = {ky,...,k,} ctpoum p + 1 MHOrOWIE-
HOB f; ¢ koaddbuuuenramu q ,...,a, ,i=0,...,p,

i i i

+17

npuyeM k, =0, k,,, = n;

2. IJIS1 KaXKA0To fK,,, i=1,..., p, HAXOIUM IUCKPU-
MUHAT, UCIT0Jb3YsI BCTPOSHHYIO GYHKIMIO discrim

3. HaxoAuM INPUBCACHUNE ITOJYYCHHbIX OUCKPU-

2 2
MHWHATOB U JOMHOXaeM €ro Ha g -+ COIJacHO
P
dopmye (3.2);
4. eciM MHOXECTBO KOOPAWHATHBIX TpaHei
facets2 HenycToe, TO oIlpeiesieHHbIe B HEM Ko3(hdu-

IUEHTHI IPUpaBHUBaeM K HOJIIO; BO3BpalaeM ¢ak-
TOPU30BAHHYIO CPE3KY Ha KOOPAUMHATHbBIE TPaHU.

AunroputMm ObLT peanm3oBaH B cpeae Maple 18.
IMonHbIlA Koo TpOrpaMMbl JOCTYIEH IO CCBIIKE
https://github.com/lyapinap/L.M2022. BeraucieHust
npousBomwirch Ha mamuHe Intel(R) Core(TM) i5-
1135G7 CPU 2.40 GHz, 64bit, O3Y 8.00 I'6 non
yrpasieHrueM Windows 10.

B Tabauie 1 mpuBenHoO CpaBHUTEIBHOE BPEMSI BbI-
YUMCJIEHUSI CPE30K MHOTOWIeHa M0 ONpeAcIeHUIO 1 IT0
TeopeMe 2 ¢ UcIojb3oBaHrueM KoMaHnbl CPUTime u3
naketa CodeTools .

5. IIPUMEP
Komanpga
MAINC(S,[2],[])

IUTS MHOTOYJIEHA TISITOM CTENEHU

_ 5 4 3 2
f=ay +tay +ay +ay tay+a
ITPOTPAMMUPOBAHUE

Nel 2023

U €TO JUCKPUMUHAHTA A = 3125agag - 2500agala4as3 —
—3750czgaza3aS3 + 2000a3a2afa52 + 2250aga32a4as2

—1600aya;a,0s  +  256aja, +  2000ajaiazai —
— SOagal2 afas2 + 2250c1§alazzas3 - 205()a§ala2a3a4a52 +
+160a§alazaia5— 9OOa§a1a33052 + 1020a§ala32afas

2222

—192aga1a3af: 9OOa§a§a4a52 +  825aqyaya5a5 +

+ 560a;a;a5a; as 128a;aa; — 630aja,aia,a5 +
+ 144a§aza32 ai + 108a§a35a5 — 27a§a§ af — 1600(10(113 azag +
+160aya, asa,0: — 36apa azas + 1020ayaiara,a: +
+56ana12 a2a32a_;2 — 746(10(112 a2a3afa5 + 144a0a12 azaj +
630ayaaya;a>  +

2 3 2 23
+ 24aya; a;a,a5 6aya, asa;

32 2 2 2 3
+ 24ayaa,a,as + 356aya,a;5a5a4a5 80a,0/a, a;a;

— 72a0a1a2a; a + lSaOalazaga: + 108aoa§c152 —
— 72(10a§a3a4a5 + 16a0a§aj + 16aoc1§'a33a5 — 4(10a§a32 af +
+ 25601502 - 192a14aza4a52 — 128a14a32c152 + 144a14a3a:a5 -
— 27(214 aff + 144a,3 a§a3a52 - 6(213 afaias - 80al3 a2a32a4a5 +
+ 18013 aza3ai + 16013 a; as — 4a13 afaf - 27012 agas2 +

2 3 2 3 3 223 2222
+18ay ayaza,a5 — 4a; aya;, — 4a;ayaza5 + ayayasa, , Bbl-
JaeT Cpe3Ky Ha HEKOOpAWHATHYIO THUIIeprpaHb /1,
MHororpaHHuka N(A):

A, = 108a0a25a52—72a0a§a3a4a5 + 16a0a§g;:’ +

33 322 2 42 2 3
+ 16aya,aias — dayayasa;, — 27a;aya; + 18a; aya,a,a5 —
420 d — Addid 2222
- al 02614 - al 61203(15 + (11 (12613 a4,
KOTOpasl B CBOIO ouepelb, cornacHo TeopeMe 2, pak-
TOPU3YETCS B IPOU3BEACHNE TUCKPUMUHAHTOB IBYX
MHOTOYWICHOB CTEMeHe! 1Ba 1 TPU:
2 2 2 3 3 2 2
a,(27a,a; —18a,a,a,a5 + 4a,a; +4aas — aza,)(4aya, —
2 2 2 2 3
—a;) = A (a) + ay + ay)A (e taytay +asy’).
Komanna
MAIN(G,[2],[3])

HaxoauT (aKTOPU3aLMIO CPE3IKH PACCMATPUBAEMOTO
IUCKPUMHWHAHTA Ha TpaHb MHororpaHHUKa N(A),
MOJYYEHHYIO TlepecedyeHreM HEKOOPAMHATHOW THU-

o 70
neprpaiu /1, ¢ KOOPAWHATHOM /1 :

a23(27a2a52 + 4ai)(4a0a2 - a12).

Bpewms cuera [t IpuBEASHHOTO TIpUMEpPa COCTa-
BwJio MeHee 0.1 ceKyHbI.

6. BJIATOJAPHOCTHU

Pabora mommepxana KpacHosIpcKMM MaTteMaTude-
CKMM LICHTpOM, ¢uHaHCUpyeMbiM MuHOOpHayku P® B
paMKax MepONpUSITHIl TTO CO3MaHUIO U Pa3BUTUIO PETrro-
HaiabHbIX HOMII (Cornamenue 075-02-2022-876).
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